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The flow of helium 1 film is studied under conditions in which the temperature of the midpoint of the 
film can be changed in two ways. It is found that when cooling is effected by direct pumping on the film, 
flow is stopped with a cooling of about one millidegree. When cooling is by contact with a cold reservoir, 
however, there is no effect on the flow rate up to 40 millidegrees change. The film can thus flow through a 
temperature well. Further support is also given to the view that film transport rates are the same whether 
induced by gravitational or thermomechanical potential differences 


1, INTRODUCTION 


N interesting result was noted by Brown and 
Mendelssohn! ? in studying nonisothermal flow of 
helium film. In this experiment, the film connecting two 
reservoirs at the same temperature but different heights 
was exposed at its midpoint to cooling by pumping. 
It was found that the flow in either direction was 
stopped when a small temperature reduction appeared 
at the midpoint. Two explanations of the effect seemed 
possible. One was that the film was unable to flow 
through a temperature well, ie., over a_ thermo- 
mechanical barrier. Another explanation was suggested 
later by observations’ of a possible shift in \-tempera- 
ture with a reduction in saturation of the film. 

There has been disagreement between different 
workers, however, as to the interpretation of experi- 
ments on unsaturated film flow. It was uncertain 
whether superfluid flow in the unsaturated film begins 
at the normal A-temperature, and was inhibited in 
particular experiments by thermomechanical effects 
produced by pumping over the film, or whether the 
flow begins at an ‘‘onset” temperature lower than the 
A-point by an amount depending on the saturation. 
Long and Meyer made the suggestion® that all the 
experiments which had shown a sharp onset tempera- 


' J. B. Brown and K. Mendelssohn, Nature 160, 670 (1947). 

? J. B. Brown, thesis, Oxford, 1948 (unpublished). 

‘ Bowers, Brewer, and Mendelssohn, Phil. Mag. 42, 1445 
(1951). 

‘FE. Long and L. Meyer, Phys. Rev. 85, 1030 (1952) 

5 E. Long and L. Meyer, Advances in Phys. 2, 23 (1953). 


ture had in common the feature that ‘‘all the superfluid 
moving in the process must e@vaporate completely to 
keep the process going.” 

The experiments described below were designed to 
try to clarify the above results by arranging to cool a 
film without pumping on it, and at the same time the 
opportunity was taken to test further a suggestion by 
Waring® that under some circumstances thermally in 
duced flow rates may be different from those induced 
by gravity. 


2. EXPERIMENTAL ARRANGEMENT 


Figure 1 shows the experimental arrangement, (a) be 
ing that for the case in which the film was first cooled 
by direct pumping on it, while (b) is that in which the 
cooling was carried out indirectly. In each case C is a 
brass chamber enclosing the central portion of a 
U-shaped tube filled with 1200 constantan wires drawn 
down to form a superleak. The superleak has an 
effective flow perimeter, measured around the 1200 
wire circumferences in parallel, of 19 cm and is fully 
described elsewhere.” At one side of the U is soldered 
a Kovar seal leading to a glass beaker with a copper 
bottom. The system is enclosed in each case by a 
radiation shield consisting of a double-walled glass 
jacket filled with liquid helium in the annular space, 
as in Fig. 1(c). The whole system is movable from out 
side the cryostat by means of sliding O-ring seals on 
the pumping tube. The temperature of the bath was 


Waring, Jr., Phys. Rev. 99, 1074 (1955) 
Chopra, Rev. Sci. Instr. 28, 146 (1957) 
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Fic. 1. Nonisothermal] film-flow apparatus, showing wire-filled 
tube, (a) with, and (b) without cover removed from central 
portion. The apparatus is shown as mounted under the radiation 
shield in (c) 


measured by an Apiezon oil manometer and that of C 
by an Allen-Bradley carbon resistor (not shown) inside 
the chamber. Heat could be supplied to the chamber 
by another Allen-Bradley resistor. 

In the original experiment! the copper-nickel cover 
of the U-tube was removed for a length of about 1 cm 
inside C, exposing the wire surfaces to the reduction in 
pressure, as well as in temperature. In the present 
experiments the flow was also studied in tubes with the 
cover intact, as in Fig. 1(b), cooling of the unexposed 
film being effected by the pumping on liquid helium 
condensed in C, “7” is a glass capillary which served as 
an indicator of the helium inside the chamber. 


3. EXPERIMENTAL RESULTS 


With the film exposed at the midpoint, as in Fig. 1(a), 
the results are as follows: 


(i) For heating of the midpoint the emptying rate of 
the beaker is unaffected. The filling rate, however, is 
sharply reduced and then reversed to give an emptying 
rate numerically the same as that observed in the 
ordinary way, reversal being complete for a heating of 
4 millidegrees when the bath temperature is 1.474°K. 

(ii) For slow pumping over the exposed film, there is 
at first no measurable effect on the transport rates up 
to a gas pumping rate corresponding to the rate of film 
creep up the small pumping tube. Then, when this rate 
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is exceeded, there is a sudden cessation of either filling 
or emptying of the beaker as a temperature drop of one 
millidegree appears in C. 


The experiments were then repeated with the film 
covered at its midpoint, as in Fig. 1(b). It was found in 
this case that the transfer rates for either filling or 
emptying of the beaker were independent of the tem- 
perature change produced in C up to the maximum 
heating or cooling produced, which was 40 millidegrees 
at bath temperatures between 1.45°K and 1.96°K. 
Thus the film appears in fact quite able to flow through 
a temperature well having thermomechanical pressures 
oppositely directed from the midpoint. 


4. CONCLUSIONS 


A conclusion we would draw from the results under (i) 
with the exposed film, and also from those with the 
unexposed film, is that we have a further confirmation 
of the fact that film transfer rates are the same whether 
produced by thermal or gravitational potentials, either 
singly or superposed. This conclusion supports that of 
a number of earlier experiments, in contradiction to the 
possibility suggested by Waring’s experiment.® 

The fact that, when covered, the film can flow through 
a temperature well makes less likely a splitting of the 
film by thermomechanical effects alone in the case of 
cooling the uncovered film by direct pumping. On the 
other hand, this latter situation is not one which fits 
Long and Meyer’s classification® of experiments showing 
a sharp onset temperature, that “all the superfluid 
moving in the process must evaporate completely to 
keep the process going.”’ Rather it would seem that the 
immobility of the film under pumping is due to a 
thinning down of the film to its nonsuperfluid layers, 
or a shift of the A-point, possibly two aspects of the 
same effect. Clearly further experiments are still de- 
sirable to clarify the phenomena observed in unsatu- 
rated film flow. 
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Model of Nonequilibrium Ensemble : Knudsen Gas* 


Jor. L. Lesowrtz,t Sterling Chemistry Laboratory, Yale University, New Haven, Connecticut 


AND 


Harry L. Friscu, Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received May 2, 1957) 


An example of a nonequilibrium ensemble is constructed, a Knudsen gas in a container whose walls are 
maintained at different temperatures. The approach to a stationary state is investigated, and an iteration 
procedure for finding the stationary velocity distribution is derived. An explicit stationary solution is found 
for the case where a Knudsen accommodation coefficient completely characterizes the effect of gas collisions 
with the walls. The heat transport is found. A stochastic mathematical model which mimics in certain 


aspects the above system is investigated. 


1. INTRODUCTION 


HE distribution in phase space of a system in 

equilibrium with its surroundings is specified by 
the values of a small number of suitable physical 
parameters, such as the temperature, chemical potential 
of the components, etc. To date no set of analogous 
parameters generally characterizing a distribution of 
systems not in equilibrium is known. Recently it has 
been possible to construct'? models of Gibbs-type 
ensembles for open systems not in equilibrium which 
in principle at least would be capable of furnishing such 
a description. While the internal dynamics of the 
system is governed by its Hamiltonian //, the inter- 
actions of the system with its surroundings (reservoirs) 
are assumed to be described in terms of impulsive 
interactions (collisions). The surroundings are to consist 
of an infinite number of independent, identical com- 
ponents, each of which is to interact with the system 
but once.? The ensemble density, u(x,/), in phase space 
of the system (x), now obeys an integro-differential 
equation : 


Ou 


+ (u,H) J cK oax yu x’) — K(x’;x)u(x) |dx’, 


al 


where K(x;x’)dx’ is the transition probability per unit 
time from the state x’ to x due to collisions suffered by 
the system with the reservoirs. So far it has not been 
possible to find general solutions of this equation. 
This paper stems from a previous attempt’ to inves- 
tigate a special class of these systems, namely those 
which interact with their surroundings only at their 
spatial boundaries.‘ The particular problem we shall 


* This work was begun when both authors were at the Depart 
ment of Physics, Syracuse University, and was then supported by 
the Air Force Office of Scientific Research 

t National Science Foundation post-doctoral fellow. 

. G. Bergmann and J. L. Lebowitz, Phys. Rev. 99, 578 


J. L. Lebowitz and P. G. Bergmann, Ann. Phys. 1, 1 (1957) 
+H. L. Frisch and J. L. Lebowitz, Phys. Rev. 95, 643 (1954) 
‘The general problem of replacing the integro-differential 

equation by the Liouville equation with “stochastic boundary 
conditions” has been investigated by Salwen, Sadowski, and 
Bergmann, Bull. Am. Phys. Soc. Ser. II, 1, 221 (1956). 


study is that of an extremely rarified gas (i.e., a 
Knudsen gas), so that collisions between the molecules 
can be neglected, in a container whose walls are kept at 
different temperatures."-’ We shall exhibit explicit 
stationary nonequilibrium ensembles corresponding to 
particular stochastic models for the collisions between 
the gas and the walls. Certain properties of these sta- 
tionary solutions (of the general integro-differential 
equation) will be derived and finally the approach to 
the stationary distribution will be investigated. 


2. KNUDSEN GAS 


We wish to describe the time evolution of a gas so 
rarified that collisions between the molecules composing 
it may be neglected. The only forces acting on a 
molecule arise at the walls of the container holding this 
Knudsen gas. As stated in the introduction the inter 
action between a molecule and a wall which here acts 
as our temperature reservoir is impulsive.’ The state 
of a molecule (system) after a collision with the wall will 
be determined both by its own state and that of the 
wall at the “beginning” of the collision. We can only 
specify a certain probability that the walls are in some 
particular state prior to collision. In turn this implies 
that for any initial state of the molecule there will be 
many final states (after the collision) corresponding to 
different initial states of the wall. In short, in view of 
the nature of the reservoirs alluded to in the intro 
duction’ there will exist a stochastic kernel K(v;v’) 
such that if the velocity of the system prior to collision 
is v’, then K(v;v’)dv is the probability that the system 
will have a velocity in the range (v, v+dv) after the 
collision.® 

Without any loss in generality we may consider our 
container to be a right cylinder whose axis is the x axis 
of unit length, i.e.,0< 2 <1. We assume that molecules 


°C. S. Wang Chang and G. E. Uhlenbeck, “The heat trans 
port between two parallel plates as functions of the knudsen 
number,” University of Michigan report, September, 1953 (un 
published 

®* FE. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York, 1938), p. 311 ff 

7M. Knudsen, Ann. Physik 34, 593 (1911) 

* Note that the kernel function does not depend on time 
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are perfectly reflected except from the normal bounding 
walls at x=1 and x=0. This reduces our problem to 
that of a one-dimensional gas.’ 

Let N be the total number of molecules in our gas, 
v the x component of their velocity. The probability of 
finding a particle in the interval (x, «+dx) having its 
velocity in the range (v, 0+-dv) at time ¢ we denote by 
{(x,v;l)dxdv, The one-particle distribution function is 
normalized, i.e., 


s 1 
fo aef Kennas hi (1) 


At any time there will be two noninteracting streams 
of molecules; one going to the right with 0>0 and one 
to the left with v<0. Because there are no collisions 
between the molecules, f{(x,v;1) may be discontinuous 
at v=(, not only near the walls but also in the interior. 
The mean free path is the length of the cylinder. We 
therefore break up /(x,v;t) into two parts, one for each 
stream, 

for v>0 


f(x,v;t) = fy (x,0;1) 


f_(x,0;1) 


(2) 
for v<0. 


Since no forces are acting in the interior of the 
cylinder, we can write 
Of, /dt+-00 f, /dx=0, 
0 f_/dt—vd f_/dx=0 


(3) 


in 0<x”<1, v>0. The stochastic boundary conditions 
on f are 
s 


vf, (0,v;f) J Koto (0,0';t) dv’, 


vf_(1,0;) f K,(v;0')v’f, (1,0’;t) dv’ 
0 
with Ko(v;v’) and K,(v;v’) the stochastic kernels for the 
walls x=0, and x=1. The specification of initial data 
for f, and f_ completely prescribes with (3) and (4) 
the temporal evolution of the distribution of the system. 
From the definition of the kernels it follows that 


P,(v) fi Karma Ey 


This insures that the normalization of f is preserved in 


Oi (5) 


time, 

The explicit form of the kernels, K, will depend on 
the nature of the forces between the system and the 
wall and on the temperature of the wall. When both 
walls are at the same temperature, 7>=7,=T7, we 
expect from the general principles of statistical me- 
chanics that a stationary solution of (3) and (4) is the 


* For real gases the neglect of the y and z dependence may not 
be justified. 
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canonical distribution: 


f4(v) =f_(v) = (1/Z) exp[—Bmr*/2], 
(6) 


B=(kT)", Z -f exp(—Amv*/2)dv = (24/Bm)'. 


A necessary and sufficient condition for this to be the 
case is that the kernels should have the following sym- 
metry property’ 


K ,(v;0") = R,(v;v') exp(Bimv"?/2)/v’, (7) 


where 
® 


f Ruosrav’= f R,(v';v)dv', 1=0, 1. 


0 


This can be verified by substituting the canonical dis- 
tribution (6) into (3) and (4). Since our two walls act 
independently we may write in general (i.e., when 
T\AT»), 

Ko(v;v’) = Ro(v;v) exp +Bomv?/2 ]/v’, 


’ (8 
K,(0;v") = Ry(0;0") exp[+Bymv”?/2 ]/0’. 


3. STATIONARY SOLUTIONS 


One of the questions of greatest physical interest 
concerning the time evolution of a system obeying (3) 
and (4) is: Is a stationary distribution of the system 
independent of a given initial distribution attained in 
sufficiently long time and what is the form of this 
stationary distribution? It is clear from (3) that if we 
exclude the case where a finite fraction of molecules 
have zero velocity that any stationary solution will be 
independent of the position x. Let f,(v) and f_(v) be 
such distributions which by virtue of (4) satisfy 


vf .(v) =f Ko(v;0')v'f_(v")dv’, 
0 


D 


vf _(v) -f K,(v;0')v'f,.(v’)dv’. 
0 
Substituting the first of these equations into the second 
and vice versa we find that 
ae 


v-te)= f K3~(v;v')v'f_(v')dv’, 
0 


nL 


vf,(v) = K 3+ (0;0")v'f, (v")dv’. 
0 
where 


n 
Ks(oy)= f Ko(0;0"") K,(v"";v") dv", 
0 


Ky (ow')= f K,(0;0"") Ko(v"’;v") dv’. 
0 
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The stochastic kernels K,+ and Kz are normalized [see 


(5) J: 
J 


We shall now show that when a stationary distribu- 
tion exists it will be approached in the course of time for 
almost all initial distributions. The proof consists in 
constructing a functional W, which is a minimum for 
the stationary distribution and showing that for any 
other distribution the time rate of change of W is 
negative. Let f*(v) be the stationary distribution satis- 
fying (3) and (4). We define W to be 


l ® 
w=f f f(x,v;t) [In f(x,0;t) — In f*(v) Jdvdx 
1 ® 
-f f [ f(inf- Inf*)+ f*—f jdvdx 
0 Y_« 
1 a 
-/ f {Lf (inf, —In fy") +h J 
0 +0 


+[f_(In f_—In f_*)+-f_"—f_}} dedx. 


wn 


K2+(v;v') dt f K~ (v;v’)dv=1. 


The integrand in the square bracket is always positive'® 
and is zero only when f= /*. Hence W can serve as 
measure of the deviation of the distribution function at 
time / from the stationary distribution. The time rate 
of change of W when f obeys (3) and (4) is given, after 
some manipulations, by 


dw 2 - 
-= -f nf dv' K o(0;0')v'f_*(v’) 
dt 0 0 


X { g_(0,0";t) Ing_(0,0’;t) — g_(0,0';t) Ing, (0,0;£) 


¢+(0,0;1)—¢ (o's f do f dy’ 
0 0 


XK Ki (0;0’)of*(v’) { oy (1,0’;f) Ing, (1,032) 


(12) 


— 94 (1,0") Ing_(1,0;t) + e_(1,03) 


~ P+ (1,0;t)}, 
where 
g—(x,v;t) = f_(x,0;t)/f_*(v) 
and 


94 (x,0;1) =f, (a,0;t)/f,4(0). 


The terms in the curly brackets are always non- 
negative’ and vanish if 


¥ (0,0’;t) = P+ (0, it), 


g_(1,0’;t) = v,(1,0;0). (13) 
Assuming that the velocity space cannot be decomposed 


into noncommunicating regions, other than the point 


” Since G(x;y) =xSf \¥/* Inidt= y[Iny—Inx ]—y+2>0 
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v=( which we shall ignore, such that a molecule starting 
out in one such region can never get to another one, then 
W will keep decreasing until (13) is satisfied. But (13) 
can remain an equality only if 
or f,=f,' f-=f-*. 
Hence f will approach f* as t+. We should note that 
when 7;=7.=T7, W reduces to the Helmholtz free 
energy divided by kT and dW //dt is the entropy pro- 
duction divided by k. 

In the more general case when the two wall tem- 
peratures are not equal the entropy production @ is 
given by 


Gg. = O41 = i, and 


oO S _ Jo To . Jy ‘T+ 


where the J’s are the energy fluxes from the walls at 
x=(0 and x=1 and S is the entropy of the system.’ 
This @ is given by 


a Jf Rucinw (0,0;t) 


0 


 Cinv_(0,0;) — Inv (0,0";t) |dvdv’ 


t ff Race de (4iEIney (3) 


Inv_(1,0":t) \dudv’ >(), 
where 


vx (1,0;t) =exp(B mv*/2) fe (1,0;t) 1=0, 1. 


Minimizing the entropy production does not lead to 
the stationary distribution of velocities even for small 
wall-temperature differences. 

In general the problem of solving for the stationary 
distribution /*(v) in (10) may be quite difficult. Still, by 
making use of the stochastic nature of the kernels K4* 
and Ky, we can give an iteration procedure for 
improved approximations to the stationary distribu- 
tion. Starting with some trial functions f,°(v) and 
{°(v), we define 


’ 


vf ,2"t2(y) J Kot (v;0")v'f,2"(v")dv’, 
0 


DD 


vf_2"+2(y) f Kx (v;v')v'f_2"(v')dv’, 
0 


n=(),1,°°°. 


(14) 


We claim that 
lim f,?"(v) 
(15) 
lim f_?"( 


nee 
The outline of the proof of (15) follows that used above 


in showing the approach of the nonstationary distri- 
bution to the stationary one. The functional which is 
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now used is W, where, e.g., 
Won -f {vf,2(v) [In f,2"(v) —Inf,*(v) |] 
0 
~ vf ?"(v)+-0f'"(v) dt 


+f {vf_2"(v) [In f_2"(v) — In f_*(0) ] 
: -vf 2"(v)+vf*(v)}do, 


fx = farts) | f vf<"(v)dn, 
fe farce) | f v fx"(v)dv. 


We show then that Wen,2<W2, unless f= f*. 


(16) 


4. KNUDSEN GAS WITH ACCOMMODATION 
COEFFICIENTS AT THE WALLS 


We consider now an explicit example of the foregoing 
theory. We will assume that at each wall a certain 
fraction of the incident molecules is specularly reflected 
while the remainder is diffusely reflected. The diffuse 
reflection is to be such as to lead to a redistribution of 
the velocities independent of the initial velocities of 
the molecules. This redistribution may be thought of as 
due to surface adsorption and subsequent release of the 
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molecule at the wall. The kernels will have the form 


K o(0;0’) = (1—a)5(0— 0’) +a0H o(), 
K,(v;v") = (1—a)6(v— 0") +a,f7 (0); 


z 


fae i, +=0,1, 


0 


where (1—ao) and (1—a)) are the fraction of molecules 
specularly reflected at the walls at x=0 and x=1, 
respectively. In order to satisfy Eq. (7) we must choose 
H ,(v), 1=0, 1, to be 


H ;(v) =v exp(—f mv*/2) (Bm). (18) 


The thermal accommodation coefficient ao at the wall 
x=0 is defined to be: 


ao= (J —J,)/(VJ —Jy'), 


where J_ is the energy carried across per unit time by 
molecules moving towards the wall at x=0, J, is the 
corresponding energy carried by theYmolecules away 
from the wall, and Jo’ is the energy! which would be 
carried by the same current of molecules moving away 
from the wall if their velocity distribution were Max- 
wellian corresponding to the temperature 7) of the 
wall at x=0. Since these energies are purely kinetic, 
we have 


f v®f_(v)dv- vf, (v)dt 

0 “Oo 

f vif ()do— f v’ exp(- aum?/2)ie| f vf (de / f v exp(—Boms"/2)d 
0 0 0 


0 


If we substitute Ko(v;0') given by (17) and (18) into of, (v) of (9) and insert this into (19), we find that ao=do and 


by symmetry a, = 4). 


The stationary distribution corresponding to the kernels given by (17) and (18) can be found from (9) and 


(10) to be (see Appendix I) 


agmBy exp(—Bomv"/2)+-a,(1—ao)mB,; exp(—Bymv"/2) 


f,(v) 


4 ao (2 —a,)(rmBo Dy +a;(2—ao) (mp, /2)*) 


aymp, exp( —Bymv?/2)+-ao(1—a1)mBo exp( — Bomv*/2) 


{_(v) 


the kernel K,*(0;v’) being 


K*(v;0") = (1—ag) (1— a) 8(1 


—v')+-agmBov exp(— Bymv"/2)+-a,(1 — an) mB\v exp(—Bymv*/2). 


b[ cxo(2—a1) (wmBo/2)'+-a1(2—ao) (mB ,/2)*] 


(21) 


From (20) we can calculate the rate of heat transfer from the wall at x=0 to that at x=1, Jo. Jo is the difference 
between the heat transfer by molecules with »>0, J, and that by molecules with v <0, /_, i.e., 


Jp=J4—J_. 


( aga 
agtay— aga 


We find that 


ag ay 7m 


(22) 


)ver- T)) 


™m 


! ay ay iy 
a tS) 
ao +a, — ayag 2kT ag ay aga 2kT 
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which to terms O(7)— 7)? reduces to 


ay Nk 
ro=( ) (To—T)}). 
agtay—aga,/ (2rm/kT >)! 


This result differs from that given by Kennard" since 
we neglect the redistribution of kinetic energy in the y 
and g directions. For a truly one-dimensional gas the 
flux J given by Kennard reduces precisely to the above 
expression. 

Thus, for this simple kernel we can find the stationary 
distribution explicitly. However, in order to study the 
“temporal” evolution of the distribution we must resort 
to a picture involving the discrete collisions. We mean 
by this that instead of looking directly at f(x,v;t) we 
concentrate on a representative molecule of the gas and 
find the probability of its having a velocity in the range 
(v, v+dv) after undergoing n collisions with the walls. 
We call this probability p,(v)dv. Since we neglect inter 
actions between the molecules there will be no change 
in the velocity of a particle between collisions with the 
wall. Assuming for simplicity that /(x,v;0)=/, (x,0;0), 
we set 


| 
po(v) -f dx fs.(x,v;0), 


0 


and hence 


“ 


Ponyi(v) -f K \(0;0") pon(v’ dv’, 


£ 


Ponso(d) -f K o(0;0") Pong i(v’)dv’, 


0 
n=0,1,°-°. 


These equations are equivalent to (14) and make trans- 
parent the physical meaning of the iteration procedure 
given there. As was shown there, when a stationary 
distribution exists, then 


v f_(x,0;) vf_*(v) 


lim Ponsi(v) =lim 


ne t-@ * a , 
f vf _(x,v;t)dv f vf_*(v)dt 


vf, (x,v;t) of,*(v) 
lim pPony2(v) =lim 


ne tm sz a 
f folaanae f secon 


) 


At any given time, 
zx 


f,(x,0;t) => Don (x,0;f) 


nb 


Da 


f_(x,vt) => Dongs (x,0;1), 


nod) 


" Reference 6, p. 317 
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where ®,(x,v;/) is the number density of particles in 
(x, x+dx; v, v-+dv) at time ¢ which have undergone n 


collisions in the interval from 0 to ¢. The #’s obey 


vPon,(x,0;1) =vP2,(0,0; [—x/v) 


« 


J Ko(v;v’)v'@o,_1(0,0'; L— x/v) dv’ 


for (—x/v>0 


0 fort—x/v<0; n>0, 

with a similar equation for #2,_,;. We thus can exhibit 
the relation between the temporal distribution and the 
discrete collisional distribution in the form 


Pon(v) = lim pon(x,0;7'), 
Toa 


where 
» 


Pon(x,v;T) f Po,,(x,v;t)dl 


0 


In the limit as T+”, pon(x,v;7') becomes independent 


of x, viz., 


T a/v 
Pon(v) = im f dé v Dy, (0,0;€) 
T-+«4£ 


0 


In the next section we introduce a mathematical model 
in which the system is described wholly by the discrete 
collisional distribution. 


5. MATHEMATICAL MODEL 


Consider again a Knudsen gas in a right cylinder. 
Rather than following the behavior of this gas in time 
we fix our attention on the collisions suffered by a 
representative molecule with the walls. Without loss in 
generality we assume that the representative molecule 
starts with a positive velocity and thus collides first 
with the wall at x= 1. Subsequently every even collision 
occurs at the wall x=0 and every odd collision at the 
1. Let the energy of the molecule after the 2nth 
collision be e(2n). This energy remains unchanged 
during the flight of the molecule from *«=0 to x=1 
[see (3) |. We assume that the collision with the walls 
is such that a fractional 1—a, of the incident energy of 
the molecule is conserved and an extra positive incre 


wall x 


ment am,(n) is added to the nth collision, i.e 


e(2n) = (1— do) e(2n—1)+aeno(2n), 


e(2n—1)= (1—a,)e(2n—2)+ayni(2n—1); (24) 


0) a;<1 


The random energies 9;(m) are independent of one an 
other, no(2n) is independent of e(2n—1), and 9,(2n—1) 
is independent of e(2n—2) for all n. We also assume 
that the probability density distribution of the no(2n), 
go(n), and the probability density distribution of 
mi(2n—1), gi(n) are the same for all values of n. Then 
gi(n)dy is the probability of finding n,(m) in the range 
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(n, n+dn). One can show (see Appendix II) that if 
f"(ej\de denotes the probability that the molecule 
possesses an energy lying in the range (e, e+de) after 
the 2nth collision then 


fy(e—7'"e(0)) J h(e—ye!) fy?” el ~y2"e(0) de’ 
(25) 
where 
vy=(1 


a;)(1—do) <1 


’ 


h(e) f gole’)g,[ e(a;— ado)! — e'ao(ay— aay) Jde’, 


0 


with e(0) the initial energy of the molecule. If 


a ‘L 


é f eh(e\de< x, f [e—@ Phle)\de< a, (26) 
0 0 


lim fy?"(e—y'"e(0)) =f,*(e), 


then 


exists almost everywhere and satisfies 


f,*(e) J hie ve’) f,*(e')de’. 


A similar equation is satisfied by f_*(e) for a molecule 
possessing initially a negative velocity. Equation (26) 


(27) 


is the analog of (10) since e= 4mv*; hence 


vf ,*(4mv*) J vh{ 4m(v? — yu") |v’ f,*(4mo") dv’, 
or 
K 4*(v;0') 


moh{ 4m (0? —-yv") ]. 


We assume that the average random energy imparted 
by the wall to the molecule is directly proportional to 


the temperature of the wall, thus 


(m/k)(n(2n))=To, (m/k)(n(2n—1))=T7. 


Similarly, if we denote by #,(2n) the temperature of 
the molecule leaving the wall at x=0 after the 2nth 


collision, we can set 


* 


m 
f ef ,2"(e)de=(m/k)(e(2n)), 
k 0 


(m/k)(e(2n—1)). 


0, (2n) 
and 
d_(2n—1) 
From (24) it follows that, for all n, 
0, (2n)—Vd_(2n—1) 
ay 


To— 0_(2n—1) 


d_(2n—1) 


a= 


- J, (2n—2) 


T\—04(2n—2) 
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These relations although they may be thought of as 
defining a thermal accommodation coefficient are not 
identical with that introduced by Knudsen and used 
by us in the previous section, since the #’s are the 
temperatures of a representative molecule and not the 
energy carried per unit time by the stream of molecules 
moving in either direction. Finally if the conditions (26) 
are fulfilled then as the number of collisions becomes 
sufficiently large, i.e., n>, 


(1-— dy)a,;T +019 


8, (2n)—d, = (29) 


ay +d — 1,09 


exponentially with n. The relaxation number of col- 
lisions for this approach, n,, is (see Appendix IT). 
n,=([In(1/y) |". (30) 


Similar results apply to the higher energy moments. The 
same temperature discontinuity found for 3, or Jt 
[see (29) | also holds for the temperatures of the gas 
streams in our previous model, as can be verified 
directly from (20). 


APPENDIX I 


To find f, (0), we first calculate K,*. Substituting (17) 
and (18) into (10), we find 


x 


f dv" {.(1—ao)b(v—0"") 


0 
t+aBomv exp(—Bomr®/2) JL (1—a1)5(0"’ — 0’) 
+8 ym" exp(—Bymv'”?/2) }} 
= (1—ay) (1—a1)5(v— 0") +argmpBov 
X exp(—Bomv?/2)+-a1(1—ao) mB exp(—Bymr"/2). 


Substituting this into (10) and letting 
y J v’ f,.(v')dv’, 
we find that 


{aompBy exp(—Bomv’/2) 
ao +a — Ay} 


f4(v) 


+a(1—ao) mp; exp(—Bymvr?/2)}; 


{_(v) is found from the above by changing ay—a, and 
BoB. The function y is found by virtue of (1) to be 


{do( 2 —«a) (xmB»/2)! 


2(ag+ay—agay) 


+a,(2 —ao) (mB ,/2)} ° 
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The recurrence relation (24) allows us to find by 
iteration e(2n) in terms of the various n’s and e(0), viz., 


nl 
e(2n)—~y?"e(0) => y'{ (1 —ao)aymi (2n—2i—1) 


t=() 


+ dyno(2n en 21)}. (31) 


To proceed further, we extend the definitions of g,(n) 
and f,?"(e) to negative values of the arguments by 
requiring that 

gi(n)=0 for — 2 <<, 
f,?"(e)=0 


We can then introduce the absolutely continuous dis- 
tribution functions G;(n) and F,?"(e): 


7 
Gi(n) f gi(n’)dn’, 


a 


F,?"(e) f f,2"(e')de’. 


L 


for —2 <e<0, 


Since the mo and m are independent, the distribution 
function of the (1—a)ayqi(2n—2i—1)+aono(2n— 21) 
for all values of i and n, H(e), is 


- e age’ 
H(e) = { Giiea —— Ju’ (32) 
0 (1 ao)ay (1 - Qo) ay; 


Equation (25) now follows by virtue of (31) and (32) 
since 
(1— ao) ay (2n— 21— 1) + aono(2n— 21) 
are independent random variables. 
To show the approach to a stationary distribution, 
we introduce the reduced variables 


Yn=e(2n)—é(2n)—y*"{e(0) —e(0)}, 
where 


a(2n) =f e(2n)ddiCe(2n)}<« 


and 


+ ao{no(2n—2i)—fo(2n—21)}. 


The relation between the y, and the x,_; follows from 


NONEQUILIBRIUM 


ENSEMBLE: KUNDSEN GAS 


(31), viz., 
1 


n 
Yn= 2 V'Xn-i3 


i) 


O< 7s 5, (33) 


where the mutually independent, commonly distributed 
¥,-1 possess the distribution function H/(e—é). We now 
will show that the distribution function F,?"(e) of yn 
converges to a stationary distribution function F, (e) 
as no under condition (26) that #,."<*". To do 
this we consider the sequence 9, V2, «-* where 


n—I 
Fa=L V'Xi, 


i) 


with x; one of the x,_,’s. It is known" that if x,_,< @ 
the J, converge in mean of order two and hence con- 
verge in distribution, i.e., if P2"(e) is the distribution 
function of ¥, then there exists a distribution function 
F,(e) such that 


P’,2"(e)—>F, (e) essentially as n—>@ 


But since the x; are independent and possess a common 
distribution function H(e—é@), we note that /,2"(e) 
PF ,2"(e): Hence 


(34) 


I ,?"(e)F , (e) essentially as n—>@ , 


Since for e(0)<«, y,—e(2n)—é(2n) as n>, and yp 
possesses a stationary distribution, then so does e(2n). 
Equation (34) insures the desired approach to a sta- 
tionary state. Equations (34) and (35) imply (27). 

Finally we study the approach to the stationary 
state of the average energy. From (31) we find 
averaging, 


k nil 
(e(2n))—y'*"e(0)) ( yEvta 


mi! i 


, on 


aya + aol). 


Evaluating this sum and multiplying both sides of this 
equation by k/m, we obtain [see (29) } 


3, (2n)— 77", (0) = 9, (1—7""), 


3, (2n)— 6?" 9, (0) = 9, (1-67), (35) 


with m, given by (30). 


2 See, e.g., J. L. Doob, Stochastic Processes (John Wiley and 
Sons, Inc., New York, 1953), p 154 ff 

Since ya4i1—¥n™=(y— LD ¥ntXn41, WE Can immediately con 
clude that y, does not converge in probability, i.e., for any e>0, 
limne Pr(| ¥n41 —¥n| > €) KO 
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The macroscopic dynamical] equations of a tenuous ionized gas in a magnetic field are developed by aver 
aging over the individual ion and electron motions, which do not necessarily possess an isotropic distribution 
It is shown that the principal motion of the gas is related to the magnetic field by the usual hydromagnetic 
equations, as developed for conducting liquids and dense gases; the anisotropy of the individual particle 
motions shows up primarily as a coefficient multiplying the pondermotive force exerted by the magnetic 
field on the plasma. The results reduce properly to the earlier work of Schliiter, Cowling, and Spitzer for 
isotropic pressure, and are in agreement with the recent developments from the Boltzmann equation. It is 
pointed out that the magnetic lines of force are permanently connected and move in the frame of reference 
of the electric drift. It is shown that near static equilibrium, when the principal motions vanish, there remain 
small macroscopic drift motions of the gas in the field inhomogeneities. 

It is also shown that the field equations, obtained by assuming that the radius of gyration of the thermal 
motions is small compared to the scale of the field, are valid even near neutral surfaces, on which the field 


density vanishes. 


I. INTRODUCTION 
' I ‘HE usual hydromagnetic equations 
OB c 


vx (vxB)+ 
al 4iryo 


v'B 


OV 


+(v-V)v (Vx B)xB, (2) 


1 
Vp 
al p 4irp 


for the magnetic field B and the velocity field v in a 
fluid with material density p, hydrostatic pressure p, 
and electrical conductivity ¢, are conventionally derived 
from Maxwell’s equations by assuming that the conduc 
tion current density i is related by Ohm’s law to the 
electric field EF’ in the frame of reference moving with 
the fluid, 
i=oK’. (3) 
Restricting ourselves to nonrelativistic fluid velocities 
(vx<c), it follows that 
E’ = E+ (v/c) xB; 

then from (3) 

E= —(v/c)XB+i/c. 
Maxwell’s equation, 

4mi+ 0E/dt=cVXB, 


upon omission of the displacement current (since! 


v<c), gives 


i= (c/4n)VXB; (5) 
then from (4) it follows that 
E= — (v/c)XB+ (c/440)V XB. 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air Force 

‘W. M. Elsasser, Phys. Rev. 95, 1 (1954) 


Hence the field equation 
OB/dt=—cVXKE 


reduces to (1). Equation (2) is derived by adding to the 
classical Euler equation of motion the Lorentz force 
(i/c) XB and using (5) to express i in terms of B. 

In liquids, and in gases sufficiently dense that the 
collision rate of the free electrons is large compared to 
their cyclotron frequency in B, we have no reason to 
doubt that (3), and hence the hydromagnetic equation 
(1) deduced from (3), is valid. However, in tenuous 
ionized gases in which the collision rate is small com-— 
pared to the cyclotron frequency it is not obvious that 
(3) is applicable; an electric field impressed across a 
tenuous plasma results first of all in a drift of both 
electrons and ions perpendicular to the electric field 
with a velocity cEX B/B*, and there is no net transport 
of charge. 

Schliiter? has shown that in the final analysis the 
situation, though now more complicated, may still be 
represented adequately by (3) in most cases. A more 
formal and detailed treatment of the problem based on 
the Boltzmann equation has been presented by Chew, 
Goldberger, and Low® and also by Watson‘ and by 
Brueckner and Watson.® They have investigated the 
dynamical properties of an ionized gas which is sufh- 
ciently tenuous that direct interaction between the 
individual ions and electrons may be entirely neglected. 
They restrict themselves to magnetic fields whose scale 
of variation is large compared to the Larmor radius of 
the gas particles. They have been able to show in a 
formal way that in the first approximation the equa- 
tions of motion reduce to the hydrodynamic form given 

2A. Schliiter, Z. Naturforsch. 5a, 72 (1950); Ann. Physik 10, 
422 (1952). 

* Chew, Goldberger, and Low, Proc. Roy. Soc. (London) 236, 
112 (1956). 


*K. M. Watson, Phys. Rev. 102, 12 (1956). 
*K. A. Brueckner and K. M. Watson, Phys. Rev. 102, 19 (1956). 
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IONIZED GASES 
by (2), and that the equation for B approximates to (1) 
with o= , provided that the system is not too greatly 
disturbed by large amounts of heat conduction along 
the lines of force, etc. 

Now since the formal developments based on the 
Boltzmann equation neglect all interaction between 
individual particles, so that the collision terms vanish 
from the Boltzmann equation, we see that we can just 
as well deduce the macroscopic behavior of the gas by 
summing over the individual motions of the gas atoms: 
Because the particles do not interact we may compute 
their individual motions ahead of time, using Newton’s 
equations to relate their velocities to the electromag- 
netic field variables; in the absence of interaction the 
n-body problem reduces to n one-body problems. We 
may then sum over all individual particle motions, 
obtaining the total mass motion as a function of the 
field variables; we may also obtain the total current 
density as a function of the field variables, which is then 
inserted into Maxwell’s equations to yield the electro- 
magnetic field equations appropriate to the tenuous 
ionized gas. 

Thus, we shall carry out our development of the 
macroscopic motions of the plasma from much the 
same point of view as used by Schiiter,’ and by 
Spitzer®; but we shall endeavor to show explicitly 
the effects of anisotropy of the individual particle 
motions and we shall strive to express the macroscopic 
equations of motion in a form as closely analogous to 
the hydromagnetic equations as possible. We shall 
cover much of the same ground as Schliiter and Spitzer 
in the construction leading up to the final equations.’ 

The results of such a Newtonian procedure are, of 
course, entirely equivalent to conclusions based on the 
Boltzmann equation. The Newtonian point of view has 
the advantage that it avoids the formal mathematics 
associated with the appropriate solution of the Boltz 
mann equation ; it works directly with the basic physical 
phenomena of the individual particle motions so that 
one may see immediately how the microscopic me- 
chanics directly produce the final macroscopic fields. 
It has the formal disadvantage that one does not auto 
matically obtain a general expression relating the 
macroscopic pressures, p, perpendicular, and p, parallel 
to B, to other macroscopic quantities; however, in 
practice the relations are usually easily supplied when- 
ever the problem at hand is sufficiently simple that the 
formal relations from the Boltzmann equation are 
useful. Finally, it should be noted that the Newtonian 
procedure is limited by the fact that one is not able to 
go on with further developments where collisions are 
included as a small perturbation. 


*L. Spitzer, Astrophys. J. 116, 299 (1952) 

7E. Astrém [Arkiv Fysik 2, 443 (1950) ] has previously used 
the Newtonian point of view to establish under what circum 
stances it is possible to reduce the field equations in a plasma, by 
suitably defined dielectric and permeability coefficients, to the 
form assumed by the Maxwell] equations in a homogeneous non 
conducting medium 
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Recognizing these advantages and weaknesses of a 
Newtonian development, we shall concentrate our at- 
tention in this paper on exhibiting the details of the 
macroscopic mass motions and their relation to the 
microscopic particle motions; in addition we shall 
investigate the macroscopic equations in the vicinity 
of a surface on which B vanishes, to show that though 
the usual approximation of small Larmor radius is not 
valid, the general conclusions based on that approxi 
mation are correct there. 

Fortunately, except in one case we shall not have to 
consider the microscopic velocity distribution: We 
shall find that the contribution of each individual elec- 
tron and ion in the final macroscopic field equations 
involves the particle mass M multiplied by the square 
of the thermal velocity w; upon summing over all 
particles to obtain the macroscopic equations we ob- 
tain, then, }> Mw*, which is just the hydrostatic pressure 
regardless of the velocity distribution. 


Il. CURRENT DENSITY 
A. Individual Particle Motion 


Consider the nonrelativistic motion of a particle of 
mass M and charge gq in an electric field E and a mag- 
netic field B whose scale L and period of variation T 
are both large compared to the radius of gyration R 
and cyclotron period 2%/Q of the charged particle. We 
shall decompose the motion w of the particle into the 
usual circular motion about the guiding center plus the 
drift of the guiding center. We use the subscripts m and 
s to denote the component of a vector perpendicular 
and parallel to B, respectively. 

It has been shown by Watson‘ that the principal 
motion of the guiding center is the drift 


u,=c(EXB)/B+ (4Mw,2c/qB) BX VB/2 
+ (Mw,c/qB)BX[(B-V)B], (6) 


perpendicular to B, and the drift u, parallel to B, where 
Mdu,/dt= — (4Mw,?/B*)B{B-[(B-V)B)} (7) 


The first term on the right-hand side of (6) represents 
the usual electric drift. The second term is the drift 
perpendicular to both B and VB? as a consequence of 
shear in B. The third term is the drift arising from the 
reaction against B of the centrifugal force of the motion 
w, along a curved line of force; as will be shown later 
BX[(B-V)B)| represents the curvature of the line of 
force. The acceleration along the lines of force given by 
(7) arises from the reaction of the centrifugal force of 
the circular motion against diverging lines of force, and 
represents a repulsion along the lines of force away from 
regions of dense field. 

The circular motion about the guiding center of the 
particle is described principally by the familiar adiabatic 
invariant w,/B!= constant. 

On the basis of the above motions of the individual 
particle let us now compute the resulting total current 
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density in an electrically neutral plasma composed of 
N electrons, with charge —e, and N ions, with charge 
+e per unit volume; the generalization to ions with 
charge Ze and ZN electrons per unit volume will be 
obvious. 


B. Circulating Current 


We consider first the net current density resulting 
from the circular motion of each particle, ions and 
electrons, about its individual guiding center; we shall 
for the moment ignore the drift u, and u, of the guiding 
center. Taking advantage of the large scale of the mag- 
netic field, LR, we may construct at any point a 
locally Cartesian coordinate system with its z axis 
tangent to the line of force through the origin of the 
local system. We shall consider all the ions lying be- 
tween the planes z=0 and z=6Z; the guiding centers 
of the ions lie between z=0 and z=6Z, and the circular 
motion of each ion about its guiding center carries it in 
a circle parallel to the z=0 or xy plane. 

We suppose that the number of ion guiding centers 
per unit volume is N(x,y). The cyclotron frequency 
{2(x,y) is related to the field B(x,y) at each guiding 
center in the usual way 


(x,y) =qB(x,y)/Mc. (8) 


We denote the particle velocity about the guiding 
center by w,(x,y) where x and y are the coordinates of 
the center. Hence the radius of gyration is 


R(x,y) =w,(x,y)/Q(x,y). (9) 


To compute the x component of the ion current den- 
sity in the layer 6Z, we must calculate the rate at which 
the distribution N(x,y) and circular velocity w,(x,y) 
causes charge to be transported across the element of 
area x=X, Vey<V¥+6Y, 0<2<6Z. To determine 
which ions the circular motion carries through this 
element of area we construct the locus of all points 
(x1,¥1) which lie at a distance R(x,,y,) from (X,Y), 
and the locus of all points which lie at a distance R(x2,y2) 
from (X, Y+6Y); it is easily seen from Fig. 1 that all 
ions whose guiding centers lie between these two loci 
pass through the element 6Y¥6Z. The two loci are 
given by 
(10) 


(11) 


(x, — X)*+ (yi — VY)’, 
X)?+(y.—Y—6Y)?. 


R?(x1,y1) 
R*( X2,V2) = (x2 


With the magnetic field in the positive z direction, 
an ion will circle in a clockwise sense as viewed from the 
positive z axis. Each ion with guiding center between 
the two loci and for which y> Y will contribute a mean 
current —e/2m across 6Y6Z; each ion with guiding 
center at y<Y contributes +¢2/2r. To sum over all 
of the ions with guiding centers between the two loci 
it is easiest to use the polar coordinates (7,4), defined by 


x—X=rcosd, y—Y=rsiné; 
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the element of area between the loci becomes 
dA =}4(r.—1,")d6, 
where from (10) we have 
r= R(X,VY)[1+ (AR/dX) cosd+(dR/AYV) sind), 
and from (11) 
r,=[R(X,Y)+6¥ sind] 
(1+ (dR/dX) cos6+(AR/AY) sind), 


upon expanding R(x,y) about (X,Y) and neglecting 
all terms of second and higher orders in (R/L). Then 


dA=6YVR(X,Y) sin@ 


X[1+4-2(dR/AX) cos6+2(dR/AYV) sind \d@. (12) 


Upon carrying out the integration from 6=0 to 
§=2n, we find that the x component of the current 
density across the element 6Y6Z is 


i,(X,Y) =—4e(a/aV) (NOR?) 


—c(d/aV)(}NMw,2/B). (13) 


In a similar way we find that 


iy(X,V)=+c¢(0/0X)(4NMw,?/B). (14) 


Equations (13) and (14) have been deduced on the 
assumption that the planes of the circular motion of 
each ion are everywhere parallel to the xy plane; thus 
we have tacitly assumed that the lines of magnetic 
force are straight, and all parallel to the z axis. We 
will now generalize the expressions (13) and (14) to 
include current density resulting from the circular 








Fic. 1. Geometrical setup for computing the x ear of the 


X, ¥+6Y). 


Larmor current density i, at the segment (X,Y), 





IONIZED 


motion of ions in a magnetic field whose lines of force 
have a radius of curvature R in a plane making an 
angle @ with the x axis. In such a case we again con- 
sider those ions with guiding centers between z=0 and 
2=62(x,y) where now 


§z(x,y) =6Z[1—(x/R) cosp— (y/R) sing ]. 


Then the circular motion of each ion with guiding center 
in 0<z<62(x,y) lies entirely between the two planes 
z=0 and z=62(x,y): In an element of volume dAé2(x,y) 
there are N (x,y)dA62(x,y) guiding centers, transporting 
charge across the element of area 6Y6z(X,Y) at a rate 
[ g(x,y) / 2m |N (x,y)dAdz(x,y); we proceed as before 
except that 62(x,y) is now a function of x and y, and is 
no longer a constant. It is readily seen that 62(x,y) will 
be included in the differentiation on the right-hand side 
of (13) and (14), yielding 
i,(x,y) = —[4q/62(x,y) ](0/dy)[NQR*%2(x,y) } 
—c{(d/dy) (4NMw,?/B) 
—(4NMw,?/B)(sind/R)}, (15) 
and 
+c{(d/dx)(4,NMw,?/B) 
~(4NMw,?/B)(cos@/R)}. 


1y (x,y) 
(16) 


We note that the sense of the resulting current is inde- 
pendent of the sign of charge of the particles. 

In order to express the current density in vector form, 
we note that we may write the identity 


(B-V)B= (1/B){BB-[(B-V)B|—Bx[Bx (B-V)B}}. 


The first term on the right-hand side is the component 
of (B-V)B parallel to B and represents the change in 
the field density, as one moves along a line of force, as 
a consequence of the diverging of the lines of force; it 
affects the drift of the ion centers as given by (7). The 
second term is the component of (B-V)B perpendicular 
to B and represents the change of direction of the lines 
of force as one moves along B; it is the centrifugal term 
and may be expressed as 


—~Bx[ Bx (B-V)B)/B 
Using (17) we may eliminate R from (15) and (16). 


At the same time we define the total pressure component 
p, due to motions perpendicular to B as 


BYR. (17) 


Pn +N M War + INmwne, 


where m and w,, are the electron mass and velocity. 
Then for both the ions and the electrons together we 
have the total current 


i, = (c/ B)BX{V(p,/B) 


(¢/84 pm BX {V pn—4}(pn/ Pm TV Pm 
— (Pn/ Pm) (B-9)B/8x}, 


(p,/ B*)(B-9)B) (18) 


(19) 


as a consequence of the circular motions. p,, represents 
the magnetic pressure B*/8r. 
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C. Drift Current 


As a consequence of the drift velocity u,, given in 
(6), there will be a current density, which we denote 
by ip. Noting that NV Mw,? is the contribution to the 
lateral pressure p,, and NMw,’ to the longitudinal 
pressure p,, we see from (6) that the total drift current, 
due to both ions and electrons, may be written 


ip = Ne{u,(ions)—u, (electrons) | (20) 


(¢/8r pm) BX (4 (Pn/Pm)V pm 

+ (p./Pm)(B-V)B/8r}. (21) 
The electric drift cEX B/B* contributes no net current 
because both ions and electrons drift in the same dire 
tion, 

There will also be a drift current parallel to the field, 
in addition to the lateral current ip, as a consequence of 
ordinary electrical conductivity along the magnetic 
lines of force; with no interaction between individual 
particles, as we are assuming, the electrical conductivity 
parallel to B would be infinite. 

Assuming no initial hydrostatic pressure gradient, 
from (7) we see that variation of the field density B 
along the lines of force results in greater acceleration 
along B for the electrons than for the protons since the 
electron thermal velocity is much greater than the ion 
thermal velocity, both represented by w, in (7). 
Thus we would expect that there might arise currents 
along B as a consequence of B-[ (B-V)B |#0. Schliiter’ 
and Spitzer® have shown that when the distribution of 
individual particle velocities is isotropic no macro 
scopic motions and no current arises from this effect. 
We shall consider the problem in detail in Sec. IV for 
an anisotropic velocity distribution. For the present it 
is sufficient to note that if a current along B were to 
result, in the anisotropic case, as a consequence of the 
component of (B-V)B parallel to B, a space charge 
would quickly appear, giving rise to an electric field 
which would stop the current. The electric field arising 
in this way is 


E| =O (R/L) (w/c) B), 


and so is smaller than the field given in (43) by the 
factor R/L; hence we shall neglect its effects. 


D. Poiarization Current 


The final contribution to the current density which 
we shall consider is due to the polarization of the 


6,7 


plasma®? in the presence of an impressed electric field; 
it is the current resulting in the charge separation pro 
duced by inertial forces. We have just discussed the 
polarization along the lines of force and we shall now 
develop the appropriate lateral results. 

We let the magnetic field lie along the z axis of a 
local Cartesian coordinate system. We suppose that 
there is an electric field in the local y direction. Then the 
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motion of a particle of charge g and mass M is 


x gqdy 


M B, (22) 


d? cdl 


d’y q\ dx 
M—- wn-( ) B 
df c/ dt 
We eliminate x by dividing (23) by B, differentiating 


with respect to ¢, and using (22) to remove d*x/d?. 
Then, with Q=qB/Mc, we have 


(23) 


(d/dt)[ (1/2)d*y/d? \4+-Ody/di=¢(d/dt)(E/B). (24) 


Remembering that the cyclotron period is small com- 
pared to the period over which E, B, and 2 change ap- 
preciably, we average over many cyclotron periods, 
thereby eliminating the circular motion from the equa- 
tion. Hence the first term on the left-hand side of the 
equation drops out because it contains d*y/d?, and 
there remains only the slowly varying portion of dy/dt, 


(dy/dt) = (¢/Q)(d/dt) (E/B). (25) 


This polarization drift may be written in vector form as 
up (Mc?/qB*) BX {(d dt){ EX B/ B? }}, (26) 
and results in a current 


ip= (pc*/ B*)BX { (d/dt)[ EX B/ B? }}. (27) 


The polarization velocity and current are simply 
expressed in terms of the electric drift up for both the 
ions and electrons, 


up=cEXB/B?, (28) 


and the usual cyclotron frequency Q=qB/Mc, accord- 
ing to 


up= (1/2)(B/B) Xdup/di, (29) 


ip= (pe? B*)BX dup/dt (30) 


Ill. FIELD EQUATIONS 


Having computed the current density resulting from 
the freely moving ions and electrons in a tenuous 
plasma, let us now insert the result into the Maxwell 


equations, 
dE / at 


OB/ al 


+cV X B—4ni, (31) 


cVXE, (32) 


so that we may determine the appropriate equations 
for the fields E and B. 

We will find it convenient to decompose the curl of 
the magnetic field in (31) into components according to 
the vector identity 


VXB=(VXB),+(VXB),, (33) 


where 


(V<B),= (B/B*)B-VxB, 
(VB), = (B/B*)x[ —4V B+ (B-9)B). 


(34) 
(35) 
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Equation (34) represents the contribution to VXB of 
the change in direction of the lines of force as one moves 
perpnedicular to B; the first term in the brackets on the 
right-hand side of (35) represents the contribution of 
the shear in B, the change in the magnitude of B as one 
moves perpendicular to B; the second term in the 
brackets represents the change in the direction of B 
as one moves along B, as discussed in (17). 


A. Electric Field Parallel to B 


With the aid of (34), the component of (31) parallel 
to B may be written 


JE,/d1= (c/ B*) BL B- (VX B) |—4mi,. (36) 


But, as noted earlier, we have the usual free conduction 
of electric charge along the lines of force, so that 


(37) 


i,=oE,,. 
Substituting (37) into (35), we obtain 
JE,/d1+4aoE, = (c/ B*) BEB: (V XB) }, 


which admits of the formal solution 


t 
E,(t) f dr exp[4aa(7—1) lf(7), 


where for convenience we have written 
f(t) = (c/B*)BUB-(V xB) }. 


In the limit as o> we have 


E,(t)~ f(t)/4ae. (40) 


Thus the component of the electric field parallel to B 
vanishes in the limit of no collisions between particles, 
and the resulting infinite electrical conductivity along 
B; we obtain the usual result that E-B=0. As a conse- 
quence of the large value of e/m no significant mass 
motions are involved in i,. 


B. Electric Field Perpendicular to B 


The component of the current density perpendicular 
to B may be written 


in =i, t+iptip= (c/8rp,)B 
XK {Vpn tL (Ps Pn) / Pm |(B- V)B/8x+ pdup/dt} (41) 


using (19), (21), and (30). It is to be remembered that 
up is the conventional electric drift velocity, given by 
(28). We note that the drift current due to the second 
term on the right-hand side of (6) has just canceled the 
term in (19) due to the variation of the cyclotron fre- 
quency, or magnetic field density, with position. 

The component of (31) perpendicular to B becomes 


dE, /dt= 4 (cB, ‘Pm)X {—pdup/dt—V (pat pm) 
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Now from (28) it follows that 

E=—(up/c) XB. (43) 
Thus, if 0/d¢ may be regarded as being of the order of 
lup/L|, it follows that dE/dt is of the order of 
(cB/L)(up?/c*). The individual terms on the right-hand 
side of (42) are all of the order of (cB/L). Hence we 
have the well-known result! that the displacement 
current may be neglected. But equating the right-hand 
side of (42) to zero gives us the equations of motion 
of Up: 


pdup/dt= —Vn( Pat Pm) 

+([(B-V)B/4J,[14+ (pa—ps)/2Pm]. (44) 
If (pn/Ps)/Pm is small compared to one, as it is in a 
sufficiently strong magnetic field or when the thermal 
motions in the plasma are nearly isotropic, then 
—Vinpnt (1/4) (VXB) XB 
upon using a familiar vector identity; the electric drift 
velocity satisfies the conventional hydrodynamic equa- 
tion of motion. Using (43) to eliminate E from (32), 
we obtain the equation 

OB/oat VX (upXB). 

Thus, we have found, as has already been shown by 
Low, Goldberger, and Chew,’ and by Watson‘ and by 
Brueckner and Watson,® that the electric drift velocity 
in a tenuous plasma plays the same role in the equations 
of the motion and of the magnetic field as the mass 
velocity v in the usual hydromagnetic equations in 
liquids and dense gases: The magnetic lines of force are 
permanently connected and move with up; there is no 
possibility for reconnection® of lines of force. Equation 
(46) is independent of the anisotropy, and so is in 
agreement with the work of Schliiter and Spitzer. 


IV. MASS TRANSPORT VELOCITY 
A. Perpendicular to B 


pdup/dt (45) 


(46) 


The mass velocity v, perpendicular to B may be 
computed from the expressions for the various current 
densities: Suppose that i, is the ionic current density. 
Then 1,/e is the number of ions passing across one cm? 
each second, and +Mi,/e is the mass per cm? per 
second ; — mi,/e is the electronic contribution. The total! 
mass flow is N(M+m)v,, so that 

N(M+m)v, (47) 
With (19) and (47) we find that the mass transport 
velocity due to the circular motions is 


C B 
8a pm/ eN (M +m) 


(Mi,/e)— (mi,/e). 


I (M ni = MP ne) 
X{V(Mpui— mpn.) —- — ——$ Vpn, 
: Pm 


(M Pai MP ne) 
——(B-V)B/8r}. (48) 


* FE. N. Parker and M. Krook, Astrophys. J. 124, 214 (1956) 
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From (6), or from (47) and (21), the contribution of the 
drift motions to the mass transport is 


C B 
Vp=Up +( ) 
8a pm/ eN(M +m) 


4(M Pri—™MP ne) 
2 
Pm 


Vim 


( — ae) 
+ as (B-V)B Sa | (49) 


Pm 


From (30), or from (30) and (47), the polarization 
mass transport is 


vp=[¢c(M —m)/eB? |BX dup /di 


(50) 


‘The total mass velocity v is the sum of v,, vp, and 
vp. If the electron partial pressures Py, Poe are not 
immensely greater than the ion partial pressures pyri, Psi, 
then, because the ion mass M is large compared to the 
electron mass m, if follows that Mp,,>>mp,, and 
M p,:>mp,,. Hence the total mass velocity may be 
approximated as 


v—~upt+ (Mc 8rpme)BX dup ‘t+ (¢; 8a pmeN)B 
XK (VpnitL (Prim pai) Pm ](B- 9) B/8r). 


(51) 


The first term, Vpni, in the braces results in a pressure 
drift, just as in (19) it resulted in the familiar pressure 
current.’ The second term in 
(Psi Pni)/Pm and represents the competition between 
two processes; on the one hand, thermal motion, + p,;, 
along curved lines of force, with the attendant cen 
trifugal force, leads to a drift perpendicular to B, 
resulting in an electric current given by the second term 
in the braces in (21), and in a mass transport; on the 
other hand, the crowding together on one side of the 
circular orbits of neighboring particles and the separa 
tion on the other side as neighboring particles circle 
curved lines of force results in an opposite electri 
current, and in a mass transport, proportional to 

Pri. When pyi=Pni, the two effects cancel and the 
equation of motion (44) reduces to the usual hydro 
magnetic form (45); the mass transport velocity v sim 


the braces contains 


plifies to 


v=Upt (Mc/8rpme)BX dup/dt 
+- (¢ ‘Sa pmeN )BX VP ni. 


(52) 


We may use (44) to eliminate dup/dt from (51). Ap 
proximating the total material density p by the ion 
density NM, and remembering that pr= Ppnit Pne, ete. 
we obtain 
V up { (¢ /SapmeN )BX { Vi Pne + Pm) 

+{ (B-V)B/44 |[1 — (pre Pne)2Pm |}. 


*L. Spitzer, Physics of Fully Ionized Gases (Interscience Pub 
lishers, Inc., New York, 1956) 

” T. G. Cowling, The Sun, edited by G. P. Kuiper (University 
of Chicago Press, Chicago, 1953) 


(53) 
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Thus, when we include the polarization mass transport 
explicitly, the mass transport velocity in excess of the 
electric drift, viz., (v—up), depends upon the ion partial 
pressure, as in (51); when we eliminate the polarization 
transport, the excess velocity depends upon the electron 
partial pressure. 

From (51) or (53) we see that the mass transport 
velocity v, and the electric drift velocity up are equal, 
neglecting terms O(R/L). Thus up is, in general, the 
principal mass velocity. However, there are cases when 
uy may vanish identically, and the remaining terms 
remain finite, as discussed in the next section; then, 
obviously, up is not the principal mass motion. 


B. Parallel to B 


‘The mass motions parallel to B arise as a consequence 
of pressure gradients along B, and also as a consequence 
of the reaction of diverging lines of force against the 
centrifugal force of the circular motions of the indi- 
vidual particles. Unfortunately this latter effect, given 
by (7), depends on the anisotropy and its variation 
along B; to consider it quantitatively requires explicit 
introduction of the velocity distribution function. 

Consider, therefore, a slender static tube of magnetic 
flux across which the field density is uniform. We let s 
represent distance measured along the tube, so that 
the field density within the tube may be written B(s). 
In the absence of electric fields of external origin an ion 
(or electron) initially circling the lines of force within 
the tube will always be contained within the tube, 
circling the same lines of force; since the field is static, 
the magnitude of the velocity of each particle, denoted 
by w, remains constant. We shall denote the number 
of ions per unit volume by N(s). If A(s) is the cross- 
sectional area of the tube, then since V-B=0, it follows 
that 
(54) 


A(s)B(s)=A(0)B(O), 


The number of particles per unit length of the tube is 
(55) 


n(s)=N(s)A(s). 


We shall suppose for the present that all ions move with 
the same speed w. Then if @ is the angle of pitch of the 
helical trajectory of an individual particle (the angle 
between w and B), we see that 


w,=w sind, w,=w cosé. (56) 


We shall denote the distribution of the ion velocities 
by the function /(s,0,1), so that /(s,0,)d0 is the number 
of particles per unit length with an angle of pitch be- 
tween 6 and 6+-dé. It follows that 


n(s,t) -f d6 f(s,8,t). 
0 


As a given particle moves along the tube its angle of 
pitch varies in such a way as to preserve the usual 


(57) 
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adiabatic invariant, w,?/B=constant. Hence, if 6(0) 
is the angle of pitch when the particle is at s=0, then 
at s (*0) 

sind(s) =[ B(s)/B(O) } siné(0), 


d6 (=) 
ds 2B(s)\ ds] 
We consider those particles in (6,0+A0) at s at 
time ¢. At time ¢+-61, where 6/=6s/w, they will be at 
s+4s. A particle with angle of pitch 6(s) at s will have 
an angle of pitch of 
6(s+-4s) =0(s)+ (d6/ds)és, 


at s+46s; a particle with angle of pitch 0(s)+A8 at s 
will have an angle of pitch of 


(58) 
and 


(59) 


d6| dé o\ db 
6(s)+40+—| 5s =6(s)+A0+- #+(—) —bsA0. 
dS \ 6440 ds 067 , ds 


Thus, whereas the particles occupied an interval of A@ 
at s, they occupy the interval Aé[1+ (0/00), (d6/ds)és | 
at s+és. Their velocity along the tube, w cos@ at s, 
has increased to w cos{ 0+ (d0/ds)és |, or w cosé—w sind 
X (d6/ds)és, so that they spend less time at s+-és, 
and their spatial density is correspondingly decreased. 
Therefore, the distribution function, the spatial density, 
at (s,/) is related to the distribution function at 


(s+4s, t+-6t) by 


w cos f(s,0,1) 40 
[ w cosd—w sind(d0/ds)és | 
X fl s+6s, 0+ (d0/ds)és, t+-6s/w cos6] 
 Adl1+- (0/00) ,(d0/ds)és |, (60) 


from which it follows that 


Of of Of sw sind dB 
0 +-——w cos0+ ( ) ( ) 
Ol Os 00 2B ds 


w cos6 dB 
+f ( - ) (61) 
2B \ds 
The equation may be somewhat simplified, and the 


spatial variables s and @ may be separated from {, if 
we let 
I (s,8,t) =(s,0)B(0)/B(s) }! exp(wkl), (62) 


where & is a constant with dimensions of inverse length. 


Then 
Oy Oy /sind,\ 4 dB 
0=ky+— cos#+ ( )( ) 
Os 00\ 2B ds 


(63) 


We shall go no further with the time-dependent solu- 
tion: we shall defer further discussion to Sec. V where 
we consider the static solutions. 
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V. STATIC EQUILIBRIUM 
A. Isotropy 


Complete static equilibrium obtains when the mass 
velocity v vanishes and the magnetic field is static, 
OB/at=0. Suppose that in such a case p, and p, 
eventually become equal to each other, whatever may 
have been their initial values. Then using a familiar 
vector identity, (53) requires that 


Up= (c/8rpmeN){ —Vpnet+ (VX B) XB/4r} XB, 


(46) becomes 


0=VX (up XB) 


UX {(c/eN)[V nPne— (VXB)XB/4r]}. (64) 


Thus static equilibrium across the lines of force results 
when [Vapne—(VXB)XB/4r] is expressible as the 
gradient of a scalar." The simplest static condition is a 
force-free magnetic field, (VXB)XB=0, and uniform 
density N and pressure p,. If the fields are, say, inde 
pendent of the z coordinate, then VX (Vnpn-) =0 for all 
Pre, and it is not necessary that the pressure be uniform 
over the x and y directions. 

It is interesting to note that if we require that the 
principal velocity up vanish, rather than the total 
velocity v, then 0B/dt is automatically zero. Again 
putting ~p,=p,., we have from (44) that 
(65) 


Vipn= (VX B)XB/4r, 


upon using a familiar vector identity. Eliminating B 
inside the braces on the right-hand side of (53) yields 


the mass motion 


v= (¢ 8rp»neN )BXVp,. (60) 


There is the residual mass motion, the pressure drift®” 
given by (66). 


B. Anisotropy 


When p,# p, the situation is more complicated. Not 
only are the field conditions under which v can be made 
to vanish, in (53), and dB/dt, in (46), somewhat more 
involved, but the degree of anisotropy is a varying 
function of position; the particle velocity distribution 
function must satisfy (61). We shall consider time 
independent solutions of (61) to show the manner in 
which p, and p, must be related in order that there be 
static equilibrium with 0/d/=0. 

For the velocity distribution to be independent of 
time, we put k=0 in (62). Then (63) reduces to 


Ow OW / sind dB 
8) cosh + ( ) ( ) 
Os 00\ 2B ds 


"S$, Lundquist, Arkiv Fysik 2, 361 (1950) 
25. Chandrasekhar and K. H. Prendergast, Proc 
Sci. U. S. 42, 5 (1956). 
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The variables are immediately separable, and we obtain 


B(O) her! 
{(s,0) a | sin*@ 
B(s) 


(68) 


as the basic solution of (61); c, is a constant. 

If F(s,@) is the distribution function per unit volume, 
rather than per unit length of the flux tube, then /’(s,0)d0 
represents the number of particles per unit volume with 
angle of pitch in (0, 0+-d@), and 


N(s) [ aoriss), 


From (54) and (55) it follows that 


F (5,0) = f(s,0)/A(s) =Cal_B(O)/B(s) |" sine, (70) 


where C,, is a constant. A more general solution is 


B(s)}! p*% B(O) ha 
(5,0) | | f dat (a) io] (71) 
B(O) 0 t B(s) 


For isotropy, a= 1, we have the result already shown 
by Schliiter? and by Spitzer® that the isotropy is pre 
served and the particle density is uniform, inde 
pendently of how B(s) may vary. We see from (70) that 
if F(s,6) has the form sin’@é at one value of s, it will de 
pend upon @ as sin”@ for all values of s; the form of the 
anisotropy does not vary with the field density. Further, 
it may be seen from (70) that y:< 
Pn<P», 
B(s) increases. If on the other hand y>1, then p,> p, 
and the particle density decreases with increasing B(s) 


; orresponds to 


in which case the particle density increases as 


If /’(s,8) is not expressible as sin”@ for a single value of 

y, but involves values of a, in (71), both greater and 
1, then we see from the presence of the factor 
@ that p,/p,» will be relatively large where 


3(s) is small. 


smaller a 

[ B(O)/B(s) 

B(s) is large and small where 
Presumably the velocity distribution at some loca 


tion, say s=0, serves to determine the function C(a), 


(0,9) f daC (a) sin*6. 


We may compute /’(s,9) from the C(a) thus determined, 
NV (s) 


(72) 


by using (71). The particle density may be 


reduced to 
B(s) . 4B(O) 771°C 4 (a+) | 
N(s) | f data] | , (73) 
B(O) 0 B(s) I'(a+1) 
upon using the integral 


7 
j d6 sin? 6 = 27"'T?(4x)/T' (x), 


(74) 
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The pressures p, and p, may be represented as 


pn® f d6h (s0)k\Mw,. 


0 


B(s)) ” 
- 2M | f daC (a) 
B(0) ri 


’ 


(—= a2 104 (a+3) | 
B(s) | l'(a+3) 


p. f d0F (s,0)Mw, = Mw*N(s)—2p,, (76) 


When F (5,0) is of the simple form sin”@, as discussed 
above, then it is readily shown from (70) or (71) that 


N(O)P(y+1) ¢ B(O) 
F(s9) | 


274 (-y+1) ] 


4(y7-1) 
| sin’. (77) 


B(s) 


It follows that N(s) = N(0)[ B(O)/B(s) |}! and 


7%) 


(y+ 114 (7 +3) |p BOO) Pr! 
p,=2Mw*N (0) | | al 


Py +3)0C3 (y¥+1) Nt B(s) 


VI. WHEN R/L CANNOT BE SMALL 


Though a development of the dynamical properties 
of a tenuous ionized gas in slowly varying fields 
(R/L<€A1) is widely applicable, there is one commonly 
occurring, and in two dimensions unavoidable, situa- 
tion where the approximation is invalid in slowly 
varying fields of finite extent, viz., in the vicinity of a 
point or line on which the field density vanishes: As a 
particle approaches a neutral surface, B=0, between 
two regions of oppositely directed field, the Larmor 
radius increases without bound and no matter how 
slowly B may decrease, R/L becomes large. 

To investigate this one essential breakdown, consider 
the magnetic field B in which the lines of force are all 
parallel to the z axis and point in the positive 2 dire 
tion. We shall suppose that the field density is a func- 
tion only of x and vanishes at «=0; then B= B(x) and 
B(O)=0. Thus the yz plane is a neutral plane. 

We suppose that the scale of variation of B(x) is L, 
and is very large. Then we may expand B(x) about 
v=. The zero order term vanishes by assumption ; the 
second order term may be neglected provided the first 
order term does not vanish identically: We write 


B(x) = Box/L+O0(1/L*), 


where By is a constant and is of the order of the field 
density far from the neutral plane. We define the radius 
of gyration 


(79) 


Ro= Mw,c/qBo 


for a particle with velocity w, in Bo, and require that 
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Ro/L1. We see, of course, that sufficiently close to 
x=0, where B—-0, R/L is not small. 

The equations of motion of a particle of charge g and 
mass M in the field B(x) may be written 


ix q 
—=—B(x)0, 
d? Mc 
dv= —(q/Mc)B(x)dx, 
where v=dy/dt. Besides the usual energy integral 
(dx/dt)?+ 0? =w,’, (80) 
there is obviously the integral] 


v+(q/Mc) f dx B(x) =0, 


zi 


(81) 


where «x, is the value of x at which the particle is turned 
so that it moves parallel to the x axis, i.e., dy/dt=0. 

The problem is now readily reduced to two quadra- 
tures. When B(x) is a linear function of x, as we have 
supposed here, the integrals are elliptic. We define a, 
and a by the relations 


ay=x—2LRo, (82) 


a7 =x+2LRy. (83) 


Then if the particle will be at «=a, y= ys, when t= ty, 
xe+ x, 


xerd, 


Y"% 
t=t, 


| 
—_ 


\ 
| 
< 


PS 








Fic, 2. The trajectory of a positively charged particle sweeping 
widely across the neutral plane, x =0. The magnetic field is in 
the positive z direction and varies as Box/L. The net drift is in the 
positive y direction 
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we have 


2LRo 7” dx 
[-t=+ f ma, 
[ (ay? — x) (x? —a,*) }} 


Wr z 


dx(x;?>— x") 


y= -f ee ‘ -, 
r [ (x*— a") (a_?— 2?) }! 


(85) 


We are interested in the case that 2LRo>-x,’, so 
that a,’ is negative. Then x*—a,’ has no zeros for real 
values of x; the orbit is symmetric about x=0 and is 
confined between +42, as shown in Fig. 2. We let A 
represent the distance along the y axis which the par- 
ticle travels in one period P of its motion. Then d is equal 
to four times y— y2 at «=0, 


dx(x,;*— x") 


az 
0 [ (x? — a,") (a? — x”) |! 


The period is 


a2 dx 
P=(8L/Ro) J 
0 ([(a—x*)(x*—a,*) }! 


It is readily shown" that 
A= —4(LRo)*{ K(k) —2E(k)}, 
P=4(LRo/w,?)'K (k), 


(88) 


(89) 
where 


k? = ay? /(a2’?— a’) ; (90) 


K(k) and E(k) are complete elliptic integrals of the 
first and second kinds, respectively. It follows that the 
particle possesses a drift velocity u along the y axis 
given by 

u=)/P 


= Wal 1—2E(k)/K(k) }. (91) 


The drift velocity is in the positive y direction when 
k>0.9092, zero when k=0.9092, and negative for 
k<0,9092; k=0.9092 corresponds to x,;=1.143(LRo)!. 
Thus, particles sweeping widely across the y axis, as 
shown in Fig. 2, drift in the positive y direction; 
particles confined close to the y axis, as shown in Fig. 3 
drift in the negative y direction. 

Given the particle distribution in the vicinity of x=0, 
we may compute the resulting current density. How- 
ever, we no longer have the convenient guiding center 
with which to locate the individual particle trajectories, 
and it is not clear how to define the usual parameters, 
N, p, etc. Therefore, we shall content ourselves with a 

4 P. F. Byrd and M. D. Friedman, Handbook of Elliptic Integrals 


for Engineers and Physicists (Lange, Maxwell, and Springer Ltd., 
New York, 1954), formulas 213.00, 213.06, 312.05 
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Fic. 3. The trajectory of a positively charged particle moving 
close to the neutral plane, x= 0. The net drift is in the negative 
y direction 


physical description of the dynamics in the vicinity of 
the neutral x«=0 plane, based upon the above orbit 
calculations; we will find that stability is quickly 
reached and the field behaves as in classical hydro 
magnetic theory in a medium of infinite conductivity, 
Suppose that initially the only particles moving in 
the vicinity of the x=0 plane have large values of x, 
so that they progress in the positive y direction as shown 
in Fig. 2. Then Maxwell’s equation dE/dt= cV X B— 4mi, 
in which V XB is in the negative y direction, shows that 
JE/dt is in the negative y direction. Now an electric field 
in the negative y direction results in a drift toward the 
y axis from both sides, according to (28), and the 
particle trajectory shrinks closer to the y axis, as shown 
in Fig. 3. Shrinking the trajectory closer to the y axis 
decreases x;, until it becomes less than 1.143(LRo)!; 
then i reverses sign, becoming more and more negative, 
balance is with cVXB=<4m and 
0). Therefore, whatever the initial particle con 


until a achieved 
JE/al 
figuration in the vicinity of the neutral plane, a stable 
configuration will soon result, with i= (c/4a)V XB, just 
as in classical hydromagnetics; the exception to R/L<1 
in the vicinity of a neutral plane leads to no violation 
of our previous special conclusion that the conventional 
hydromagnetic equations are approximately valid in a 
tenuous plasma. 
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The relativistic corrections to the cohesive energies of the alkali metals are studied from two points of 
view. In the first, perturbation theory is applied to the second approximation to the Dirac equation. Calcula 
tions are made for potassium and cesium. The limitations of this approach are discussed. In the second, the 
quantum defect method is extended to include almost all relativistic effects. A relativistic analog of Bardeen’s 


expression for the effective mass ratio is derived. Application is made to cesium. 


I. INTRODUCTION 


‘TUDIES of electronic energy levels in solids com- 
posed of heavy atoms must include, in principle, 

the relativistic effects due to the motion of an electron 
in the strong attractive potential near any nucleus. 
The theory can be formulated on the basis of a rela 
tivistic self-consistent field.! The wave function of the 
\-particle system is an Vth order determinant of Dirac 


spinors 


W(x,-°-xX,)=detU ,(x;), 


where 
Uji (x;) | 
Ui2(X;) | 
| Mig(xy) |” 
| Uig(X;) J 


The Hamiltonian for the system is 


H=)>'{ Bmi+Vitd5 56 Vij]. (3) 


Here V,; is the potential energy of interaction between 
particles 7 and 7. We neglect the magnetic interaction 
of the electrons so that V,; contains only the electro 


Ca, Py 


static potential energy. 


V ij e/r (4) 


‘je 


In Eq. (3), V, is the potential energy of electron 7 in the 
field of the nuclei of the system: 


| ‘ >. Ze Til, (5) 


where the sum runs over all the nuclei. 

The Hamiltonian is constructed to include relativistic 
effects due to the motion of an electron in the average 
field of the other electrons and the nuclei. It neglects 
relativistic effects in the interaction of the electrons 
with each other. 

When wave functions of the form (1) are used, 
minimization of the energy of the system with respect 
to variation of the spinors U;, subject to the usual 
conditions of orthogonality and normalization, leads to 
relativistic Hartree-Fock equations for these functions: 


* Supported by the Office of Naval Research and the Air Force 
Office of the Scientific Research 

t Present address: Department of Physics, University of Cali 
fornia, Los Angeles, California 


! 8B. Swirles, Proc. Roy. Soc. (London) A152, 625 (1935) 


(— ca; py;—Byme?+- V,)U (x) 


e 
ro] (fares U j(x2)d*x_ PU s(x) 
Y\2 
e 
-( furs Udas)tss )U la) =U (x1). (6) 
T12 


In (6), €, is the energy eigenvalue; it is in the neighbor- 
hood of mc* for all except the most tightly bound 
electrons. Summation over spinor indices is implied in 
all integrals. These equations form the basis of the 
relativistic self-consistent field. Because of the com- 
plexity of these equations, there has been no adequate 
comparison of the results of Eq. (6) with those of the 
standard nonrelativistic theory.” 

If we could regard the Coulomb and exchange terms 
in (6) as essentially the same as those of the nonrela- 
tivistic self-consistent field, it would be possible to 
treat the relativistic effects according to perturbation 
theory. This approach is discussed in detail in Sec. I 
where it is applied to potassium and cesium, Unfor- 
tunately, this simple approach is not quite valid. The 
screening of the nucleus by the core electrons should be 
more effective in a relativistic than in a nonrelativistic 
calculation, so that the change in the Coulomb and 
exchange integrals for a valence electron should tend to 
cancel the additional binding resulting from the rapid 
motion of an electron near a nucleus. 

Since perturbation theory does not lead to quantita- 
tive results, it is desirable to work directly with the 
relativistic equation in such a way that explicit con- 
struction of a potential function is avoided. The quan- 
tum defect method offers such a possibility.’ In Sec. II] 
the cohesive energies of the alkali metals are discussed 
formally in terms of the Dirac equation for one particle 
in a periodic potential. We derive there a relativistic 
analog of the formula of Bardeen‘ for the effective mass 
of electrons. In Sec. IV, the corrections to the standard 


2 The only existing relativistic self-consistent field for an atomic 
system is that for Cu (without exchange): A. O. Williams, Phys 
Rev. 58, 723 (1940 

§T.S. Kuhn and J. H. Van Vleck, Phys. Rev. 79, 382 (1950); 
F. S. Ham in Solid State Physics, edited by F. Seitz and D. Turn 
bull (Academic Press, Inc., New York, 1955), Vol. 1, p. 127 

‘J. Bardeen, J. Chem. Phys. 6, 367 (1938) 
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quantum defect calculation due to the relativistic 
effects are obtained for cesium. 


II. PERTURBATION THEORY 


In this section we assume that the effective potential 
acting upon an electron in a solid is the same in both 
the relativistic and nonrelativistic self-consistent field 
calculations. We consider only the change in energy 
brought about by the relativistic motion of an electron 
in that potential. Although the basic assumption is not 
really justified, this approach does provide a useful 
estimate of the orders of magnitude of the relativistic 
effects. The work reported in this section has already 
been discussed briefly.° 

The assumption of an unchanged potential permits us 
effectively to reduce Eq. (6) to the Dirac equation for 
one particle in a periodic potential. We can employ the 
second approximation to this equation for our purposes,® 


E-V\ p h? 
ry-| (1- ) +V— VV-V 
2mc? J 2m 4m??? 


h 
+ (vv xe) Wy (7) 


4m’? 


The terms 


E-V\ p h* h 
-|( ) } vV-V- “(vv x0)| (8) 
2mc2? J2m 4m? 4m?*c* 


may be regarded as perturbations. To determine the 
effect of these terms on the cohesive energies of the 
alkali metals, we calculate the expectation value of (8) 
for the valence electron both for the lowest state in the 
free atom and to order ? in the solid. To do this, we 
need wave functions for the solid which are correct to 


order k?. We consider Bloch functions 
y= e™'u,(r), 
: (9) 
Uy = Uy tik cosbu,+ k? (u2P 2+), 


where 
P.= (3 cos*@—1)/2. 


In Eq. (9) the functions uo, #), 42, and po are essentially 
those given by Silverman’: 


u fr 
where fp isa P-state solution of the homogeneous wave 
equation for energy Ko and u,(r,)=0. (Here r, is the 
radius of the atomic sphere.) 


(10) 


rio, 


hut L2(du0/OE). (11) 


po hr fp 


The function 0uo/0E satisfies 


d*> 2m Jug 2m 
+ - (Eo — n|(: ) -_— TU . (12) 
dr th? Ok h 


6 J. Callaway, Phys. Rev. 102, 919 (1956) 

*L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1955), second edition, p. 333 

7R. A. Silverman, Phys. Rev. $5, 227 (1952) 
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If we calculate the expectation value of (8) by using 
these wave functions, we obtain after a straightforward 
but somewhat tedious calculation®: 


1 
1+ et [werar + 2 naturar|| 
(Eo— V)? h®? dVd 
x [ar { ve ful + | 
2mc* $m?c? dr dr 


(Eo— V)? h°k® 
XX uyr'dr 24 fw gur'dr-4 


2mc? 4m’? 


dV duy dV doy | 
x f (6 t+ Uy rear ° 
dr dr dr dr 


Addition of a multiple of up to (11) does not affect the 
expectation value to order *. In (11), (12), and (13), 
AF» is the 
expectation of (8) with the function mo, and F, is the 
effective mass ratio m/m*, The 
propriate for (13) is obtained by requiring that® 


f uyr’dr = 1. 


Equation (13) has been evaluated for potassium and 


(13) 


Ey is the eigenvalue of the lowest state, 


normalization ap 
(14) 


cesium by using wave functions obtained in the caleu 
lation of cohesive energies in these elements.'? If we 


hk* 
AF, Ky Eo -( Jin 
2m 


where Fy is given by (13), the results can be given in 


define 


(15) 


atomic units as follows: 
for potassium, 


AF, {0.00226 —0,GO005R? | ; (16) 


for cesium, 


AF, [ 0.0226+4-0.0248k? |. (17) 


The small coefficient of the #? term for potassium is 
apparently accidental. ‘The change in the energy of the 
lowest state of a valence electron in the free atom, as 
computed from self-consistent field wave functions," 
is (in atomic units) 


* Further details are given by V. Sirounian, Master’s thesis, 
University of Miami, 1956 (unpublished). Some negligible terms 
have been dropped 

* The normalization here is different from Eq. (5) of reference § 
where fy" ucrdr= 1/49 and ru; was written in place of our 1; 

Berman, Callaway, and Woods, Phys. Rev. 101, 1467 (1956); 
J. Callaway and E. L. Haase (to be published) 

"DP. R. Hartree and W. Hartree, Proc. Cambridge Phil. Soc 
34, 550 (1938); K. M. Sternheimer (private communication 
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for potassium, 
SE,= —0.00119; 


for cesium, 


AK, 0.01673. 


From these results, the change in the cohesive energy 
is computed to be 0.33 kcal/mole in potassium and 2.41 
kcal/mole in cesium. In both cases, the effect increases 
the binding. 

There is an error resulting from the use of first-order 
perturbation theory applied to the second approxima- 
tion to the Dirac equation as compared to the Dirac 
equation with the same potential. The error was esti- 
mated by comparing the results of this approach with 
the Dirac energy eigenvalue for the 6s state in a ficti- 
tious hydrogen-like atom with Z= 55, The error is only 
6% for that case and may be less in a more realistic 
example. 


III. RELATIVISTIC THEORY OF THE 
COHESIVE ENERGY 


The cohesive energies of the alkali metals are de- 
termined, as discussed by Wigner and Seitz,” prin- 
cipally from the difference of two quantities: the 
boundary correction and the Fermi energy. The former 
is found by subtracting the energy of the lowest state 
of a valence electron in the free atom from the energy 
of the corresponding lowest state. The Fermi energy 
can be computed if the effective mass is known.” The 
Coulomb interaction of the valence electrons can be 
taken into account, but the effect on the cohesive energy 
turns out to be small. 

This picture is not changed in any essential respect 
by considering the relativistic motion of one electron in 
the field of an ion. The boundary correction is still 
obtained in the same manner, except that one must 
solve the Dirac equation [or more precisely, Eq. (6) ] 
to determine the energies of the states of interest. The 
principal change comes in the calculation of the effec- 
tive mass. We derive a relativistic expression for this 
quantity below, following the method of Silverman." 

We consider the Dirac equation for one particle in 
periodic potential 
Ew. (19) 


Since Bloch’s theorem still holds (it is a consequence of 
symmetry and is independent of the form of the 


(—ca:p—Pmc’ + V Wy 


Hamiltonian), we write 


(20) 


vi =e™ uy, 
where “ is periodic in the lattice. 


"FE. Wigner and F. Seitz, in Solid Stale Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 1, p. 97. 

% Terms in the series expansion of E(k) of order &* and higher 
are important in detailed calculations of the cohesive energies of 
the heavier alkali metals, but they are disregarded in this calcula- 
tion. The effects of core polarization are also neglected 


WOODS, 
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We now utilize the customary perturbation expansion 
for u, and E;, in terms of k: 


uy = Uo t+ Uy + Uet+ rare 
Eye Bet Bit Bet: :, 


(21) 


where u,; and £; are proportional to &‘'. Upon substi- 
tuting (20) and (21) into (19) and collecting terms pro- 
portional to the same power of k, we have 


(22a) 
(22b) 


(—ca- p—Bmc?+ V — Eo)uo=9, 
(—ca:p—Bmce?+ V — Eo)uy= (EF, +hea-k)uo, 


(—ca-p—Bmc'+ V — Eo)ue 


= (E,+hea:-k)u, + Eto. (22c) 


It is easily determined that 


(23) 


k= hue f taker =(), 


This is a consequence of the crystal symmetry. (Sum- 
mation over spinor components is implied in all in- 
tegrals.) 

It is now possible to solve the second of Eqs. (22) if 
the solution to (22a) has been obtained. A particular 
solution of (22b) is 


u,= —1(k-r)up. (24) 


‘To this must be added some multiple of a solution of 
the homogeneous equation in order to satisfy the 
boundary condition. The boundary condition in the 
cellular method is that an even function has zero radial 
derivative on the atomic sphere and that an odd func- 
tion is zero on this sphere. In an alkali metal, the ground 
state function is almost entirely characterized by /=0 
and j=}. If we take k along the polar axis, then the 
large component of #, is an odd function. For this large 
component to vanish on the atomic sphere, it is neces- 
sary to add multiples of solutions for /=1 and j=} 
and 4 (we choose m;=4 for all functions). In what 
follows, ¢:,; denotes the solutions of the homogeneous 
equation for a state characterized by /,j7 and m;=}, 
while g;,; is the radial part of the large components. If 
we require each ¢),; to be normalized with respect to 
integration over solid angle, an examination of the 
explicit form of the function" shows that we must have 


u\° —k(r cosb go, 4- V2 ¢1,4— ¢1,4)- (25) 


The fourth component of u; will vanish on the atomic 
sphere, r=r,, if 


£1,4(% 0) = Br, 4 (Fe). (26) 


The third component will be zero when 


70,4 (Fe) = 261, 4(%7e) +81, 4 (10). (27) 
We now solve Eq. (22c) to determine uw». We write (25) 

“H. A. Bethe in Handbuch der Physik (Edwards Brothers, 
Inc., Ann Arbor, 1943), Vol. 24, Part 1, p. 312 
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in the form 
uy= —1(k- ruth). 


With this substitution, we have to solve 


[ —ca-p—Bmc?+ V—Ep luz “ 


= Eyuy—ihca-k[ (k-r)uot+hr, }. (28) 


A particular solution of this equation is 


Aug 
Uy = (—) —k(k-r) Vi-—4(k-1)*uo, (29) 
OE / Eo 


where (0uo/0E) zo satisfies 


Aug 
[ —ca-p—Bmce+ V— Be)(— ‘) = tho. (30) 
OE Eo 


Equation (30) is obtained by differentiating (22a) with 
respect to E and setting E= Eo. 

The function “ is a solution of the Dirac equation to 
second order in k. We decompose this into a linear com- 
bination of functions with angular dependence ap- 
propriate to states of definite /,j, and m;=}. The 
boundary condition which we employ is that the part 
of uw, which has angular dependence appropriate for 
(l=0, 7=4) must be such that the radial derivative of 
the large component is zero for r=r,. This is also the 
boundary condition for mo, and it clearly cannot be 
satisfied by adding some multiple of uo to u. Conse- 
quently, the boundary condition suffices to determine £2». 

The part of the third component of (29) belonging to 
l=0, j=} is easily determined to be 


hk’? 


1 O£0, 4 ‘ 
20,4 (31 ) 


Ez + kr (2914+ £1,4)- 
(4mr)! E 6 


a] 
If we require this to have zero radial derivative at 
r=r,, we obtain 


1 


k*r, 20,4 
Ky» (2g; (+819( ) ’ (32) 
3 Orok r,, Eo 


where the prime indicates the derivative with respect 
to r. We can use (25) to write (32) in a form which is 
evidently independent of the normalization of all the 
functions: 


kr,’ I g04\ 21,4 (%4) +81, 4 (70) 
ee We 
3 OVOET +,,Bo\ 2gi,4(%.) +81, 4(%) 


rgi,4, etc., a little 


FE» 


If we introduce the functions 1y, 4; 
algebra suffices to transform (33) into 


kr, A g04\~ 
E,=— sail = ) 
3 Orok 


a et rs 


r, \duy,; 
( )- -1| (34) 
U1,4 dr 
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Equation (32) is in a form suitable for use in the 
quantum defect method. It is nevertheless instructive 
to obtain an expression resembling more closely the 
original result of Bardeen.4 To do this, we need to 


evaluate the quantity 


(=) 
Or0k r,, Bo 
Let fi; be the radial function belonging to the 


components of the function ¢;, ;. The functions fo, and 
0,4 satisfy the equations: 


small 


1 dgo, j 
[ E—V(r)+me* | fo, 


he 


| 
[FE ” V (r) me? Ivo, 4 fo, t 
c r 


If we differentiate the first of Eqs. (35) with respect to 
energy and evaluate the result at r=r, and E= Ky and 


then note that fo,,; must vanish at r,, we obtain 


1 : Ofo,4 Og 0,4 
{ ko— V(r.) -+me? ( ) ( ) , 
he 0 'D r,, Fo Orak r,s, Ky 


In Eq. (36), Ho+V (r,) is very nearly equal to mc? since 
W = mc?— Ep is close to V(r,) for an alkali metal. To a 
very good approximation, we have 


(—*) 2m (-* ) 
OrOE/] +..ko Oh OF, J +,.Ko 
To obtain (0 fo,4/0F)r., #0, we multiply Eq. (30) by uo* 
and integrate over the atomic cell, giving 


(36) 


(37) 


OU 
dt 


Ok 
f ota 1. (38) 


A straightforward calculation transforms (38) into 


fr ca: p—Bme+ V — Ko) 


Uo 


‘ 
fc ca: p—fmc?+ V— Eo)uo |* 
Ok 


ds=1, (39) 


The first term on the left-hand side of (39) vanishes 

The other term may be evaluated by noting that @-ds 

af'dQ and then using an explicit representation for 
It turns out that 


Ou, 1 Of, | Ofo,4 
Uy*ay = ( fo, 4 t1f0,4 ). (40) 
OK Ar Ok OF 


Uy, 
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Integration over solid angles cancels the factor (49). 
Since fo,4(r,)=9, 


Ifo, 
her au rd) ) 1, 
Ok r,, Eo 


Combining (41) and (37) gives: 


( 0 £0,4 ) 2m 
OVO ET r4,ko Nh’. g0, (14) 


Upon substituting (42) into (34), we have finally 


(41) 


h’k® 7 Uo, 4"(17,) 
hy 
2m 3 


{7 \du4 r \duy, 
la tS) 
u;,37 dr u1,4/ dr 


This is the result desired. It differs from the original 
formula of Bardeen only in that the functions are solu- 
tions of the Dirac equation and that a combination of 
the derivatives of the different ?-state functions is used. 


: | . (43) 


IV. APPLICATION OF THE QUANTUM 
DEFECT METHOD 


Because relativistic self-consistent fields are not 
available for the alkali metals, it is not possible to 
calculate the boundary correction and the effective mass 
directly from the self-consistent field Eq. (6). However, 
we have recourse to the quantum defect method.’ In 
this method, the experimental energy levels of the free 
atom as determined from spectroscopic data are used 
almost directly to circumvent the construction of the 
potential, 

In order to apply the quantum defect method in the 
present instance, we note that at large r, in the region 
of the atomic cell where the potential energy of the 
valence electron is just that for a Coulomb field, —e’/r, 
the Dirac equation can be reduced by standard pro- 
cedures to the ordinary Schrédinger equation. In this 
region, the only relativistic effects are those pertaining 
to the exterior Coulomb field, which may be neglected 
because they are very small. For this reason, no basic 
modification is required in the theory of the quantum 
defect method. We shall, of course, expect that states 
of the same orbital angular momentum but of different 
total angular momentum 7 will have different energies 
due to the relativistic effects in the interior. Since the 
lowest state of a valence electron is a state of zero 
orbital angular momentum, which cannot be split by 
spin-orbit coupling, all important relativistic effects for 
this state are already contained in the standard calcu- 
lations. In order to calculate the effective mass, we 
need p functions corresponding to j=} and j=}. 
We must therefore obtain separate quantum defects 
but the calculation is otherwise 


for these states, 


unaltered. 
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The practical application of the quantum defect 
method, as discussed by Ham, depends critically on the 
function n(£), which is defined at the eigenvalues of the 
free atom for a state of angular momentum / by 


I'(n+1+-1) 
an (FE) =arc tan 
nD (n—T) 


cotri| (44) 


where E= —1/n*, and the quantity 6, is determined by 


n=m—>d1, (45) 


where m is an integer which increases by unity between 
adjacent terms of the same spectral series. The function 
n(E) is supposed to vary in a slow and regular fashion 
with energy. This property is extremely important since 
it is necessary to determine » by extrapolation. The 
function 7 must be evaluated at the energy of the lowest 
state of a valence electron in the solid, which is con- 
siderably lower than the energy of the lowest valence 
state in the free atom. Once 7 is determined, the ratio 
of the coefficients of the regular and irregular Coulomb 
functions which compose the solid state wave function 
in the exterior of the cell can be determined. According 
to Ham,’ we may write r times the radial wave function 
for a state of angular momentum / and energy E as 


u!™(x) =c(m) (2/2) or41"(2) + (m) (2/2) Noiyi"(z). (46) 


Here z= (8r)! and J and WN are certain Bessel functions 
discussed by Ham. The coefficients a and y are re- 
lated by 


a(n)/y(n)=—cot(mn). (47) 


Knowledge of 9 as a function of energy makes it possible 
to determine the wave function for any energy{as a 
function of r at large r. The required Bessel functions 
J and N may be constructed from tables.!® The normal- 
ization of the function is not known but only logarithmic 








4 
vs 
-3 
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Fic. 1. Extrapolation of quantum defect method function n(Z) 
for cesium, The solid curves show the extrapolations used for the 
l=1 states of 7=4 (n:) and j= (ns), and for the nonrelativistic 
(nw) case. The circled points show the values of 7 obtained from 
experiment for the upper and lower curve, and as averaged by 
Ham for the middle one. 


‘°F. S. Ham, Office of Naval Research Technical Report No. 
204, Cruft Laboratory, Harvard University, 1954 (unpublished). 
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derivatives, which are independent of normalization, 
are required. 

We have determined the effective mass of electrons 
in cesium by using Eq. (34) and the quantum defect 
method. The function 9 was calculated for p states of 
j=} and j=} from spectroscopic data.'® It is exhibited 
in Fig. 1 which shows both the points determined from 
the experimental eigenvalues and the extrapolations 
used. It can easily be seen that there is a large amount of 
uncertainty in the extrapolation procedure. This un- 
. certainty detracts from the accuracy of the quantum 
defect method. For the purposes of comparison of rela- 
tivistic and nonrelativistic calculations, it seems de- 
sirable to extrapolate all the functions in the same way. 
There is no fundamental justification for such a pro 
cedure, but no better one has been found. Ham’s 
values were fitted with a quadratic expression using the 
method of least squares, and the other curves were 
required to be parallel to it. The values of the coefficients 


of the least-squares quadratic are given in Table I. 


TABLE I. Least squares quadratic extrapolation of n(Z). The 
coefficients a, 6, and ¢ in the expression n=a—bE+cEF are given, 
as determined by a least-squares fit to the spectroscopic data 
The coefficients proposed by Ham are also given. 


Nonrelativistic j=1/2 j=3/2 Ham 


3.5883 
0.3329 
0.0747 


3.5586 
0.3329 
0.0747 


3.5696 
0.3019 
0.0479 


3.5680 
0.3329 
— 0.0747 


The so-called nonrelativistic coefficients are determined 
from the values of » given by Ham,’ which were ob 


tained from an average of the components of the 


spectral doublet. Ham, however, proposed a different 


extrapolation scheme. The coefficients in the extra 
polating polynomial used by Ham are also given in 
Table I. The difference is a measure of the uncertainty 
in extrapolation. 

The energy Eo for which the wave functions and their 
derivatives are required was taken from the work of 


16H. R. Kratz, Phys. Rev. 75, 1844 (1948) 
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TABLE IT. Results for cesium: effective mass and cohesive energy. 


s, = (8r,)9 ky (rel,) =m/m* Es (nonrel.) \E. (kcal/mole 


0.36 
0.04 
0.03 


6.0 5: 1.5413 
6.5 4 1.2182 
7.0 1.1232 


Brooks,'’ as was the quantity 


T. Og j i 
Y £0, 4(%s) ) . 
3 OrOlF r4,Bo 


This is legitimate since the relativistic effects are already 
included in the ground state function, ‘The p state func 
tions and their derivatives were evaluated according to 


(48) 


the procedures discussed. The effective mass computed 
according to (34) is given in Table II together with that 
computed from the nonrelativistic extrapolation accord 
ing to the standard formula, The same three values of 
the radius of the atomic sphere employed by Brooks 
were used. The nonrelativistic effective mass values 
quoted here are different from his. The changes in the 
cohesive energy can be computed directly from these 
effective masses and are quite small-—considerably 
smaller than the residual experimental and theoretical 
uncertainties. 

The small size of the change in the effective mass, as 
compared with that given by Eq. (17), reveals the 
competition between the increased attraction and the 
more effective screening discussed in the introduction 
The separate effects are sizable, but the cancellation is 
nearly complete. Relativistic effects will probably be of 
more numerical significance in a calculation of the 
value of the wave function at the nucleus, which is 
required in the theory of the Knight shift 
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Low-Temperature Galvanomagnetic Effects in Bismuth Monocrystals* 


R. A. ConneLLf AND J. A. Marcos 
Vorthwestern University,t Evanston, Illinois 
(Received April 17, 1957) 


Measurements of the Hall coefficient and magnetoresistance have been made on bismuth monocrystals 
at liquid helium temperatures in the range from 3 kilogauss to 16 kilogauss for all principal crystallographic 
orientations. Two complete sets of oriented crystals were used, one set was grown from unpurified bismuth, 
the other from zone-refined bismuth. Pronounced de Haas-van Alphen type oscillations were observed 
with the same periods for both galvanomagnetic effects. For a given orientation of the magnetic field with 
respect to the crystal axes, the periods were in good agreement with the values found in the de Haas-van 
Alphen effect and were independent of current direction. Impurities were found to have little effect on 
the period but a large effect on the amplitude of the oscillations and on the monotonic component of both 


magnetoresistance and Hall effect 


INTRODUCTION 


HE oscillatory dependence of the Hall coefficient 

on magnetic fields at liquid hydrogen tempera- 
tures was first observed by Gerritsen in 1940' and 
investigated in greater detail by Brodie in 1954.’ 
Measurements** at liquid helium temperatures defi- 
nitely established that the oscillations were periodic in 
reciprocal magnetic field and of the same period as the 
de Haas-van Alphen oscillations in the magnetic 
susceptibility. Peierls’® explanation of the de Haas-van 
Alphen oscillations in terms of the quantization of the 
conduction electrons in the presence of the magnetic 
field implies that under the right experimental condi- 
tions all the physical quantities that depend on the 


distribution of the electrons in the quantized energy 
levels should exhibit an oscillatory behavior periodic 
in reciprocal field. The experimental conditions are 
more easily realized for bismuth than any other metal 
and oscillations have been observed in the thermo- 
electric power and thermal conductivity® as well as in 
the Hall effect, magnetoresistance, and magnetic 
susceptibility. 

The susceptibility oscillations have been -studied in 
some detail, and the theoretical expression derived by 
Landau in 1939 has, with minor improvements, been 
able to account for most of the experimental data so 
far reported. In its simplest form,’ Landau’s result for 
the anisotropic susceptibility may be expressed as 


Adm,* |» ky\' 1 ¢2wkT \! 2n*kT 2eEy © 
Ax=> >; ( ) ~ ( ) ep(- -—— ) sin( —— ) ; (1) 
p l6\n/ ripen B.*H BeH 4 


where 
Ko>>kT > B*H/2r’. 


The quantity Ax is the difference of the mass suscepti 
bilities in two directions at right angles, p is the density, 
{ isa constant, §,* is a double effective Bohr magneton, 
m,* is a suitable effective electronic mass, and £p is the 
degeneracy parameter of the relevant electrons. By 
using 6* and Ko as adjustable parameters, values for 
effective masses and,the effective number of electrons 
could be obtained. In general these quantities were 
found to be unusually small, giving rise to the idea 
that the de Haas-van Alphen oscillations arose from 
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special “pockets” of low effective-mass electrons located 
near a Brillouin zone boundary, where the curvature 
of the energy surfaces might be expected to be quite 
high. It was then of interest to see how some of the 
other electronic properties of a metal would behave 
under similar conditions. 

Unfortunately the theoretical work done on transport 
phenomena has been much less satisfactory. The stand- 
ard expressions® are valid only for weak fields (wr<1, 
where w=eH/m*c and 7 is the relaxation time), where 
quantum effects can be neglected. For this reason, 
most of the experimental results on the subject have 
been analyzed in terms of a semiempirical equation, 
constructed by analogy with Eq. (1). Davydov and 
Pomeranchuk,’ using a two-band model for bismuth, 
derived a strong-field expression for the magnetore- 
sistance for one orientation of the magnetic field. Their 
formalism was rather cumbersome for comparison with 


®M. C. Steele and J. Babiskin, Phys. Rev. 98, 359 (1955). 

7D. Shoenberg, Trans. Roy. Soc. (London) 245, 1 (1952). 
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9B. Davydov and I. Pomeranchuk, J. Phys. (U.S.S.R.) 2, 147 
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experiment, however, and they were unable to account 
for any Hall effect. 

Recently Zilberman” has worked out expressions for 
the galvanomagnetic effects in strong fields (wr>>1) on 
the basis of the isotropic two-band model. Assuming 
that exp(29’k7T/BH)>>1, kT < BH, BH<& Eo, and Eo>kT, 
he obtains for the resistance 


CH? (fit fo) 
y= ’ 
ec? H?(Ni— No)? +0C*( fit fo)? 


where 


8 9 /B,H Sa’V2kT 
fi - -Eem;? 1+ ( ) ~ ( ) 
3 40X\ Eo (B,\H Eo)! 


2r*kT 2rky © 
xex( - ) cos( — Jf (3) 
BiH BH 4 


and f, is obtained from f/f; by replacing m, by m, and 
Eo by Ao—£o. The subscripts 1 and 2 refer to the 
conduction and valence bands, respectively. N, is the 
number of electrons per cc and N» the number of holes. 

Following the practice of Borovik,''! Zilberman ex- 
presses his results for the Hall effect in terms of the 
ratio of the Hall field to the electric field parallel to 
the current flow: 


Fr, H(Ni-N;) 
=Acgli= 
P C( fit fo) 


The standard Hall coefficient would then be 


~(N,—N»2)#? 
A (5) 


CHUN — Ns) 40C(frt fr)? 


In dealing with a highly anisotropic substance such 
as bismuth, these expressions must be used with caution, 
but certain qualitative comparisons can be made con 
cerning the over-all behavior of the Hall coefficient and 
magnetoresistance. 

In bismuth the experimental situation is complicated 
by the extreme sensitivity of the galvanomagneti 
effects to the presence of small amounts of impurities. 
The results of various authors do not agree even as to 
the sign of the Hall coefficient for various orientations.” 
It has been only recently that any sort of agreement 
has been reached concerning the room-temperature 
values of the Hall coefficient. Since none of the more 
recent low-temperature investigations covered more 
than one or two crystallographic orientations, it seemed 
advisable to attempt a study for all principal orien- 
tations, using crystals prepared in such a manner that 
the results for one orientation could be compared 


” G. E. Zilberman, J. Exptl. Theoret. Phys. (U.S.S. R.) 29, 762 
(1956) [translation : Soviet Phys. JETP 2, 650 (1956) } 

4 E. 5. Borovik, J. Exptl. Theoret. Phys. (U. S. S. R.) 30, 262 
(1956) [translation : Soviet Phys. JETP 3, 243 (1956) ] 
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directly with those for another. By comparing measure- 
ments from crystals of different purity, it was hoped 
that the effects due to impurities could be identified 
and isolated, and the orientation dependence of both 
the oscillatory and monotonic components of the Hall 
and magnetoresistance curves determined. A_ prelimi 
nary report of this work has already been given." 


EXPERIMENTAL DETAILS 
A. Crystals 


The crystals used in this investigation were grown 
from an ingot of bismuth supplied by the Cerro de 
Pasco Copper Company. Spectrographic analysis by 
the Accurate Metal Laboratories of Chicago disclosed 
less than 0.001% Mg and Pb, respectively, and less 
than 0.0005% Cu in their sample 

A preliminary set of crystals was grown from the 
unpurified bismuth. A second set was grown from a 
rod which had been zone refined. Spectrographic 
analysis did not appear to be sensitive enough to give 
much information concerning the amount of purification 
attained by this method, however. 

For a rhombohedral crystal such as bismuth there 
are three principal crystallographic orientations for both 
the current and magnetic field—parallel to the trigonal 
axis, parallel to a binary axis, or perpendicular to the 
plane formed by the trigonal axis and a binary axis 
Limiting ourselves to transverse galvanomagneti 
effects, where current, magnetic field and Hall field are 
mutually perpendicular, we find that there are six 
primary crystal orientations. By growing crystals of 
approximately square cross section, measurements of 
the Hall voltage for two orientations of the magnetic 
field could be made on the same crystal. This is advan 
tageous not only because it reduces the number of 
crystals required for a complete orientation study from 
six to three, but allows us to compare the results of the 
two orientations directly, without worrying about such 
things as differences in purity 

All the crystals used in this work were about 2 mm 
by 2 mm by 30 mm. Galvanomagnetic effects were 
easily measureable for these dimensions, and the length 
was sufficient to eliminate end effects due to the 
current leads. 

The single crystals of bismuth were grown in a 
modified Schubnikow mold constructed from Pyrex 
plates ground into appropriate shapes, and held in 
place by phosphor-bronze springs. These plates could 
be chemically cleaned, thus reducing the possibility of 
contamination 

Bismuth to be 
solution of nitric acid, outgassed in a rough vacuum, 
and cast under vacuum into the mold. The rod thus 
obtained was etched once again and returned to the 
mold, but this time with a seed crystal at the lower end 


7R. A 
i 1955) 


used was first etched in a dilute 


Connell and J. A. Marcus, Phys. Kev. 100, 1256(A) 
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of the mold. By adjusting the current in an electric 
oven which was designed with a temperature gradient 
along its length, it was possible to melt the rod, fusing 
it with the seed, and then by reducing the current 
slowly, to freeze the bismuth from the seed and upwards. 

Crystal orientations were determined to within 2° 
by examining the reflections from the etched surface 
of the crystal with an optical goniometer. 

In the zone-purification process, a quantity of bis- 
muth was sealed under vacuum in a length of Pyrex 
tubing, the walls of which were lubricated with a small 
amount of Dow 550 silicone oil. This “boat” was then 
drawn through a series of electrical heaters at a rate 
of 20 cm per hr. After 90 “passes,” the boat was broken 
open, and the bismuth divided up to be used in growing 
crystals as described previously. 


B. Magnet 


Horizontal magnetic field strengths up to 18 kilogauss 
were supplied by a Weiss-type water-cooled electro- 
magnet capable of rotation about a vertical axis. For 
these measurements, 1-inch diameter tapered pole 
pieces were used, with a gap of ? inch. Field variation 
along the horizontal axis of the magnet amounted to 
about 2%, with a 5% variation across the face. In the 
region occupied by the crystal, the variations were less 
than 1%. The magnet current was supplied by a bank 
of storage batteries. The current could be adjusted to 
within 0.1%, by the use of a group of variable resistors 
in series with the magnet coils. Time drift was found 
to be negligible during the time taken to make a 
measurement. 


C. Measurement Technique 


Specimens were mounted in a Bakelite crystal holder 
which was suspended in the experimental Dewar at the 
end of a length of thin-walled stainless steel tubing. 
Current leads consisted of thin strips of copper ribbon 
soldered to each end of the crystal with Woods metal. 
Two pairs of spring-loaded phosphor-bronze needles 
served as Hall probes. The two mutually perpendicular 
sets of probes were accurately positioned in a plane 
perpendicular to the crystal length by means of bronze 
bushings. An additional probe, located 3 mm down the 
length of the crystal from the Hall probes, was used in 
conjunction with the neighboring Hall probe for mag- 
netoresistance measurements. 

Experimentally the Hall coefficient is defined by the 
equation 

A=(V4t/HI) X10, 


where A is in emu, H is in gauss, the Hall potential V, 
is in volts, the measuring current J is in amperes, and 
the crystal thickness ¢ (the dimension perpendicular to 
the rod length and the set of Hall probes being used) 
is in centimeters. The Hall potential is usually con- 
sidered to be that portion of the transverse voltage 
which changes sign with reversal of the magnetic field 
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or current. If we write V=V,+V,+V,., where V is the 
measured voltage, V, is the Hall voltage defined above, 
V, is the resistance component which changes sign 
with current only, and V, is a potential independent of 
both field and current (contact potential, etc.), it can 
be seen that 


4V,=V(/,H)—V(—I, H)—VUI, —H)+V(-I, —@), 
4V,=V(I,H)—V(—I, H)+V(, —H)—V(-I, —#). 


Thus the Hall voltage can be isolated by making 
measurements for both directions of current and mag- 
netic field. In practice, V, was found to be negligibly 
small, so that only the magnetic field was reversed. 

It cannot be assumed a priori that V, comes only 
from misalignment of the Hall probes, for in an aniso- 
tropic media it is possible for a transverse ohmic 
potential to exist. This is of course a very difficult 
thing to separate experimentally, and no reliable con- 
clusions can be drawn from the results of this investi- 
gation. In several cases the ohmic voltage showed 
significant differences in behavior from the magneto- 
resistance as measured from probes aligned along the 
rod length, so that such an effect cannot be ruled out 
entirely. 

At liquid helium temperatures the Hall and ohmic 
voltages were measured with a Brown recording po- 
tentiometer, which could be read to 0.01 mv in the 
range from 0 to 1.0 mv. For the measurement of 
zero-field resistance, as well as the galvanomagnetic 
effects at higher temperatures, a Rubicon Type D 
microvolt potentiometer was used in conjunction with 
a Rubicon photoelectric galvanometer. With this instru- 
ment, potentials ranging from 1 to 100 microvolts 
could be measured to four places. 


EXPERIMENTAL RESULTS 
A. Zero-Field Resistance 


The ratio of the zero-field resistance at 0°C and 
4.2°K serves as a convenient parameter for judging the 
condition of a crystal. In all studies made, it has been 
found that bismuth crystals exhibiting a small resistance 
ratio consistently show large galvanomagnetic effects, 
including pronounced de Haas-van Alphen oscilla- 
tions.':*"* Results for the various crystals used in this 
work are shown in Table I. 

The first thing to be noted in this table is that there 
is no appreciable difference in the resistance ratios of 
the two sets of crystals, whereas the second set might 
be expected to have significantly lower values if any 
purification was accomplished by zone refining. It must 
be pointed out, however, that Bi’* and Bi'* showed 
more physical imperfections when examined visually 
than did the first set. Hence an improvement due to a 
reduction in chemical impurities may be masked by the 
effect of physical imperfections. It is also possible that 


13 P. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 
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in the zone-refining process the boat was pulled along 
too rapidly, so that a uniform distribution across a 
melt zone was not attained. The use of the silicone oil 
is another unknown factor. Even if segregation were 
taking place, the continual introduction of additional 
impurities from some such possible source could mask 
it, at least in part. We shall see later that at least some 
sort of selective purification did take place, however. 
The second point of interest is that the measurements 
of the low-temperature resistance made when the crystal 
was first cooled to liquid helium temperatures give 
smaller values than any succeeding measurements. 
Galvanomagnetic effects were also found to be larger 
for the first run than for any subsequent runs. Brodie 


TABLE I. Zero-field resistivity 


10° ¥p(0,7 


Crystal (ohm-cm 108 x 


Bi? 13 10° 
J\\3 3 200 
unpurified 4.2 0.58" 4.45 
Lig &.43 


(pT /po 


Bi?! 10° 
J\\2 4. 8.70 
unpurified 8.20 
5.32 


Bi** 0 
JAZ, 3 


5.2 
unpurified 8.2 


Re 
5 


Bi*® 132 10° 
J\|3 32.2 244 
zone-refined 0.518 3.85" 

37" 2.80" 


Bi%* 100 10° 
J\\2 sha 317 
0.61" 6.10" 
0.94 9.45 
0.78 7.80 
0.76 7.00 


zone-refined 


St UI bd bd 


Bi** 104 108 
JL 31.6 304 
zone-refined 0.81% 7.80" 
0.84 8.05 
0.71 6.80 


® Measurement made when crystal first cooled to low temperatures 
observed a similar effect in his work at liquid hydrogen 
temperatures. Evidentally some sort of straining occurs, 
but the mechanism is not understood. Since Brodie 
used spot-welded potential leads, the pressure contacts 
cannot be entirely responsible for this straining, 
although they may accentuate it. 


B. Measurements 


Measurements were made of the Hall potential and 
magnetoresistance as a.function of magnetic field at 
4.2°K and 1.5°K for both sets of crystals at all principal 
crystallographic orientations. In addition, measure- 
ments were made at room temperature and at 77°K 
for the second set of crystals, so as to compare the 
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Fic. 1. Hall coefficient and magnetoresistance vs 11, Set 1, H 
perpendicular to binary axis, J parallel to trigonal axis 


high- and low-temperature behavior of the Hall 
coefficient and magnetoresistance. 

Some of the results of the measurements on the 
unpurified crystals (Set 1) are shown in Figs. 1-3. This 
Hall coefficient to 


oscillate about an essentially zero mean value when the 


set of measurements showed the 


magnetic field was perpendicular to the (rigonal axis 
(Figs. 1 and 3), corresponding more closely to Gerritsen’s 
original work than to some of the more recent results, 
which show the de Haas-van Alphen oscillations super 
posed on a large negative value, In measurements with 
H parallel to the trigonal axis (Fig. 2) the Hall coeffi 
cient was always positive. No oscillations were observed 
for this orientation at 4.2°K, but at 1.5°K they were 
quite pronounced, An appreciable increase in amplitude 
upon going to 1.5°K was observed for all orientations 
in Set 1 (excluding the results of the first run, which 
were anomalously large, as discussed previously). 

For the zone-refined crystals (Set 2), the Hall curves 
show large negative monotonic terms for all orientations 
(Figs. 3 and 4). The oscillatory terms are similar in 
both cases. The long-period oscillations observed when 
the magnetic field is perpendicular to the trigonal axis 
have approximately the same amplitudes for both sets, 
but the short-period Hall oscillations showed an in 
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Fic, 3, Hall coefficient vs H™', Set 1 and Set 2, H parallel to 
binary axis, J perpendicular to trigonal axis. 


crease in amplitude of about a factor of three (see Figs. 
2, 4) at 1.5°K. These short-period oscillations were 
observable in both the Hall coefficient and magneto 
resistance at 4.2°K for this set of crystals, in contrast 
to Set 1. 

The temperature dependence of the curves obtained 
from this set of crystals was complicated by the strain- 
ing effects. Unfortunately all the data at 4.2°K were 
taken on the initial run for each crystal, while the 
lower temperature data were taken on succeeding runs. 
The monotonic portions thus show a decreased magni- 
tude in every case (Fig. 4). The amplitude of the 
oscillations decreased for orientations where H was 
perpendicular to the trigonal axis, but increased for the 
orientations with H parallel to the trigonal axis. 
Relative to the monotonic terms, the oscillations were 
always more prominent at 1.5°K. 

At room temperature, the Hall curves fall roughly 
into two groups, according to whether the magnetic 
field is parallel or perpendicular to the trigonal axis 
(Fig. 5). This is in close agreement with Brodie’s 
measurements.” At 77°K, the Hall curves fall into three 
groups, according to the orientation of the magnetic 
field with respect to the crystal axes. The curves for H 
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parallel to the trigonal axis are essentially the same as 
room temperature. The major changes are in the curves 
for H perpendicular to both the trigonal and binary 
axes, the Hall coefficient becoming larger by almost an 
order of magnitude. Brodie’s measurements on the 
latter orientation check quite closely, but his curves 
for H parallel to the trigonal axis show a large positive 
Hall effect at high fields. This crystal was one of his 
poorest, however, and zero-field resistance measure- 
ments indicate that it was quite impure. 

No simple grouping can be seen for the magneto- 
resistance at either temperature. At room temperature, 
B (B= R(H,T)/R(0,T)H?* | decreased with H; while at 
77°K, B, like A, was almost constant. B increased by 
about two orders of magnitude in going from room 
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Fic. 5. Hall coefficient vs H, all principal orientations, Set 2. 


temperature to 77°K, and increased by a factor of 
about 10‘ in going from 77°K to 4.2°K. 


ANALYSIS 
A. Periodicity 


In order to determine the periodicity of the oscilla- 
tions in the Hall coefficient and magnetoresistance, the 
oscillatory terms must first be separated from the 
monotonic parts. For this purpose a smooth curve" 
was drawn through the curves for A and B and then 
subtracted off graphically. The difference was plotted 
as a function of reciprocal magnetic field. To determine 

4 Neither the periods nor phases appeared to be very sensitive 
to the way the curve was drawn, so it was sketched through the 
center of the oscillations 
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the periods, the values of the reciprocal magnetic field 
at the maxima and minima of the difference curves 
were plotted versus integers (Fig. 6). The points in 
general fell on straight lines. The slopes of these lines 
give the period of the oscillations, and their intersection 
with the abscissa gives the phase. The periods thus 
obtained are given in Table II. It should be noted that 
they depend only on the orientation of the magnetic 
field with respect to the crystallographic axes, inde- 
pendent of the direction of current flow, temperature, 
and purity. The periods given by Shoenberg'® for the 
susceptibility oscillations are also shown, and within 
experimental error, the values for the Hall coefficient, 
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Fic. 6. Values of H™ at maxima, minima of the oscillatory portion 
of Hall coefficient, Set 2, vs integers. 


magnetoresistance, and magnetic susceptibility coin- 
cide. 

Shoenberg analyzed his data in terms of a model in 
which the pertinent electron energy surfaces were 
approximated by three ellipsoids, a revolution of 120° 
about the trigonal axis bringing one into another. As 
determined by Shoenberg, a single period is present 
when / is parallel to the trigonal axis. This is explanable 
in terms of his ellipsoid scheme by the fact that all three 
ellipsoids are equivalent for this orientation. The period 
was found to be quite sensitive to alignment for this 
case, which may explain the difference in our values. 

For H perpendicular to the trigonal axis, Shoenberg’s 
three ellipsoids are no longer equivalent, and two periods 


16 J. S. Dhillon and D. Shoenberg, Trans. Roy. Soc. (London) 
248, 1 (1955). 
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Tasce II. Periods of oscillations (10° P, gauss”) 


A (ox B(oac) 
Set 1 Set 2 Set l Set 2 
Orientation 4.2 1.5 4.2 1.5 4.2 1.5 1.5 x(ose)* 
7.4 7.4 ia 
H\\2 
iP 


6 


4.1 
9.0 


* Taken from Shoenberg's data 


should be present. For H parallel to a binary axis, 
however, only one long-period oscillation was observed. 
According to Shoenberg’s figures, the other oscillatory 
term should have a period of about 0.3% 10~° gauss“, 
too short to be detected in this work (small kinks were 
observed in the high-field regions at 1.5°K, but no 
measurement could be made). The distortion of the 
long-period wave form (Fig. 3) is thus in all probability 
due to higher order harmonics. 

For the last orientation, the longer period is almost 
twice that of the predominant oscillation, so that on 
the basis of the present work it would be difficult to 
distinguish between distinct periods and the 
presence of harmonics. The two have been listed only 
for comparison with the susceptibility. 


B. Relative Phase 


Determination of the maxima and the minima in the 
Hall and magnetoresistance oscillations was not precise 
enough for computation of the absolute phases, but 
comparison could be made concerning the relative 
phase relationships. 

Within experimental error (+0.1 10~° gauss™'), the 
Hall and magnetoresistance oscillations were found to 
be in phase for the short-period oscillations A oso% Boge 
(see Figs. 2, 4). For the other orientations, with H/ 
perpendicular to the trigonal axis, we find that Av, 
« — Bog. (Fig. 1) (which would correspond to a phase 
difference of w if the oscillations were simply periodic) 

A few other points can be made. ‘The phases of the 
oscillations appear to be independent of the current 
orientation, The did warrant a detailed 
analysis of the field and temperature dependence of the 
amplitude of the oscillations, but qualitative observa- 
tions can be made. The amplitude increases with mag 
netic field, in accordance with the theoretical and 
experimental work for the susceptibility. The amplitude 
also increases as the temperature is lowered (excluding 
the results of the first run). The short-period oscillations 
appear to be much more sensitive to temperature and 
purity than the longer period oscillations 
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C. Monotonic Effects 


In establishing what effect impurities have on the 
low-temperature Hall effect, it is of some help to com- 
pare these results with the work done by Brodie.’ For 
the one orientation upon which most of his work was 
directed, he found that repeated recrystallization of a 
specimen resulted in a decreased zero-field resistance 
ratio and increased magnetoresistance. At liquid 
hydrogen temperatures his purest crystals showed a 
large negative Hall coefficient, which increased rapidly 
in magnitude as the magnetic field increased. In subse- 
quent measurements at liquid helium temperatures on 
his purest crystal (grown from Cerro de Pasco bismuth 
and recrystallized six times; R4 o°x/Ro’e-2K 10), a 
large negative monotonic Hall effect was observed, 
with a magnitude over twice that of any crystals 
studied in this work, The amplitude of the superimposed 
oscillations was larger by about a factor of five. 

By these standards, it would appear that some 
purification was achieved in the second set of crystals, 
although they were not as pure as the Brodie crystal. 
With a few minor improvements in the zone-purification 
technique used, superior specimens could probably be 
produced, Measurements on the zone-refined crystals 
thus indicate that for very pure bismuth the Hall 
coefficient is strongly negative for all orientations. 
These results also indicate that the oscillatory terms 
are relatively insensitive to impurities, as compared to 
the monotonic Hall curves. 

Measurement of the galvanomagnetic effects at higher 
temperatures was not a primary objective in this 
investigation, and this region was studied only for the 
purpose of comparison with the behavior found at lower 
temperatures, Any orientation dependence such as can 
be seen at higher temperatures is obscured at lower 
temperatures by the increased sensitivity to impurities. 
The changes in the Hall curves for H parallel to the 
trigonal axis are of some interest, however. At the 
higher temperatures the Hall coefficient for this orien- 
tation was relatively quite small, changing little with 
either temperature or magnetic field. Upon reaching 
liquid helium temperatures, its magnitude is comparable 
to other orientations, and it is strongly field-dependent. 

Certain other comparisons can be made. At room 
temperature the Hall curves decrease in magnitude 
with increasing magnetic field, At 77°K they are rela- 
tively constant and at liquid helium temperatures they 
increase in magnitude. 

The ratio F,/F, proved to be another point of 
comparison. This quantity was roughly the same order 
of magnitude at all temperatures, in contrast to the 
Hall coefficient and magnetoresistance, which increased 
by several orders of magnitude in going from room 
temperature to liquid helium temperatures. At room 
temperature, F,/F, increased in magnitude with in- 
creasing field. At 77°K the curves were proportional to 
1/H. At 4.2°K they were roughly proportional to H, 
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although the oscillatory terms tended to obscure the 
situation. 

It might also be mentioned that the higher-tempera- 
ture Hall curves obtained in this investigation were 
found to be incompatible with the symmetry relations 
for vanishing magnetic field predicted by Abeles and 
Meiboom,'* if the number of electrons and holes are 
assumed to be equal. If this restriction were removed, 
it might be possible to fit the experimental curves, but 
no such analysis has been completed to date. 


DISCUSSION 


The measurement of the periods of the Hall and 
magnetoresistance oscillations for all principal orien- 
tations confirms the findings of previous workers con- 
cerning the relation between these oscillations and the 
de Haas-van Alphen effect. There can be little doubt 
that the same portions of the Fermi surface are re- 
sponsible for the periodic effects in both cases. The 
success with which Shoenberg’s model can be used in 
interpreting the orientation dependence of the periods 
indicates that these regions lie in the conduction band. 
The magnitude of the oscillations relative to the 
monotonic terms suggests that these regions play a 
more prominent role in the electronic behavior of 
bismuth than is sometimes supposed. 

Zilberman’s expression” for the Hall coefficient is 
directly proportional to the difference in the number of 
positive and negative carriers. For a substance such as 
bismuth, where the electron overlap is very small, a 
few impurity donors might thus alter the value of this 
quantity quite drastically. This is what was observed. 

Zilberman also states that “the oscillations of the 
resistance and the Hall field must differ in phase by r” 
in his formulation. Presumably this refers to the 
magnitude of the ratio F,/F, [ Eq. (4) }. This statement 
would then be true if (1) ec*4?(N\— N2)*>>cC*( fit fe)? 
and (2) (fit+f2)«1. Condition (2) would follow from 
the inequalities used in the derivation of his expressions, 
so that it can be assumed to be true whenever Eqs. (2) 
and (4) are valid. If Ny~Noe, condition (1) would no 
longer be satisfied, and the relative phase would vary. 
The Hall field vanishes to first approximation when 
Ni=N2, so that not much can be said for this case. 

Zilberman’s expressions are not incompatible with 
the monotonic behavior of our experimental curves. 
His equations cannot under any circumstances account 
for the pronounced oscillations of the Hall coefficient 
about an approximately zero mean value observed for 
the first set of crystals. The amplitude of the oscillations 
in his expressions would also be directly proportional 
to N,—N2, whereas experimentally they were found to 
be relatively independent of purity. Evidently the 
entire Fermi surface must be taken into consideration 
to account for both the oscillatory and monotonic 
effects, and not just special regions, as was the case for 
the susceptibility oscillations. 

16 B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956). 
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Measurements of surface conductance, photoconductance, dark field effect, and field effect under illumina 
tion were made on single crystals of n-type and p-type germanium, The samples, freshly etched with CP-4, 
were exposed to the Brattain-Bardeen ambient cycles. During early cycles, the measurements were irre 
producible. The irreproducibility was due to changes in the density of the dominant surface recombination 
centers. The density of these centers varied by an order of magnitude during the ambient cycle, whereas the 
energy levels and the capture probabilities remained constant. With these assumptions, quantitative agree 
ment between theory and experiment was obtained. From the changes in the photoconductance and the 
dark-field effect during repeated ambient cycles, the density of the dominant recombination centers was 
found to change at the same rate as the density of the “fast” states near the center of the gap, In addition, 
the recombination centers and the “fast” states have the same energy levels. Therefore, the recombination 


centers and “‘fast’’ states are identical. 


INTRODUCTION 


T the oxide germanium interface, allowed energy 
states exist in the normally forbidden energy gap. 
Because of their fast hole or electron capture time, these 
states are commonly referred to as “fast” surface 
states.' The energy and density of the “fast” states 
have been investigated by many workers who measured 
the field effect,?~* the surface recombination velocity,*~? 
or the channel conductance® as a function of the surface 
potential. From these different measurements, the 
energy levels of the various ‘‘fast”’ states are essentially 
the same; thus one believes that the same traps are 
responsible for all the observed effects. 

The previous work can be interpreted on a quanti- 
tative basis only when the density of the “fast” states 
is assumed to remain constant during the measurement. 
The purpose of the present investigation was to deter- 
mine whether the “fast” state density in fact remains 
constant in the Brattain-Bardeen ambient cycle’ and 
to give a more direct proof that the surface recombina- 
tion centers and the ‘‘fast” states observed in the dark 
field effect are indeed the same. 

The following four quantities were measured: (1) 
surface conductance; (2) dark field effect, (AG,)rx; 
(3) photoconductance, G,, which is proportional to 
the effective lifetime, teu; and (4) field effect under 


1See, for instance, R. H. Kingston, J. Appl. Phys. 27, 101 
(1956). 

2H. C. Montgomery and W. L. Brown, Phys. Rev. 103, 865 
(1956). 

4 Bardeen, Coovert, Morrison, Schrieffer, and Sun, Phys. Rev. 
104, 47 (1956). 

*S. Wang and G. Wallis, Phys. Rev. 105, 1459 (1957). 

*]). T. Stevenson and R. J. Keyes, Physica 20, 1041 (1954). 

®Many, Harnik, and Margoninski, Semiconductor Surface 
Physics (University of Pennsylvania Press, Philadelphia, 1957), 
p. 85. 

7™W. H. Brattain and C. G. B. Garrett, Bell System Tech. J. 
35, 1019 (1956). C. G. B. Garrett and W. H. Brattain, Bell 
System Tech. J. 35, 1041 (1956). 

*Statz, DeMars, Davis, and Adams, Phys. Rev. 101, 1272 
(1956). 

*W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 


illumination. The surface potential is obtained from the 
surface conductance, The density and energy levels of 
the “fast” states are obtained from the dark field 
effect. The energy levels and the ratio of capture cross 
sections of the recombination center are derived from 
the photoconductance. From a comparison between the 
photoconductance, Gz, and the field effect under 
illumination, the change in density of the recombina- 
tion centers during the ambient cycle can be deduced.'° 
The identity of the recombination centers with the 
“fast” states is established if one observes that the 
density of the recombination centers and the density 
of the “fast” states change at the same rate. 


THEORY 


In a previous paper,‘ we reported measurements on 
stable germanium surfaces where the experimental re 
sults were reproducible in the ambient cycle. The 
measurements were made on (110) surfaces etched with 
CP-4, The results of that paper can be summarized as 
follows. The dark field-effect data were interpreted by 
four sets of “fast” states: two near the center of the 
gap (center traps), one near the conduction band, and 
another near the valence band. Within the limited 
experimental range of the surface potential, ¢, 3.5 
to 4.5k7, the surface recombination velocity was found 
to be controlled by two sets of traps near the center of 
the gap. The recombination centers were found at the 
same energy levels as the center traps observed in the 
dark field effect. Hence, we concluded tentatively that 
the recombination centers are identical with the center 
traps. 

The same model of four sets of ‘‘fast” states is found 
to be applicable to the unstable surfaces which will be 
discussed in the present paper. According to Shockley 
and Read’s model of the recombination process," we 
can express the effective lifetime and the change in 


1S. Wang and G. Wallis, Bull Am. Phys. Soc. Ser. II, 2, 130 
(1957). 
" W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
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photoconductance” due to an ac field, respectively,‘ as 


b 1 


tt (Cy-+-coshx,) 


«Gy, (1) 


Teff T 
(AGL) vx 4 b, sinha, gag. 
ee ee 
Gj l=] (Cy + coshx,)” 2kT 
bi= NulCpient)* (not po)/ani, 
C.= cosh (Lu— E;—q¢o1)/kT |, 
x= q(¢e- go) /kT, 


2g¢o/kT =\n(Cpi/Cnt), $= 1, ++ -4. (6) 


The symbols, Ni, E., cp, and c, represent the trap 
density, the trap energy, and the capture probabilities 
for holes and electrons, respectively. ¢, is the surface 
potential; /, is the intrinsic Fermi level; mo, po, and 
n, are the bulk electron, bulk hole, and intrinsic carrier 
concentration, respectively; a is the thickness of the 
sample; and 7 is the bulk lifetime. The change in sur 
face potential with field, Ag,, can be calculated from 
the dark field effect for a given value of the surface 
potential, g,. The amount of charge, AQ,,, immobilized 
in the “fast” states in the dark field-effect experiment 


can be expressed as 


kTAQ,, 4 
> Wvu 
gaA¢. | 


CXpyi 


(1+ expy))? 
where 

yi= (Eu Ey —q¢.)/kT. 
EXPERIMENTAL RESULTS 


Measurements were made on single crystals of 35 
ohm-cm, n-type and 23 ohm-cm, p-type germanium 
slabs with surface orientation in the (110) plane. The 
bulk lifetimes of these materials were 1550 and 150 
microseconds, respectively. Since the results on these 
two samples are in general agreement, the discussion 
will be restricted to the n-type sample. 

The measurements were made at 29°C, and the 
temperature drift during a run was controlled within 
+0.05°C. The experimental techniques were the same 
as those discussed in the previous paper.‘ In the field 
effect measurement, a 32-cps sinusoidal voltage giving 
a peak field strength of 4X 10* volts/cm was applied to 
one surface of the sample. In the measurement of the 
field effect under illumination, the same ac field was 
used, and in addition, light was shone steadily at the 

"If the parameters in Eq. (2) are constants or functions of 
¢s, the plot of (AG,) re versus y, represents the slope of the G, 
versus y, plot. Hence, it is a more sensitive function of the various 
parameters. However, if some of the parameters change as a 
direct consequence of changes in the ambient conditions, then 
AG.) rn is not a measure of the slope of the G, plot. Thus, a 
comparison of the two plots gives direct information about the 
stability of a surface. This was discussed by G. Wallis and S. Wang, 
Bull. Am. Phys. Soc. Ser. II, 2, 130 (1957). 
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other surface. The same light source was used in the 
photoconductance measurement but was chopped at 
60 cps. The injected carrier concentrations were kept 
under 10%. 

The samples were etched in CP-4 and subsequently 
exposed to an ozone atmosphere for less than a second. 
The ambient was then changed to dry oxygen and 
finally to wet nitrogen. The change in effective lifetime 
during the ambient sequence is shown as curve I in 
Fig. 1. After the sample was left in wet nitrogen for 
about an hour, the ambient was changed back to dry 
nitrogen. The effective lifetime, instead of retracing 
curve I, followed curve II in Fig. 1. The dark-field 
effect, simultaneously measured, is shown in Fig. 2. 
At small ¢, values, curve II shows a much smaller field 
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Kic. 1. Effective lifetime, ret, versus surface potential, gy,/kT, 
for n-type sample. The dots and crosses are the experimental 
points. The solid and dashed curves are the theoretical] fits using 
Eq. (1). All the parameters in Eq. (1) except Nw and Ny are 
fixed during the ambient cycle and are given in the text. Nj and 
Nv are the density of the dominant recombination centers and 
changed appreciably during the ambient cycle. The values of Ni 
are shown in Fig. 4, and Ny = N 4/2. 


effect than curve I. To explain curve II in both the 
effective lifetime and the dark-field-effect measure- 
ments, we must conclude that the center trap density is 
much larger for curve II than for curve I. 

At large positive ¢, values, the two field-effect curves 
in Fig. 2 are about equal. We also observed that the 
extreme left branch of the field effect at large negative 
¢, values was reproducible during repeated ambient 
cycles. This led us to believe that the traps near the 
band edge were relatively unperturbed by the ambient 
gas. 

The ratio of the change in photoconductance with the 
field to the photoconductance, (AGz)re/G1, is shown 
in Fig. 3. Since the surface recombination velocity is 
dominantly controlled by the center traps, the value of 
¢, at which (AG_)rx is zero is entirely determined by 





FAST STATES 
the ratio of capture probabilities, cp/c, of the center 
traps. The slope of the (AG,)re/G, curve near ¢,= ¢o 
= (kT /2q) In(cp/cn) is largely determined by the en- 
ergies and c,/c, of the center traps and is very in- 
sensitive to any change in the center trap density [see 
Eq. (2) ]. During the repeated ambient cycles, we 
found that the zero point and the slope of the (AG) rx/ 
G, curve were reproducible within experimental error. 
This means that both the trap energy and the ratio of 
capture probabilities of the center traps are unaffected 
by the ambient gas. 

In view of the above discussion, we assume that only 
the densities of the center traps were affected by the 
ambient gas, and the rest of the parameters in Eqs. 
(1), (2), and (7) remained constant throughout the 
ambient cycles. This is our basic assumption in inter- 
preting the measurements on unstable surfaces, such 
as can be obtained in the early phases of the Brattain- 
Bardeen cycles. 
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lic, 2. Dark field-effect conductance, (AG,) rg, versus suriace 
potential, gy./k7, for n-type sample. 


COMPARISON OF EXPERIMENT WITH THEORY 


In the previous publication,’ we have shown that the 
measurements on stable surfaces are consistent with a 
model having four discrete surface levels, characterized 
by sixteen independent parameters (density, energy, 
and capture probabilities for electrons and holes for 
each level). For a stable surface, all the parameters 
remain constant during the ambient cycle. In the 
present paper, we find that measurements on unstable 
surfaces can still be fitted provided that two of the 
parameters (the densities of the two center levels, Ni 
and Ni) are allowed to vary but to vary in such a way 
as to keep the ratio (Ni/Ni2) constant. This hypothesis, 
involving as it does only a one-parameter fit, leads to a 
very convincing agreement with experiment. 

In fitting Eqs. (1), (2), and (7) to the experimental 
data, we assign subscript numerals 1 and 2 to the traps 
near the center of the gap, one slightly above and the 
other slightly below the intrinsic Fermi level, and 
numerals 3 and 4 to the traps near the conduction and 
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Fic. 3, Ratio of change in photoconductance with applied 
field to photoconductance, (AG) re /Gx, versus surface potential, 
q¢./kT, for n-type sample. The dots and crosses are the experi 
mental points, while the curves I and II are the theoretical fits 
using Eq. (2). To make the fits, the same parameters were used 
as in Fig. 1; i.e., Na and Ny were assumed to change during the 
ambient ¢ ye le and the other parameters were taken to be constant 
Curve I’ (open circles) is constructed from Fig. 1 and Fig. 5(a) as 
described in the text on the assumption that Va and Ni as well 
as all the other parameters remained constant 


valence band, respectively. So far as the surface re 
combination velocity is concerned, the two sets of the 
center traps are indistinguishable, i.e., Cy=C, and 
¢go1= ¢o2. The densities of the center traps are chosen 
such that by= 2b;. Moreover, the traps near the valence 
band are insignificant, 1.e., b, 
Cy, and gos were obtained from measurements on a 


stable surface. Therefore, the problem is reduced to find 


0. The values for Cy, 01, 


a constant value for b; and a varying value for (b,+-b2) 


N,x 10°" /CM?® 


5 -4 


Kic. 4. Density of the dominant recombination center at 

0.04 ev, Nw, during the ambient cycle for n-type sample. The 
density of the other dominant recombination center at 0.09 ev, 
Nin, was half the value given in this figure. The extreme left side, 
i.c., at large negative y, values, represents the situation immedi 
ately after sparking in oxygen. The extreme right side, i.e., at 
large positive y, values, represents the condition during or after 
long exposure in wet nitrogen 
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Fic. 5.(a) Change of ‘surface potential by the ac field, gAy,/kT, 
vs surface potential, gy,/k7, for n-type sample. The curves were 
calculated from the corresponding curves in Fi *ig. 2. (b) Change of 
charge in the “fast’’ states per unit change in ae potential, 
kT AQ 44/G4 Go, versus surface potential, gg,/kT, for n-type sample. 
The dots and crosses are the experimental points calculated from 
curve (a). The solid and dashed curves are the theoretical fits 
using Eq. (7). 


= 3b, so that the curves for ro and (AG,)re/Gr can 
be fitted. 

In Fig. 1, the dots and crosses are the experimental 
points while the solid and dashed curves are the theo- 
retical curves which were used to calculate the relative 
changes in Ny and Ny. The absolute magnitude of Nn 
and Ny during the ambient cycle was obtained by an 
analysis of the dark field effect which will be discussed 
later in this section. To make the fit in Fig. 1, we used: 
Ci=C2=6, qeo/kT = ¢02/kT=1.1, b)=4.7K10-7 Nu, 
b.= 4. 7x10 Nia, Ca=3.8, G03/kT =5.6, and b3= 580. 
The values of NV» are given in Fig. 4 and Ny is assumed 
to be Ni2/2. Figure 4 shows that the center trap density 
increased tremendously when the sample was first 
exposed to ozone. Then it gradually recovered in dry 
oxygen and increased again in wet nitrogen, Notice that 
the damage done by long exposure in wet atmosphere 
was not readily recovered as indicated by branch II of 
the curve. Figure 4 should not be interpreted that the 
trap density is determined by surface potential. The 
trap density is determined by the ambient only, and 
Fig. 4 would be different according to when various 
ambients were introduced. The trap density is plotted 
against y, just as a matter of convenience for com- 
parison with Figs. 1-3. The curves I and II in Fig. 3 
represent Eq. (2) using the value of center trap density 
as given in Fig. 4 and the value of Ag, as calculated 
from Fig. 2 and given in Fig. 5(a). Otherwise, the same 


parameters were used as in the fit shown in Fig. 1. 
The quantitative agreement between the theory and the 
experimental results gives strong support to our as- 
sumption that the center trap density was changing in 
the ambient cycle. 

If it were assumed that the trap density did remain 
constant during the experiment, then it should be 
possible to construct the (AG,)r2/Gz curve from Fig. 1 
and Fig. 5(a). (AGxr)rz/G_ can be expressed as 
[(AGi)rx/Ag, \LGi* J[A¢,]J, where (AGz)r2/Ag, is 
the slope of the Gz, vs ¢, curve in Fig. 1. The curve, thus 
constructed, is shown as I’ in Fig. 3. The lack of agree- 
ment between curve I’ and the experimental points 
shows that the above assumption is untenable. 

The amount of charge, AQ,,, immobilized in the 
“fast” states in the dark field effect can be calculated 
from the Ag, curves given in Fig. 5(a). Here we used 
the bulk mobility in calculating Ay, from the dark 
field effect. At large y, values, however, the surface 
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Fic. 6. Effective lifetime, ret, versus surface potential, gy,/kT, 
for p-type sample. The dots and crosses are the experimental 


points. The solid and dashed curves are the theoretical fits using 
Eq. (1). All the parameters in Eq. (1) except Nn and Ni are fixed 
and are given in the table. The values of Ni, and Ny are shown 
in Fig. 9. 


mobility may be significantly smaller than the bulk 
mobility. We shall discuss this effect in detail in the 
next section. In Fig. 5(b), the quantity, kTAQ,./qA¢., 
is shown, which can be expressed in the form given by 
Eq. (7). To make the theoretical fit, we set the energies 
of the “fast” states at —0.17 ev, —0.04 ev, 0.09 ev, 
and 0.19 ev, as measured from the intrinsic Fermi level. 

The latter three energies were taken from the analysis 
of the photoconductance data. Since the traps near the 
valence band did not seem to contribute to the re- 
combination process, the value —0.17 ev for their 
energy was obtained solely from the field-effect data. 
As for the trap density, we chose Niw=Nu=3X10" 
cm™, The density of the traps at —0.04 ev, Nia, is given 
in Fig. 4, while that at 0.09 ev, Nu, is half the value 
given in Fig. 4. The agreement between the theoretical 
curve and the experimental points is considered to be 
good. 





FAST STATES ON 


The results of measurements on the p-type sample 
were quite similar to those given above and are shown 
in Figs. 6-10. The same surface treatment was used, 
and the same ambient sequence was followed. In the 
drawing, the dots and the crosses are the experimental 
points, and the solid and dashed curves are the theo- 
retical fits using the trap density given in Fig. 9. These 
results are given here to show that they are typical of 
an unstable surface. 

A summary of the experimental results on four ger- 
manium samples is given in the accompanying table. 
The first two rows represent the data on stable surfaces 
which were reported in the previous paper.‘ The last 
two rows represent the data reported in this paper. The 
energy levels and the capture cross sections obtained 
for the center traps are in good agreement. 


DISCUSSION OF EXPERIMENTAL RESULTS 


The results just presented are representative of an 
unstable surface. We have taken measurements re- 
peatedly in ambient cycles. During the early cycles, 
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Fic. 7. Dark  field- 
effect conductance, 
(AG,) rx, versus surface 
potential, gy,/k7T, for 
p-type sample. 
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the results depended very much on the stage at which 
different ambients were introduced. After repeated 
ambient cycles, the surface becomes more or less 
stabilized, provided that two conditions are met. First, 
the humidity is low, and secondly, the exposure time 
is short. 

If only measurements of surface recombination ve- 
locity versus surface potential are made, it is difficult 
to tell whether or not the surface was stable during the 
experiment. No interpretation of the data is possible 
unless this point is resolved. Therefore, it is important 
to perform various surface experiments simultaneously 
in order to check whether the surface is stable. Changes 
in trap density may account for the different experi- 
mental results reported by different groups.®7: 

In the analysis of the field effect, most of the un- 
certainty concerns the reduction of surface mobility at 
large | y,| values. To calculate the effect, we have used 
the approximate formula derived by Schrieffer for a 
linear surface potential well." In our experiment, the 


18G. C. Dousmanis, Bull. Am. Phys. Soc. Ser. IT, 2, 130 (1957) 
4 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 
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Fic. 8. Ratio of 
change in photocon- 
ductance with applied 
field to photoconduct- 
ance, (AG.) rr /G_z, ver- 
sus surface potential, 
q¢./kT, for p-type 
sample. The curves are 
the theoretical fits 
using Eq. (2). yThe 
same parameters“were 
used as in Fig. 6 
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evaluation of the following three quantities depend 
upon the surface mobility: ¢,, Ag,, and AQ,,. The 
effect upon ¢, and Ag, is not serious even at extreme 
values of y,. For example, at y,= +6kT, the corrected 
values for y, would be +6.2kT respectively, and the 
theoretical values for (AG)¢e/G, would be 20% higher 
than those given in Figs. 3 and 8. Therefore, these 
corrections certainly do not affect our conclusion about 
the center traps, i.e., the dominant recombination 
centers. On the other hand, the curves for kTAQ,,/qA¢, 
would be quite different at large | ¢,| values, and hence, 
our conclusions about the outer traps would be changed 
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Fic. 9. Density of the dominant recombination center at 

0,04 ev during the ambient cycle for p-type sample. The density 
of the other dominant recombination center at 0.09 ev was half 
the value given in this figure. The same ambient sequence as 
stated in Fig. 4 was followed. 
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Fic. 10.(a) Change 
of surface potential 
by the ac field 
gd¢./kT, vs surface 
potential, q¢/kT, 
for p-type sample. 
(b) Change of charge 
in the “fast” states 
per unit change in 
surface potential, 
RT AQ s:/QAG¢u, versus 
surface potential, 
q¢e/kT, for p-type 
sample. The curves 
are the theoretical 
fits using Eq. (7) 
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if the effect of a reduction in surface mobility were 
taken into account. The kTAQ,,/qA¢, curve still could 
be fitted with the same sets of energy levels but with 
much smaller values of Ni; and Ny. Until Schrieffer’s 
correction for surface mobility has been checked experi- 
mentally, not too much weight should be put on the 
exact values of the energy levels and the density of the 
outer traps. 

So far, we have discussed only the physical properties 
of the “fast” states and have said nothing about their 
origin. It is generally believed’ that imperfections at 
the oxide germanium interface are reasonable sources. 
If this be the case, it seems at first puzzling why the 
ambient has such a strong effect upon the trap density. 
Possibly, however, if the oxide is thin and patchy as in 
the case of a freshly etched surface, the ambient may 
change the oxide structure quite easily. Although both 
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ozone and water vapor increased the center trap density, 
they may play a different role. Ozone being strongly 
reactive may build up an imperfect oxide, while water 
vapor may react with the oxide and thus destroy the 
regular structure. The outer traps may be associated 
with surface defects such as are produced during 
polishing. Whether this is the case could be checked by 
comparing the behavior of a chemically etched surface 
and a mechanically disturbed surface. 


CONCLUSION 


For a freshly etched sample, the ambient gas has a 
strong effect upon the “fast” states density. By measur- 
ing the field effect under illumination together with the 
photoconductance, the dark field effect, and the surface 
conductance, the change in trap density in the Brattain- 
Bardeen ambient cycle can be calculated. By comparing 
the results on different samples in repeated ambient 
cycles, a general picture of the germanium surface is 
deduced. 

For (110) surfaces etched with CP-4, there are four 
sets of “fast” states in the forbidden gap: two near the 
center of the gap, one near the conduction band, and 
another near the valence band. The two center sets of 
“fast” states are the dominant recombination centers 
with energy levels at —0.04 ev and 0.09 ev measured 
from the intrinsic Fermi level. The capture cross sec- 
tions of these traps are for holeso,= 1.6 10~'® cm? and 
for electrons 0,= 1.9 10~'* cm*. For a freshly etched 
surface, the density of these traps may change from 
1X10" to 1110" cm™ in the Brattain-Bardeen am- 
bient cycle. 

The traps near the band edge have a relatively larger 
density than those near the center of the gap, and they 
are relatively unaffected by the ambient gas. The 
energy levels of those traps are found at —0.17 ev and 
0.19 ev, respectively, measured from the intrinsic Fermi 
level. However, because we have covered only a limited 
range of surface potential and also, since we used bulk 
mobilities in the analysis of surface conductance, these 
energy values may be in doubt. 


TABLE I. Summary of results on four germanium samples. The capture probabilities for holes and electrons, cp and c,, are related 
to the capture cross sections for holes and electrons, a» and oq, respectively, by the following equations: cp=v, and c,=t,, where 


», is the thermal] velocity, 10’ cm/sec at room temperature. 


Center ‘fast’ states 


Surface 
density 
(10° em? 


Bulk Energy 
lifetime Le — 


Sample (usec) (ev) 


800 0.1 

0.04 
0.09 
0.04 
0.09 
0.04 
0.09 
0.04 


n ype 
35 ohm-cm 


p-type 
23 ohm-cm 


4 
4 
2 
4 


| 
2 
OS5to 6 

to 1! 
6to 8 
3to 17 


n-type 

35 ohm-cm 1 
p-type 1 
23 ohm-cm 3 
* Trap density is obtained by assuming an energy level at 0.19 ev. 

» Trap density is obtained by assuming an energy level at —0.17 ev 


Op on 
(106 cm?) (107'* cm?) 


17 
17 
20 
20 
16 
16 
16 
16 


“Fast” states near band edge 
Surface 
density op 
(10-% cm=*) (1071* em?) 


60" : 
70» 
68 
28 
30 
30 


80 
22° 


Energy 
— 
>0.15 

<-—0.13 
0.19 
—0,17 
0.19 
—0.17 
0.19 
<-0.15 


on 
(10-2! cm?) 
1.9 
1.9 
2.2 
2.2 
1.9 
1.9 
1.8 
1.8 


7.6 
1.1 


6.7 





FAST STATES 

The irreproducibility of the measurements of the 
surface recombination velocity and the dark field effect 
is primarily due to a change in the center trap density. 
After repeated ambient cycles, the surface becomes 
more or less stabilized. However, the stability may be 
disturbed by long exposure to a wet atmosphere. The 
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effect of water vapor upon the germanium surface may 
involve some slow chemical processes. It would be of 
interest to see whether a thick oxide layer can provide 
a protection against water vapor. 

The authors wish to thank Sumner Mayburg for 
helpful discussion and criticism of the manuscript. 
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Nuclear Magnetic Resonance in Semiconductors. IJ. Quadrupole Broadening 
of Nuclear Magnetic Resonance Lines by Elastic Axial Deformation 
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Nuclear electric-quadrupole moments interact with electric-lield gradients at the nucleus. In a perfect 
cubic crystal, the average gradients vanish and there are no quadrupolar interactions. Nuclear magnetic 
resonance studies of the semiconductors InSb and GaSb have revealed no quadrupolar interactions in our 
samples, indicating a high degree of crystalline perfection. By applying stresses to these crystals, we have 
been able to destroy the crystalline symmetry reversibly, thereby producing quadrupole broadening of the 
nuclear magnetic resonance lines. Strains of less than 10™ have been detected and the resulting field gradients 
measured. The “gradient-elastic” proportionality constants connecting stress and field gradient are discussed 
in relation to crystal symmetry and have been deduced from the measurements 


INTRODUCTION 
grape between nuclear electric-quadru- 


pole moments and electric-field gradients at the 
nucleus have been shown to be responsible for many 
features of nuclear magnetic resonance lines in solids.' 
Line shapes, splittings, and relaxation times have been 
shown in certain cases to be determined by quadrupole 
interaction. Of course, there are many other kinds of 
nuclear interactions in solids and it is only under 
certain conditions that the quadrupole interactions 
will be dominant. One condition required for this inter 
action is that the electric-field gradient at the nucleus be 
nonvanishing. If the nuclear environment is cubic, there 
should not be any field gradients at the nucleus. 
Watkins and Pound,’ however, have shown that quad- 
rupole interactions were strong in their ‘‘good”’ alkali 
halide crystals. They attribute the presence of electric 
field gradients to internal strains arising from crystal 
imperfections. 

In previous investigations’ it had been indicated that 
samples of InSb, kindly supplied by Dr. H. J. Hrostow- 
ski, were perfect enough cubic crystals so that the effects 
of internal strain upon NMR (nuclear magnetic reso- 
nance) lines were negligible. Since the first-order 
quadrupole components of the In"® resonance had not 
been removed by internal strains, it was decided to 
deform the InSb crystal! elastically in order to destroy 
the cubic symmetry and split the quadrupole compo- 


1R. V. Pound, Phys. Rev. 79, 685 (1950). 
2G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953 
* Shulman, Mays, and McCall, Phys. Rev. 100, 692 (1955) 


nents. We were able to do this, and also to measure 
this splitting and relate it to the applied stress. Watkins 
and Pound attempted the same experiments in alkali 
halide crystals but were unsuccessful because, as men- 
tioned above, they found that internal strains had 
already split the quadrupole components 


APPARATUS 


A modified Pound-Knight-Watkins* spectrometer 
was used in these experiments. The main modification 
was to replace the 6J6 oscillator tube by a General 
Electric GL-6072. Because of the lower gain of the 
GL-6072 it was necessary to use two tubes in parallel, 
The advantage of this circuit is that the GL-6072 
generates less noise in the audio range than any other 
tube tested. Its disadvantage is the lower gain of the 
tube. The magnet is a Varian 
electromagnet with a gap that was at various times 14 
inches and 14 inches. In the smaller gap measurements 
were made with Hy~8300 oe while in the larger gap 
Hy~6500 oe. Since signal-to-noise was not very large 


Associates six-inch 


all measurements were made at 77°K. Figure 1 repre 
sents the sample holder, coil, and pressure equipment 
A single-crystal rod was placed in the inner phenolic 
fiber tube. Both ends of the sample rod were squared 
off with a diamond cutting wheel. No additional pre 
cautions were taken to insure purely axial forces. The 
bottom end of the sample rested on a fiber plug fastened 
in the fiber tube. A short piece of fiber rod was placed on 
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Fic. 1. Schematic diagram of sample holder and 
magnet showing method of applying stress 


top of the sample and on top of this a stainless steel rod 
transmitted the force from the weights. 


EXPERIMENT 


Measurements were made on two single crystals of 
InSb. In one the [110] axis was along the coil direction, 
and in the other the [010 |. These samples were cut from 
crystals which were n-type extrinsic at 77°K with 
(Na— Nay~1X10"*/cm* and (Na+N,) slightly larger 
than 10'*/cm*, They were lapped to an octagonal shape 
and the cross sectional areas were 0.13 cm’. Typical 
results of applying axial stresses are shown in Fig. 2, 
where absorption derivatives are plotted vs magnetic 
field for the two different cases of zero stress and 
3.510" dynes/cm*= 500 |b/inch*. As the stress was 
increased the absorption derivative became shorter and 
broader. These results were reversible as would be 
expected since the strains are well within the elastic 
range. 


ZERO LBS / SQ IN 500 LBS / SQ IN 


Fico, 2. Derivative of In"* absorption at different applied pressures. 
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Two sets of measurements were made on the crystal 
compressed along [110] and one set upon the [010] 
crystal. The second moment of the In'* absorption was 
measured for the [110] crystal with and without a 
stress of 3.5 10’ dynes/cm?. These measurements were 
made while the angle between [001 ] and Ho, which we 
will designate as 6,, was maintained at 0°. The results 
of these observations are presented in Table I. The 
ratios of the integrated intensities with and without 
stress are listed in the third column and the second 
moments of the upper and lower halves of the absorp- 
tion line are shown in column four. The experimental 
results presented in this section will be interpreted in the 
following section. 

In addition to the results of Table I, measurements 
were made on the [110] crystal as a function of the 
angle @,. Our apparatus records the derivative of the 
absorption. The peak-to-peak recorder deflection was 
measured as a function of 6, and the normalized results 
are plotted in Fig. 3. All the points represent an average 


TABLE I. Experimental values of second moments and relative 
intensities of In"* resonance for Hy=8300 oe for [110] com- 
pression, where 6, =0°. 


Relative 
Intensities 
3.5 X10? dynes/cm? 
hi : SH 2? (gauss)? 


High field 
24.5 


Run Stress 
No. dynes/cm? 


IV 0 

II 3.5X 10! 
V 0.89 24.4 

VI 7 32.8 
VII 0.84 25.1 

Vil K 31.1 
X 0.92 24.4 

XI é q 30.1 
IX 3.5 107 31.5 
Average 


Low field 


22.4 


0 dynes/cm? 
0.87 
30.3 29.7 
24.7 
38.4 


35.4 


30.2 
32.5 


0.88 24.1 


31.2 33.2 


of at least four measurements with applied stress and an 
equal number without. The unstressed line measured 
at each position was used to normalize the results. It 
had previously been determined’ that in the absence of 
compression the absorption was independent of crystal 
orientation and this, too, was confirmed in these 
measurements. In the following section we shall show 
how the quadrupole splitting may be related to the 
second moment which in turn may be expressed in 
terms of the recorder deflection if one assumes a line 
shape. 

The [010] crystal presented a much simpler system 
and the only measurements made on this crystal were 
recorder deflection vs 6,, where 6, is still the angle 
between [001] and Ho. This crystal did not show any 
dependence of recorder deflection upon angle as may be 
seen from Fig. 3. 


INTERPRETATION 


In order to understand the effects of applying elastic 
stress to the InSb it is necessary to describe what we 
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knew of the lines before stress was applied. In an early 
experiment’ the In!" resonance in a single crystal of 
InSb was examined before and after 20% plastic 
deformation. After deformation the integrated intensity 
had decreased by a factor of ~5. If the effect of de- 
formation was to remove all of the first-order quadrupole 
components leaving only the m= —4+«++4 transition, 
the intensity should have been reduced by a factor of 
6.6. We took the decrease of intensity upon compression 
as an indication that the original intensity included con- 
tributions from transitions other than the m= —}<>+-4. 
The numerical factor being close to the theoretical value 
of 6.6 meant that most of the first-order components 
were included in the original intensities. 

Since we believed that all the components were 
present, we decided to remove them by destroying the 
cubic symmetry of the InSb zincblende structure in a 
reversible, controlled fashion. For example, a compres- 
sive stress along [010 ] will make the crystal tetragonal 
with the [010 ] as the unique axis. A stress applied along 
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Fic. 3. Plot of d//dH )enk-to-penk 05 0,. Open circles are normalized 
experimental values of d//d/1 )veak-to-peak for [110] compression 
while solid curve is best fit of [1+ Lm Ambm?}. The summation 
over m was taken as the average value of the sum from m= — 5/2 
to 7/2 and the sum from m= —7/2 to 9/2. The straight line is the 
average of 25 experimental values of d//dH peak-to-penk for [010] 
compression. 


[110] makes the crystal orthorhombic, the three axes of 
twofold symmetry being the [110] along which we 
compress, the [001 ] perpendicular to this direction and 
the [110] perpendicular to both. The strains can be 
calculated from recent determinations® of the elastic 
constants of InSb, and are listed in Table II for com- 
pression along [110] and [010]. The electric-field 
gradient tensor VE will also lose its cubic symmetry, 
and, like the strain, becomes orthorhombic for [110] 
stress and tetragonal for [010]. 

Our object here is to relate the observed broadenings 
to the stress. This involves three steps: First, finding 
the splittings from our measurements; second, finding 
the field-gradient tensor in terms of the splittings; and 
third, relating this to the stresses. For the second step 
we use the following formula from Volkoff, Petch, and 


SR. F. Potter, Bull Am Phys. Soc Ser II, i, 53 (1956); 
McSkimin, Bond, Pearson and Hrostowski, Bull. Am. Phys. Soc. 
Ser. IT, 1, 111 (1956). 
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TABLE IT. Strain vs stress of 3.5X 10’ dynes/cm!* along 
[010] and [110). 


Stress 


3.5 X10? dynes/cm!* 
along (010) 


3.0K 10~° 


3.5 X10’ dynes/cm?* 
along (110) 


Exs 2.8% 10-5 
a 2.8% 10-5 +8.5X 10-5 
a 3.0X 10-5 3.0K 10-8 
2 -5.9% 10-8 0 
0 0 
0 0 


Strain 
vee 
ae 


Smellie®: 


3(2m—1)eQ 


£35» 


Dp ‘ 


Vie» (m—1) ~~ VO Yas 


(Av) m : 
47(27T—1)h h 


Vme+(m-1) iS the frequency of an individual transition, 
and 6, is its observed splitting in gauss; ¢,, is the 
second derivative of the electrostatic potential at the 
nucleus along the 2’ axis parallel to the steady magnetic 
field Ho; and eQ is the nuclear quadrupole moment. The 
various components of the second derivative ¢,/,’, etc., 
form the field-gradient tensor, which must be made 
traceless, since its trace does not affect the frequency, 
and is symmetric, since ¥XE=0. This tensor has five 
independent components in general; if we know its 
principal axes, though (as we do in our particular 
experiments), we need to know only two of the principal 
values. Relative to its principal axes, which we call 
x, y, and z, it may be written 


Gen OY 0 
y=10 oy 0 
0 0 mis (Gz2t Puy) 


In order to relate ¢,. to ¢z2 and gy, we need to 
transform x, y, 2 into x’, y’, and 2’. In our experiments 
one of the principal axes of the tensor was, by symmetry, 
always the axis along which we applied compressive 
stress; let us call this x=’. Then the field Ho (i.e., 2’) 
was rotated in the plane yz perpendicular to x. Arbi- 
trarily identifying one of the other two axes as z, the 
frequency as a function of the angle 0, between the field 
z’ and z is 


3(2m—1)eO 
Am >m—1 


81(2I—1)h 
XC¢z2 | (Pz { 2 yy) cos26, | (2) 


by simple transformation formulas. 

For In"5, Eq. (2) predicts"a*symmetrical pattern of 
nine components since J = 9/2, As mentioned above, the 
resonance lines were broadened in our experiments but 
the individual components were not separated. There 
fore it was necessary to determine the quadrupole 
coupling parameter eQ¢,, for a given deformation and 


® Volkoff, Petch, and Smellie, Can. J. Phys. 30, 270 (1952). 
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crystal orientation from the line shapes as follows. ‘The 
second moments of the absorptions are defined as 


SH? f vl (x)dx, 


‘ 


where x= H— Hy and /(x) is the normalized intensity. 
Since in the absence of strain the line breadth is 
determined primarily by exchange with the Sb nuclei,’ 
we can assume that the shapes of the individual compo- 
nents do not change with strain. Thus we can use the 
additive property of the second moment and obtain 


SH? =AH?(0)+ Som Andbm’, (4) 


where AH,*(0) is the second moment of the unstrained 
crystal and A,, is the normalized relative intensity of the 
m+(m—1) transition. 

By using Eq. (4) it is possible to convert changes of 
the second moment into values of 6,, and hence into 
CO y,. It was not possible to compute A//,’ for stresses 
much larger than 3.510" dynes/cm? because the tails 
of the distribution became too important and too 
uncertain. On the other hand very small stresses hardly 
changed the second moment and there too the errors 
were judged to be too large to enable eQy,, to be 
calculated. A series of runs with 3.510" dynes/cm? 
along [110] with 6,=0° was the basis for calculating 
COgs|t2-0°. The changes in AH,’ and integrated 
intensities observed under these conditions are listed in 
Table I, In the fourth column the second moments are 
listed for the low-field and high-field halves of the In''® 
line. It can be seen that the high-field half has a larger 
moment than the low half regardless of the stress. It is 
believed that In, which is four percent abundant, and 
which for the frequencies used lies ~15 gauss higher, 
creates this slight asymmetry. The average increase of 
AH? is 7.4 gauss’. In the third column we compare the 
relative intensities of the lines with and without 
deformation. It can be seen that 12% of the integrated 
intensity is lost during compression. ‘The uncompressed 
comparisons were sometimes measured before the com- 
pression and sometimes after so that the intensity loss 
as well as the broadening are definitely reversible. 
From the matrix elements' one calculates that the 
m=7/2+99/2 and —7/2«+—9/2 transitions contribute 
11% to the total intensity. Therefore we assume for the 
initial calculation that these components have been 
spread too far and are lost in noise. Equation (4) was 
used in the form 


7/2 
AH?=AHZ(0)+ SY Amd? 


m-——6/2 


to interpret these results. From the average increase 
of AH? at 3.510’ dynes/cm® it was found that 
CO pss |¢e~0°= 44 ke/sec. This value of quadrupole 
splitting indicates that the |7/2|«+|9/2| transitions 
should ‘be displaced six gauss which means that they 
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should contribute to the second moment which resulted 
from summing contributions as much as fifteen gauss 
away. A solution consistent with these displacements 
but inconsistent with the measured relative intensities 
would include the contributions of the |7/2|<+|9/2! 
transitions. Including these terms the calculated value 
is 38 kc/sec. For the best estimate from these data 
CO pss | 62=0°=41 ke/sec= eV 91001). 

In order to confirm the hypothesis of quadrupole 
splitting, the two samples were rotated about their 
compression axes and the peak-to-peak derivative 
intensities measured as a function of rotation. A vari- 
ation of intensity with rotation was observed in the 
crystal compressed along [110] and rotated around this 
direction. For the purposes of rotation we identify the 
three principal axes of the field-gradient tensor in this 
crystal, [110], [110], [001] with x, y, z respectively. 
In this way @, is the angle between [001 | and Ho. 

Ideally one should plot AH,’ as a function of the 
angle 6,, since Eq. (4) relates these quantities. Reason- 
able agreement between theory and experiment was 
found, however, by assuming the lines continue to be 
Gaussian under compression and this simpler approach 
is illustrated in Fig. 3. By assuming Gaussian lines 
6H = 2[ AH,’ }', where 6H is the full width between line 
derivative extremes. In addition, for Gaussians the 
product of the peak-to-peak recorder deflection and the 
square of the separation of the peaks is proportional to 
the integrated intensity. Combining this relation with 
Eq. (4) and assuming the integrated intensity to be 
constant, we have 


dl 
dH penk-to- peak 


where 


hAvine »>(m~I 
gp 


and Avmes(m-1) 18 defined by Eq. (2). Interpreting 
these results in the manner described above, we find the 
best fit to the data to be eOgio)=*F16 kc/sec; 
CO e001) = F36 ke/sec and eOgysio) = +52 kc, sec. The 
solid curve in Fig. 3 has been calculated from these 
values. 

As mentioned above, the [010] compression is 
simpler to interpret. For this case ¢yy= ¢:2= —}¢az- 
Therefore when the crystal is rotated about [010 ] there 
is no change in ¢,,. In this case, Eq. (2) reduces to 
Pound’s formula’: 


3(2m—1)eQ 


_ ¢22(3 cos’@—1), (6) 
87(27—1) 


AVnom = 


where @ is now the angle from (not around) the x axis. 
This explains the absence of orientation dependence 
shown as a straight line in Fig. 3 and enables one to 
calculate €0 91010) =+60 kc/sec and €) $1100) = CO ¢ (001) 
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F 30 ke/sec. All the signs of the coupling parameters 
are undetermined by these measurements since the 
first-order quadrupole splitting is symmetric. However, 
the relations between the three coupling parameters for 
each compression are accurately described by the + 
and * signs. (Also, for the assignment of relative signs 
between the two see below.) 

In the appendix we introduce the concept of “gradi- 
ent-elastic” constants relating the field gradient to the 
applied stress by a linear tensor equation: 


Pur Pur = SN Conds (7) 


For the special case of a cubic site in a cubic crystal we 
show that the relationship (7) is particularly simple, 
involving only two constants Cy, and C44: 


Grr Cul X22 - A(X yy + X se) |, 


.¥ (8) 
Gry=CuX ey, 


where x, y, and z are the usual cubic axes. 

We shall not give explicitly the various transforma- 
tions necessary to use (8) in the present case, but 
simply present the result: With a strain X along [110], 
the field-gradient tensor is, in our previous notation, 


(x=[110], y=[110], z=[(001 }) 


(Cut*dCas)X 0 0 
0 (4Cu—9Cau)X 0 , (9) 
0 0 _ ACyX 


which, using the experimental values for this case, gives 


F2X10~*(kc/sec)(cm*/dyne), 
= +2 10°*(ke/sec)(cm?/dyne), 


eC 1 1 


COC 44 


(10) 


with an estimated accuracy of about + 20%, 

Using the known quadrupole moment of In’, 
1.161 10°-™ cm’, this can be converted to an actual field 
gradient 

Ci = (+2.4+0.5) X 104 statvolts/dyne, 
Cyu= (F2.4+0.5) XK 10% statvolts/dyne. (it) 

The compression along [001] provides a check on 
these values using the theory of the gradient-elastic 
tensor, which may be expressed most simply as follows: 
in the cubic case (not generally—see appendix) the 
gradient-elastic tensor is symmetric. Therefore stress 
along [110] should produce, along [001], the same 
field-gradient tensor principal value that stress along 
[001] gives along [110]. Thus the 30 ke/sec value 
obtained for [010] stress must be compared with the 
36 kc/sec obtained along [001 | with [110] stress. The 
difference of 20% is of the order of our estimates of our 
experimental error. 

It is interesting to compare the values (11 
crude estimates which we have made by assuming that a 
single electronic charge of appropriate sign is at each 
lattice point and that the deformation of the unit cell 
is uniform. Such an estimate involves a difficult lattice 


with 
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sum of which we did only the first three shells. The 
first shell gives Ci, 100; 
and the third, +40. Clearly the sum does not converge 
350 esu/dyne represents a 


380 esu dyne ; the second, 


rapidly, but a figure like 
likely order of magnitude. 
screening factor of at least 70. The true factor is even 


Thus we have an anti 
larger since we have assumed an effective charge much 
larger than that which is present, and ignored screening. 
However, the true cause of the effect is more likely to be 
a change in the bonding orbitals than motion of the 
charges on the “ions.” 

Finally we should like to report that qualitatively the 
same results have been obtained with a single crystal 
of GaSb 


CONCLUSIONS 


1. The cubic symmetry of single-crystal InSb has 
been destroyed by elastic deformation and line broaden 
ing from quadrupole interactions observed. 

2. Strains of less than 10~ are readily detectable by 
this kind of measurement. This compares well with the 
best mechanical strain gauges. 

3. The nuclear magnetic resonance method of de 
tecting strain is localized so that one may observe 
electric field gradients at different lattice sites by 
observing different nuclear transitions. 

4. It has been possible to detect the quadrupole 
effects that are caused by elastic deformation alone. 
Therefore it should be possible to use this type of 
measurement to determine crystalline perfection. 

5. It has been shown that the change in electric-field 
gradient at the nucleus upon compression is ~70 times 
too large to be explained by the displacement of charge 
considering all constituents to be ioni 

6. The relations between stress and field gradients 
have been derived and are shown to be consistent with 
the observations. 
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APPENDIX 


There is a close analogy between the problem of the 
effect of stress on the field-gradient tensor as measured 
by quadrupole splitting and the theory of crystalline 
elastic constants. 

The elastic-constant tensor is a linear relationship « 


connecting the stress tensor X,, with the strain a,) 


Var ra 


k, A, w, and v all run over x, y, and 2 


(Al) 


Since x and X are 
necessarily symmetric tensors they each have only 6 
independent components, giving only 36 rather than 81 


meaningful components of c. For convenience, (A1) is 
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often written in the misleading notation’: 
x= Lin cXn, j,k=1---6, 
1= 7x, 


2= yy, 
3= zz, 


(A2) 


4= yz, 
(A3) 


5=2x, 
O= xy, 


which is briefer but de-emphasizes the important fact 
that x, X, and ¢ are 2-, 2-, and 4-index tensors, re- 
spectively. Conservation of energy further simplifies 
(A1) or (A2) by requiring that c be symmetric in j and 
k, which leaves it with at most 21 independent 
components. 

For crystals of any greater symmetry than the very 
lowest (A1) or (A2) can be simplified by taking this 
further symmetry into account: that is, one requires 
that the quantities x, X, and ¢ transform in the proper 
way under rotations, while at the same time (A1) must 
not change under symmetry rotations of the crystal. 
For example, any cubic point-group symmetry can be 
shown to require 


C11 = Coa = C32, 


Cu=Cop=Cos, all others=0, (A4) 
C12 Cas = C1, 

while for trigonal or hexagonal symmetry 

Cu=Co, Co= 4(¢u—C12) ; 

all others but ¢33 and ¢y,.=0. 


C11 Ca2, C1ia™ Cas, 


(AS) 


Since elastic strains are so small it is certain that in 
the present experiments the change in the field-gradient 
tensor is a linear function of elastic stress or strain: 


Dat Coadtbite (A6) 


where ¢,° is the field-gradient tensor at the site of 
interest in the absence of the stress X. Since X and ¢ 
are symmetric tensors, C has at most 36 independent 
components and thus it can be written in the Voigt 
notation : 


Pur Puo® - 


(A7) 


6 
Aes: CaX,. 
k=l 


Since the trace of the field-gradient tensor is unobserv- 
able we may as well set it equal to zero and as a result 
we have another requirement on C: 


Ep wwe Ee Der CnaXn=0, 
which, since X is arbitrary, implies 
= Cw a= 0, 


™W. Voigt, Lehrbuch der Kristallphysik (Teubner, Leipzig, 
1910). 


(A8) 
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or in Voigt’s notation 
3 
> Cu=0, (A8’) 


j=l 


leaving C with 30 independent components. Unfor- 
tunately, there is no such energy-conservation principle 
here as in the elastic case and so C need nol be sym- 
metric in j and k, 

In a symmetric crystal (A6) must not change under 
symmetry operations of the point group of the site under 
consideration (although this group may of course be 
much less symmetric than the total point group of the 
crystal). This will often lead to simplifications. 

So far the discussion is quite general. The case at 
hand, however, is the specific one of a site of tetrahedral 
(=cubic for even-order tensors) symmetry in a cubic 
crystal, in which all of the quadrupole splitting is 
caused by stress. Because of the asymmetry of C we 
cannot immediately use (A4) but must start over again. 
However, re-examination of the arguments on which 
(A4) is based* reveals that C need not be totally sym- 
metric in order to prove that 


Cu - Cr = Cra; 
Cu=Cu=Ce, 
Crr=Cy=Cau=Cis=Cr=Ca ) 


all others=0. 


(A9) 


To these conditions we may add (A8) 


CutCiutCis=9, 


(A10 
Cu= —2C 2, 


and there turn out to be only two independent gradient- 
elastic constants. The final result is the relationship, for 
our cubic case, of field gradient to stress, 


Per=Cir(X 22—4X yytXi:) (cyclic), 


All 
Pry=CuX zy (cyclic), ( ) 


which is used in the text. The x, y, and z axes are taken 
to be the cubic axes. 

Measurements such as those in the text determine the 
constants Cy, and C44 (or the larger number of C’s for 
less symmetrical situations). Such measurements on 
perfect crystals would then allow one to interpret 
results on less perfect crystals in terms of internal 
strains’ if the effects of charged imperfections could be 
discounted. 


*F. Fumi, Acta Cryst. 1, 44 (1952). We are indebted to J. C. 
Phillips for this reference and the above observation. 
°F. Reif, Phys. Rev. 100, 1597 (1955). 
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de Haas-van Alphen Oscillations in the Thermal and Electrical 
Magnetoresistance of Tin 


Perry B. ALERS 
U.S. Naval Research Laboratory, Washington, D. C. 


(Received May 15, 1957) 


Oscillatory behavior of the de Haas-van Alphen type has been found in both the electrical and thermal 
magnetoresistance of a tin single crystal at liquid helium temperatures. Measurements were made in mag 
netic fields ranging from 22 to 25 kilogauss, The tetragonal axis of the crystal was parallel to the field and 
perpendicular to the rod axis. The thermal and electrical oscillations were in phase and yielded values for 
B*/Eo of 5.7 10-7 gauss“ and 6.1 10-7 gauss“, respectively. This is in substantial agreement with the 


value (5.91077 gauss“) deduced by Shoenberg from diamagnetic susceptibility measurements 


INTRODUCTION 


HE de Haas-van Alphen effect in the diamagnetic 

susceptibility of tin was first reported by Shoen- 
berg! and by Verkin, Lasarev, and Rudenko? in 1949. 
The frequency of the oscillations was found to be quite 
high, and the magnitude of the effect was strongly 
dependent on temperature even at 4.2°K. At about this 
time, Borovik* reported that the electrical magneto- 
resistance of tin also displayed quasi-oscillatory be- 
havior, but the effects were strongly orientation- 
sensitive, and there seemed to be no clear connection 
between the transport anomalies and the susceptibility 
oscillations. As the susceptibility was explored further, 
it became apparent that any experiments undertaken to 
find truly analogous oscillations in the transport 
properties would require large, steady magnetic fields 
and fairly sensitive equipment. 

The measurements reported here were made using 
apparatus previously employed in an investigation of 
the magnetoresistive behavior of zinc.* With this equip- 
ment we were able to make measurements on both the 
thermal and electrical magnetoresistance of a mono- 
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Fic. 1. Electrical and therma] magnetoresistance of tin. Mag 
netic field is parallel to the tetragonal axis and current flow is 
perpendicular to this axis. 

1D. Shoenberg, Nature 164, 225 (1949). 

* Verkin, Lasarev, and Rudenko, Doklady Akad. Nauk U.S.S.R. 
69, 773 (1949). 

4 E. S. Borovik, Doklady Akad. Nauk U.S.S.R. 69, 767 (1949); 
J. Exptl. Theoret. Phys. U.S.S.R. 23, 91 (1952). 

‘Pp. B. Alers, Phys. Rev. 101, 41 (1956). 


crystalline tin rod. The experiments were designed to 
detect oscillatory behavior which could be directly 
related to the de Haas-van Alphen effect, and no 
attempt was made to carry out an exhaustive study. We 
therefore confined our measurements to magnetic fields 
in the 22- to 25-kilogauss range, and maintained the 
temperature of the helium bath at 1.8°K for the 
electrical measurements and 3.3°K for the thermal 
measurements. 

Both the electrical and thermal measurements were 
made on the same crystal rod, which was oriented so 
that the tetragonal crystal axis was perpendicular to the 
rod axis. The resistance ratio, R42o*x/RyooK, was 
4.1X10~4, and at 1.8°K and 25 kilogauss the relative 
change in resistance, AR/Ry~o, was 16.4. The magneti: 
field was set so as to be parallel to the tetragonal axis, 
since it is at this orientation that strong susceptibility 
oscillations are observed. 


RESULTS 


The experimental data are shown in Fig. 1. ‘The 
electrical resistance data seem to exhibit considerably 
more scatter than the thermal data, but by taking the 
difference between the experimental points and an 
arbitrary smooth curve plotted on each graph, similar 
ities in the two sets of data become apparent. 

Figure 2 shows the results of such a treatment, with 
the abscissa now plotted in terms of reciprocal field, in 
order to clarify the de Haas-van Alphen character of 
the oscillations. The two curves show oscillations which 
are essentially in phase, indicating that as the electrical 
resistance changes, the thermal resistance changes in a 
similar manner. In addition, the frequencies of the two 
curves are almost the same. 
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Fic. 2. Oscillatory components of the thermal and electrical mag 
netoresistance of tin plotted against reciprocal magnetic field. 
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Tape I. Comparison of values of 6*/Ho derived from these 
experiments and that deduced from diamagnetic susceptibility 
measurements. 


§*/Es (gause™') 
5.7K1077 
6.1% 107% 
5.9X107 


Thermal magnetoresistance 
Electrica] magnetoresistance 
Magnetic susceptibility 


The parameter 6*/Ep» is a measure of the frequency 
of the de Haas-van Alphen oscillations and varies 
widely from metal to metal. The electron effective mass, 
m*, is contained in f*, an effective Bohr magneton, and 
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E is the energy of overlap between the Fermi surface 
and the Brillouin zone boundary. As can be seen in 
Table I, the values of 6*/E» deduced from the present 
measurements are in good agreement with the results of 
Shoenberg® using the diamagnetic susceptibility. 

It is noted that the electrical data appear to exhibit a 
faint amplitude modulation, which suggests the presence 
of oscillations of a somewhat different frequency, but 
the effect is too indistinct for any definite conclusions 
to be drawn. 


5D. Shoenberg, Trans. Roy. Soc. (London) 245, 54 (1952). 
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Approximate Wave Functions for the M-Center by the Point-Ion Lattice Method* 


Barry S. Gourary AND Perry J. LUKE 
A pplied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 
(Received May 13, 1957) 


Qualitative arguments are presented, suggesting that the point-ion lattice model, first used by Gourary 
and Adrian for the F-center, should be generalized to all those states of electron-excess color centers in the 
alkali halide crystals which give rise to transitions, obeying the Ivey relations. 

The point-ion lattice model is then postulated for Seitz’s model of the M-center, and two sets of transition 
energies are obtained for a whole series of alkali halides. The A,B, transition agrees with the M-band within 
some 15%. Its dipole matrix element has the [110] direction. The A,B, transition lies at a shorter wave- 
length. In LiF and NaF it is close to the /-band. Its dipole matrix element has the [100] direction. Oscillator 
strengths are also given. There is some possibility, however, that the B, state may not be bound. 

The contact term in the hyperfine structure is estimated for LiF and Lil, using an alternate form of wave 


function 


Experiments are suggested to verify the Ivey relations and the other predictions of the point-ion lattice 
model in suitably chosen sets of alkali halide crystals, which have almost identical interionic distances. 


1. INTRODUCTION 


NE of the important absorption bands in x-rayed 

or otherwise colored alkali halide crystals is the 
M-band, named after its discoverer, Molnar.' It lies on 
the long-wavelength side of the /-band, and the wave- 
length of its peak in millimicrons is given quite well by 
Ivey’s empirical formula’ 
Amax (1.1) 


51.8a' *, 


where a is the nearest neighbor distance in Bohr radii. 
It is believed to be due to an F-center which has 
captured a neutral vacancy pair.’ This model, which 
has been proposed by Seitz, has been tested to some 
extent by polarized light experiments,‘ but thus far 
only one theoretical treatment of it has been attempted 
by Inui, Uemura, and Toyozawa.° This calculation has 


* Work supported by the Bureau of Ordnance, Department of 
the Navy, under NOrd 73860, 

' F. Seitz, Revs. Modern Phys. 18, 384 (1946 

2H. F. Ivey, Phys. Rev. 72, 341 (1947). 

1 F. Seitz, Revs. Modern Phys. 26, 7 (1954) 

4M. Ueta, J. Phys. Soc. Japan 7, 107 (1952); J. Lambe and 
W. D. Compton, Phys. Rev. 106, 684 (1957). 

* Inui, Uemura, and Toyozawa, Progr. Theoret. Phys. (Japan) 
8, 355 (1952). Professor Inui has kindly checked his calculations 


two weak points. First, the energy is obtained as the 
difference of several large quantities, each of which is 
computed only approximately. This is the usual diffi- 
culty experienced in the application of the molecular 
orbital technique in the LCAO (linear combination of 
atomic orbitals) approximation to the problems of elec- 
tron-excess color centers. Secondly, Inui, Uemura, and 
Toyozawa have used wrong numerical values of the 
interionic distances. Thus both the method and the 
numerical results of that calculation leave room for 
considerable doubt. 

Recently, Gourary and Adrian® treated the F-center 
by a simplified Hartree method. They solved the wave 
equation for a lattice composed of point ions, and later 
estimated the effects of electronic polarization, lattice 
distortion, and exchange and overlap. It turned out 
that electronic polarization was not particularly im- 
portant in the ground state and even in the first excited 
and finds that because of the values of the interionic distance 
used in his work, his results should probably pertain to LiF and 
NaF, not to LiCl and NaCl, respectively. The observed M-bands 
then lie approximately halfway between the predicted A,B, and 
1,B, transitions 


* B.S. Gourary and F. J. Adrian, Phys. Rev. 105, 1180 (1957) 
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state. Lattice distortion was not too significant for the 
ground state binding energy, but it did change the 
transition energy by some 7% because it affected 
the energy of the first excited state. Exchange and 
overlap effects were estimated only roughly. They did 
not seem to affect the transition energy even though 
they changed the individual binding energies by an 
appreciable amount. In the calculation of the hyperfine 
structure, exchange and overlap effects became para- 
mount. Gourary and Adrian managed to get a good 
wave function for the ground state by simply orthogo- 
nalizing to the core orbitals the wave function computed 
for the point-ion lattice. Their results agreed well with 
the experimental optical energies and observed hyper 
fine splittings for a whole series of alkali halides. 
Recently, double spin resonance experiments in KC] 
confirmed these predictions in an even more striking 
fashion.’ 

It now appears reasonable to postulate that the point 
ion lattice model holds for all those states of electron 
excess color centers in the alkali halide crystals which 
give rise to optical transitions obeying a formula of the 
Ivey type. The qualitative reasoning on which this 
generalization rests is the following. Ivey’s formulas 
predict a smooth monotonic variation of the wave 
length as a function of the interionic distance. It is 
plausible, therefore, to postulate that only quantities 
which vary smoothly with the interionic distance should 
be included in a model suitable for the calculation of 
wave functions for these states of the centers. Now, the 
high-frequency dielectric constant is not a smooth 
function of the interionic distance. The contribution to 
the cohesive energy, however, due to the repulsive po 
tential r-" acting between nearest neighbors, does 
decrease smoothly with increasing interionic distance. It 
follows that electronic polarization is probably not a 
relevant quantity while lattice distortion may be im 
portant. Similarly, exchange and overlap between the 
trapped electron and the core electrons of a given ion 
might be a smooth function of the ionic radius of the 
given ion. They can hardly be expected, however, to 
depend smoothly on the interionic distance since in 
almost every electron-excess color center, ions of one 
kind are closer to the trapped electron than are the 
ions of the other kind. Thus, if exchange and overlap 
do indeed play an important role, they must depend 
primarily either on the alkali or on the halide, but not 
on the interionic distance. It follows, therefore, that 
exchange and overlap probably do not influence these 
transitions greatly. They do determine the behavior 
of the wave function in the close proximity of each ion, 
but they do not affect its over-all shape. Thus the general 
behavior of the wave function can be obtained from the 


point ion lattice model, and its form inside the ionic 
cores can be calculated by subsequent orthogonalization 


7G. Feher, Phys. Rev. 105, 1122 (1957); F. J. Adrian, Phys 
Rev. 106, 1356 (1957). 
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ORIGIN FOR EXPANSION OF 
“CENTER OF SQUARE” WAVE FUNCTION 


Seitz’s model of the M-center. Note that the 
perpendicular to the plane of the paper 
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Vy AXIS Is 


of the wave function to the core orbitals, provided that 
not too much of the charge is drawn inside the ionic cores 
by the orthogonalization procedure. The last proviso is 
important because, in the final analysis, the basic 
justification for the validity of the point ion lattice 
model is that most of the charge of the trapped electron 
the correct 
potential is indeed closely approximated by the poten 


stays outside of the ionic cores, where 
tial of the point-ion lattice. Most of the charge is, in 
fact, usually localized inside the vacancy, thus rendering 
the center electrically neutral and preventing any 
extensive polarization from taking place.* 

The purpose of this paper is to apply the above pro 
cedure to Seitz’s model of the M-center. Because of the 
lower symmetry, the computations are much more in 
volved than for the /-center. Because of the large size 
of the vacancy, 
expected to play a less important role. We shall, there 
fore, proceed to treat only a rigid point-ion lattice, 


resultant lattice distortion can be 


neglecting lattice distortion. 


2. “CENTER OF SQUARE” (CS) EXPANSION 


Consider a point-ion lattice of the NaCl structure, 
from which two negative ions and one positive ion are 
missing. One electron is assumed to be trapped in the 
center. This center is shown in Fig. 1. Clearly the z axis 
is a twofold symmetry axis, and the xz and the yz 
planes are symmetry planes, The symmetry group 
corresponding to this center is Cy. This group has 


*It is possible to extend this line of reasoning to speculate on 
the behavior of electrically electronic 
polarization must play a role and the Ivey law may be expected 
to break down. A case in point is the F’-center, which consists 
of two electrons trapped at a single negative ion vacancy. If 
this band obeys an Ivey law, then an extrapolation of the straight 
line on a logA-loga plot requires that the F’-band in LiF should be 
at shorter wavelengths than the F-band. This is hardly believable, 
since the binding in the saturated system would be expected to 
be considerably less than in the unsaturated /-center. Unfor 
tunately, no conclusive experimental evidence is available. The 
authors are indebted to Dr. W. Dale Compton for a discussion 
of this point 

It should be noted that Miessner and Pick [Z. Physik 134, 604 
(1953) | have shown that the position of the V;-band is determined 
by the anion, not by the interionic distance. This also seems to 
support the views expressed in this paper 


charged centers where 
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Fic. 2. Pictorial representation of the wave functions belonging 
to the several irreducible representations of Cop. 


four one-dimensional irreducible representations,’ whose 
properties can be visualized from Fig. 2, which shows 
the sign of a wave function belonging to a given 
representation at the following four points: (x,y,z), 
(—x,y,2), (—z, —y,2), and (x, —Y,2). 

The real spherical harmonics” S;,,(0,¢) belong to the 
several irreducible representations according to the 
scheme shown in Table I. This table tells us what terms 
can arise in an expansion of the wave function in a 
series of real spherical harmonics. In this section, the 
origin for the expansion is taken (Fig. 1) at the center 
of the square, three of whose vertices lie at the vacant 
lattice sites. We call this the “center of square” expan- 
sion, and abbreviate it as CS. Thus 


(2.1) 


=> ¥ R(nJ,u|7)S1,.(,¢). 


l—O py 


V(Tn| 1) 


Here I’ denotes the representation, and m is an energy 
quantum number. (We shall be interested only in the 
lowest energy state of each symmetry; consequently, 
n will be omitted.) The R(n,l,u!|r) are variational trial 
functions. Since z belongs to A,, y to By, and x to B,, 
electric dipole transitions can take place from a ground 
state of A, symmetry to all but a state of A, symmetry. 

In the actual variational calculations, we have used 
the following trial functions: 


TaBLe I. Reduction of the real spherical harmonics according 
to the irreducible representations of Co». 


“ cnaeinmmeanne 


Positive, zero or even A 
Negative, even but not zero Ay 
Positive, odd B, 
—_—ee odd B, 


® 0 Eyring, ‘Walter, and Kimball, ey Chemistry (John Wiley 
and Sons, Inc., New York, 1944), p 
a) oH GF Roothaan, a Chem. Pive “9, 1445 (1951). 
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V(A,| 1) =A(4/7)*(u/d')§(1+ur/d’)e"* So, 0(8,¢) 
+ B(4/3)*(v/d!)\(vr/d’)e-”"''S,0(8,¢), (2.2) 


¥(B,| 2) = (4/3)#(y/d’)8 (Ayr /d’)e-™""S,1(8,¢). (2.3) 


Here (B/A), wu, v, and d, are variational parameters. 
¥(B,|r) differs from ¥(B,|r) only in having )- instead 
of dy, and S;,_1(6,¢) instead of S;,,(6,¢). Thus B, has a 
node in the yz plane while B, has a node in the zx-plane. 
The quantity d’ is a/V2, where a is the nearest neighbor 
distance. The resulting energy functionals are given in 
the appendix, and the energy and parameter values are 
summarized in Table II, using Hartree atomic units. 
In Table IT, f is the oscillator strength. 

In Fig. 3, the logarithm of the wavelength of the pre- 
dicted A,B, and A,B, transition is plotted against the 
logarithm of the nearest neighbor distance, giving 
straight lines in accordance with Ivey’s formulas. Some 


TaBLeE II. Term values, parameter values, oscillator strengths, 
and transition energies obtained by the center-of-square ex- 
pansion. 





NaF 


4. 37 


NaCl KCl 


5.31 5.93 


Substance LiF 


a 3.80 


—0.218 
—0.148 
— 0.086 


— 0.203 
—0.140 
— 0.082 


— 0.267 
—0.174 
—0.097 


—().247 
—0.164 
— 0,092 


1.75 
2.00 


E(A;) 
E(B,) 
E(B;) 


ub 1.75 
v 1.75 


2.00 
2.25 


0.563 


1.50 
1.25 


2.00 
2.00 
0.501 0.560 


1.25 
1.00 


0.26 
0.44 


B/A 0.493 


At 1.25 
Aa 1.00 


S(A;B,) 
S(A;B2) 


E(B,)— E(A,) 
E(B,)— E(A1) 


1.50 
1,25 


0.27 
0.49 


0.063 
0.121 


0.24 
0.43 


0.22 
0.37 


0.083 
0.154 


0.070 
0.132 


0.093 
0.170 


of the available experimental data are also shown on the 
graph. Clearly, the A,B, wavelength agrees with the 
observed M-band within 15% or better. For LiF and 
NaF, the A,B, transition lies close to the F-band. In- 
clusion of exchange and overlap probably would not 
change the A,B, transition much, but it would tend 
to concentrate the wave function more in the vacancy 
(away from the ions), and change the binding energy. 
This might result in a By, state which is not bound. 
How good are our wave functions? Certainly they are 
not accurate in the immediate vicinity of the ions, 
because the ions are represented as point charges. 
Moreover, they are not even mathematically correct 
solutions of the point-ion lattice problem, because they 
do not have the freedom to behave like hydrogenic 1s 
orbitals in the vicinity of the cations. It is clear, how- 
ever, that we do not want to solve the point-ion lattice 
problem too accurately in the immediate neighborhood 
of the ions, because the potential is incorrectly repre- 
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sented in this region. We do have to use variational 
wave functions that are reasonably flexible, but which 
cannot change too much in a volume of the order of the 
cube of the first Bohr radius. We have, therefore, tested 
our wave functions by two alternate procedures. First, 
we tried to add a term of the form 


C[32(45)*](u/d’)§ (ur /d’)2e-%"!4’So (0,¢) (2.4) 


to V(A,|r). This led to an insignificant lowering of the 
energy. We have also considered adding some d-state 
to all the states, but the labor entailed was excessive. 
We have, therefore, resorted to the somewhat less 
satisfactory procedure of comparing our wave functions 
with analogous wave functions centered on the “central 
ion” (Fig. 1) (henceforth, “central ion’’ will be abbrevi- 
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Fic. 3. The A,B, and the A,B; transitions: theoretical curves 
and their comparison with the experimental M-band and F’-band 
data. The experimental data on NaCl and KCl are those of 
W. H. Duerig and J. J. Markham [Phys. Rev. 88, 1043 (1952) J. 
The data on LiF are those of C. J. Delbecq and P. Pringsheim 

J. Chem. Phys. 21, 794 (1953) ]. The NaF data are preliminary 
Hy. W. Lord (private communication) ]. It should be noted that 
few of these points have been taken at very low temperatures. 


ated as Cl), which had been computed in an earlier 
attempt and which are discussed in the following 
section. This comparison led us to the conclusion that 
the present wave functions were adequate for most 
purposes except hyperfine structure calculations. 


3. “CENTRAL ION” (CI) EXPANSION 


While the “‘center-of-square” (CS) wave functions 
are adequate for optical calculations, they do not have 
the requisite flexibility to permit the trapped electron 
to desert the central ion (Fig. 1) and to become localized 
in the negative ion vacancies. This leads to too high a 
density at the central ion. The natural remedy within 
the framework of the point-ion lattice model would be 
to add some d-state terms. Since this entails extensive 
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numerical calculations, we have postponed this project 
until further experimental work makes the calculation 
unavoidable. Meanwhile, we shall use some calculations, 
which have been made by us earlier in connection with 
another attempt to treat the M-center, in order to 
obtain estimates of the contribution of the central ion 
to the contact term of the hyperfine structure in the 
lithium halides. 

These wave functions were obtained by centering an 
expansion of the form (2.1) on the central ion. The axes 
were taken parallel to the axes of Fig. 1, but with the 
origin at the central ion. In order to obtain correct 
behavior at the central ion, the trial functions were 
orthogonalized to the core orbitals of the central ion, 
and exchange and overlap with the core electrons of the 
central ion were included. Only lithium halides were 
treated in this manner. The trial functions were: 


A[_(4/3)*(u/a)'(ur/a)e#r' 
~_ 25 (0 /a)'e varie 1So, 0(9,¢) 
+ B(4/3)4(v/a)*(vr/a)en”"/*S,, o(8,¢), 


¢(A;| r) 


(3.1) 
po= 2.70a, 
a 8 (3pyo%u*)! (ys { ho), 


¢(B,|r) (4/3)*(\,/a)¥ (Ayr ‘aye MrlaS 1(8,¢), (3.2) 


¢(B,|r) (4 3)*(A» ‘a)'(Nor/aye aries, 1(0,¢). (3.3) 


The resulting energies, parameter values, and densities 
of the square of the ground state wave functions at the 
central ion are given in ‘Table III, using Hartree 
atomic units. 

For LiF, we have computed the energy that would 
have been obtained if this “central ion” (CI) expansion 
were carried out in the strict point ion lattice model, 
i.e., with the central ion represented by a point charge 
and with a nonorthogonal wave function. ‘These energy 
values are: 

E(A)) 0.225, 


E(B.) 


E(B) 
0.099, 


-0,152, 
(3.4) 


TABLE III. Term values, parameter values, and the value of 
the square of the wave function at the central ion which are 
obtained by the central-ion expansion 


Substance LiF Lil 


a 3.80 5.67 
E(A 1) 
E(B;) 
E(B,) 


~0).197 
~0,153 
—().099 


0.170 
—0.126 
— ().08%2 


yu 2.125 3.00 
v 2.125 2.75 


B/A 0.532 0.581 


AY 1.68 1.96 
Ae 1.32 1.61 


0.080 


0.062 


o(CI)|? 
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This ground state binding energy is smaller than the 
one given in Table II, and therefore the CS ground 
state function is better than the CI wave function. 
Parenthetically, it should be noted that one term in the 
CS expansion for the ground state gives an accuracy 
comparable to two terms in the CI expansion. It should 
also be noted that the orthogonalization and inclusion 
of exchange and overlap which is done in the CI 
expansion does not produce a superior wave function, 
except in the immediate vicinity of the central ion 
This is so because exchange and overlap with the core 
electrons of other ions are not included, and an unsym- 
metric treatment of exchange and overlap usually 
leads to erroneous conclusions, even as far as the 
transition energy is concerned. For the B, state, the 
energy given by the CS expansion is the lower one, and 
the CS function is to be preferred somewhat. For the B, 
state, the CS and the CI functions are equally valid. 
We have used the CS function for convenience. 

‘The density of the square of the orthogonalized wave 
function at the central ion is probably given more accu 
rately by the CI function, because all that the Cl 
function needs in order to attain greater accuracy is a 
few more terms in the spherical harmonics expansion. 
Although such a calculation is too cumbersome to be 
carried out in practice, it is not too difficult to see that 
its effect on the density of the wave function at the 
central ion would have to come through the normalizing 
factor. It would probably be rather small. The CS 
function, on the other hand, is too inflexible near the 
central ion to be reliable for this purpose. The density 
of the square of the orthogonalized wave function at 
the central ion given in Table IIT for LiF is about 3.5 
times as large as the experimental density at the nearest 
neighbor alkali in the /-center in LiF. This leads to a 
contribution to the second moment of the paramagnetic 
resonance line which is about two times larger than the 
second moment for the F-center, Other ions may also 
contribute. This prediction is compatible with recent 
second-moment measurements by Lord.'' It should be 
interesting to test this prediction further by the in 
herently more accurate double spin resonance technique 
for a whole series of lithium halides. 


4. DISCUSSION 


While the success of the point-ion lattice model in the 
calculations leading to the A,B, transition energy is 
obvious, it is not so clear that the qualitative arguments 
presented in Sec. 1 and in reference 8 are correct; nor 
it is self evident that the B, state cannot be pushed up 
into the conduction band by exchange. It is essential, 
therefore, to supplement the present theoretical work 
with a series of experiments. First, it is necessary to 
verify the validity of the Ivey relations at liquid helium 
temperatures. These relations should be verified for all 
those electron-excess color centers which are believed 


" N. W. Lord, Phys. Rev. 106, 1100 (1957). 
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to be electrically neutral. ‘This certainly includes F, Ro, 
and M, and possibly R,. A particularly critical test of 
these relations and the degree of their validity should be 
provided by the study of sets of alkali halides with 
almost identical interionic distances. Several such pairs 
are: Lil and CsF, NaCl and RbF, Nal and KBr, etc. 
Electron spin resonance and double spin resonance data 
on such pairs of crystals should enable one to check the 
hypothesis that a wave function computed on the basis 
of the point-ion lattice model needs to be orthogonal- 
ized only to the core orbitals, since the unorthogonal- 
ized wave function would be practically identical for 
the two members of such a pair. Finally, a careful search 
for the A,B, transition should be made optically in a 
series of different alkali halides, since the B, state may 
be bound in some crystals but not in others because of 
different exchange effects. Because of the diffuse nature 
of the By state, electronic polarization may become 
important, and the A,B, transition may deviate from 
the Ivey law towards longer wavelengths. 

Such an experimental program could do much to 
clarify our understanding of the electron-excess color 
centers in alkali halide crystals. If the qualitative con- 
jectures voiced in this article are confirmed, this would 
lead to more unified understanding of the subject. If 
they are disproved, we would have to look for an alter- 
native explanation of the definite successes of the point 
ion lattice model, 
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APPENDIX. ENERGY FUNCTIONALS FOR THE 
CENTER OF SQUARE EXPANSION 


The Hamiltonian in the center of square expansion is 
KH= —$9?+D(r)+M(r). (A.1) 


Here the potential energy is separated into that due to 
the central ion, M(r), and that due to the remainder of 
the lattice, D(r). 


(x?+y?+ (z—d’)? |}, 
b>’ C(—1)— (—1)§](— 1)" (a— Ed’)? 
Eat 
+ (y—nv2d’)*+ (2—¢d')? PA. 


M(r) 


D(r) 


The summation is over positive and negative integer 
values of &, n, and ¢. The prime denotes the omission of 
the points (+1, 0,0) and (0,0, +1). D (r) belongs to 
the A, irreducible representation of the D., group; 
hence, it can be shown that an expansion of it in terms 
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of the S,,,(8,¢) can only contain terms with / even and 
u> 0 and even. Furthermore it is obvious that the /=0 
term is missing. 

The problem thus becomes that of varying the param 
eters in the wave functions [ Eqs. (2.2) and (2.3) | so as 
to minimize the expression 


E(T)= fur racy (Tl dr / | (W(T'| r) }*dr. 


The resulting functionals are: 


E(A\)={(A*T 4at+B'T pa(v) |(2d?)"! 
+ B*Dgn(v)(d')*+[A*M 4a +24 BM ap 
+ BM gp \(d’) 1\{ A?+ B?) 1 


E(B,)=T pa(a;) (2d) ! Dpp(d1)(d’) . 
+M p(d1)(d')™, 


E(B2)=T pp(d2)(2d)-!+M p(r2)(d’), 
where 

Taa=3p'/7, 
T palv) =v’, 


1)§ |(—1)" 


my 28 6 (- 1): ( 


f>t>0,7>0 


« [(¢?— E*) /p? ]{9/ (4v?p*) — (2/5) v4 


Dap) = 


 [A6(2vp)— Ai(2vp) J}, 
— 1+ (48/7) {wl A 4(2p) — Ag (2p) | 

+ 2ul A g(2u)—Ao(2y) | 

+[Ao(2u)— Ai (2y) J}, 

(4/3) (u4v®/7)4{ 24(6y+v) (p+ v)~* 

~[Ag(utv)—Ai(ut+y) | 

-pl As(ut+v)—Ao(ut+y) jj, (A.10) 

-1—3/v?+ (4v°/15){2[ Ag(2r) 

+ 5[A4(2v) 


M ap A,(2v) | 


A;(2v) |}, (A.11) 
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FOR M-CENTER 


M pA) 1 +3 (2d,")+4 (4,5 15) 


x { 14(2d,) 1,(2A,) 


+ 5[ A g(2A1)— Ag(2A,) J}, (A.12) 


A ,(x) 


In Eq. (A.8), the prime on the summation denotes 
omission of the point (0,0,1), © is the number of zeros 


in (&,n,¢), and 


The term in Eq. (A.8) varying as p* was summed by 
the method of van der Hoff and Benson." 
In Eq. (A.3) the minimization was first done with 


respect to A and B for fixed values of w and vy, Since 


Iq. (A.3) can be written as a homogeneous quadratic 


equation in A and B, differentiation and _ setting 
OK(A,)/0A and 0KF(A,)/dB equal to zero leads to a 
and B 
involving /(.4,) as a parameter. This leads to a quad 
ratic equation for /:(.4,). The lower root of this equation 
is obtained, and it is further minimized numerically as a 
1) and the wave 


pair of homogeneous linear equations in A 


function of uw and v. The ratio (B 
function can then be computed readily. Parenthetically 
it should be noted that the higher root of the quadratic 
. the energy for the first 
Unfortunately, this ex 


vives the value of /(A,,1), ie 
excited state of 1; symmetry 
cited state wave function is not orthogonal to the 
ground state wave function unless » and v are given the 
values which minimize the energy of the ground state 
If this is done, however, the trial function for the 
excited state has only (B/A) as an effective variational 
parameter, and this is grossly inadequate, The only 
way to obtain a good wave function for the first excited 
A, state would be to start with a trial function con 
taining several parameters our 
W(A,/|r). For the excited states, /“(B,) is minimized 
numerically with respect to A,. 


and orthogonal to 


28%. M. E. van der Hoff and G. C. Benson, Can. J. Phys. 3}, 
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Three infrared absorption bands have been correlated with the oxygen concentration of silicon. Spectra 
taken between 4.2°K and 297°K show an unusual temperature-dependent fine structure in the most intense 
band at 1106 cm. Isotopic shifts of two bands have been observed at low ternperatures in samples enriched 
with O'*, These results can be explained by a model in which interstitial oxygen is bonded to two adjacent 
silicon atoms in a nonlinear Si-O-Si unit. Observations on samples with different history indicate a direct 
but complicated dependence of some growth-dependent variables on oxygen concentration. 


INTRODUCTION 


yp erms properties of silicon crystals are strongly 
dependent on growth variables.' Trap densities,” 
sensitivity to various heat treatments,’ and even elastic* 
and mechanical® properties vary with the method of 
crystal preparation. Although these variations have not 
been correlated with any known impurities or structural 
defects, it has recently been demonstrated that oxygen 
contamination varies considerably with growth condi- 
tions®’” and that crystals pulled*® from the melt may 
contain 10'* or more oxygen atoms/cm*. No simple cor- 
relation between oxygen concentration and growth- 
dependent variables exists, but the evidence indicates 
that oxygen plays an important role in these phe- 
nomena. 

Kaiser, Keck, and Lange® have related the intensity 
of the 1106 cm” infrared absorption band of silicon 
with oxygen concentration determined by vacuum- 
fusion analysis. Lederhandler’ has observed intensity 
variations in another weaker band at 515 cm™. We 
show here that these absorptions are indeed Si-O 
vibrations from observation of isotopic shifts on sub- 
stitution of O'* for O'* Infrared spectra of various 
samples over a wide range of temperature and frequency 
give information about the configuration of oxygen in 
silicon. The observed absorptions lead to a model in 
which the oxygen is widely separated with each oxygen 
atom bonded to two adjacent silicon atoms in dispersed 
nonlinear Si-O-Si units. The fine structure in the 1106 
cm” band at low temperatures appears to be associated 
with minor rearrangement of the oxygen atom in the 
silicon lattice as the temperature is lowered. 


'N. B. Hannay, in Progress in Semiconductors (Heywood and 
Company, London, 1956) 

* Hannay, Haynes, and Shulman, Phys. Rev. 96, 833(A) (1955). 

* Fuller, Ditzenberger, Hannay, and Buehler, Phys. Rev. 96, 
833(A) (1955). 

‘D. F. Gibbons (private communication). 

* Pearson, Read, and Feldman, Bull. Am. Phys. Soc. Ser. II, 
1, 295 (1956). 

* Kaiser, Keck, and Lange, Phys. Rev. 101, 1264 (1956). 

7H. J. Hrostowski and R. H. Kaiser, Bull. Am. Phys. Soc. Ser 
II, 1, 295 (1956). 

*G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950). 

*S, Lederhandler (private communication). 


EXPERIMENTAL 


Transmission measurements were taken with a 
Perkin-Elmer double-pass spectrometer using NaCl, 
CsBr, and CsI optics. Samples were mounted in a 
three-walled cryostat placed at a focal point in the 
exit beam. Liquid nitrogen and helium were used as 
refrigerants. The whole optical system was flushed with 
dry nitrogen to eliminate atmospheric absorptions. 
Absorption coefficients were calculated from observed 
percent transmission correcting for multiple internal 
reflections. ‘Temperatures were measured with a helium 
gas thermometer with an accuracy of better than 2°K 
at fixed points and 5°K at intermediate temperatures. 
Errors in the absorption coefficients are due primarily 
to the sharpness of the observed bands. The maximum 
error which occurs in regions of strong absorption is 
approximately 10%. Spectral slit widths are indicated 
in each figure. 

Some samples were prepared by pulling* from fused- 
quartz crucibles with or without rotation of the seed, 
with oxygen introduced “naturally” by reduction of 
the crucible during growth. Others, prepared by the 
floating-zone process,’® were sometimes intentionally 
contaminated with oxygen by reduction of water vapor 
during growth." In these experiments the water was 
enriched with about 12% O* to permit observation of 
isotopic shifts. Several samples were measured after 
heat treatments at 450°C and 1000°C." The low-tem- 
perature treatment introduces donors while the 1000°C 
treatment “stabilizes” the sample in the sense that it 
inhibits formation of donors on further heating at 
450°C if the 1000°C treatment has been given for a 


Tae I. Sample histories. 


Sample 
No. 2 3 4 


Pulled, Floating zone Floating Pulled, 1000°C 
nonro- 12%, 0'%,1% zone rotated treatment 
tated oO" 


History 


© P, H. Keck and W. Van Horn, Phys. Rev. 91, 512 (1953). 

“Hf. C. Theuerer, Trans. Am. Inst. Mining Met. Engrs. 206, 
1316 (1956). 

2 Fuller, Ditzenberger, Hannay, and Buehler, Acta Metal- 
lurgica 3, 1 (1955). 
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sufficient length of time. In all cases the original sample 
resistivity was high enough so that no appreciable ab- 
sorption by free charge carriers was observed in the 
spectral region studied. Sample histories are shown in 
Table I. 


OXYGEN ABSORPTIONS 


In the region between 200 and 5000 cm™ we observed 
three absorptions whose intensities depended on oxygen 
concentration. The most intense band at 1106 cm was 
previously studied® at 300°K and 90°K. Figures 1(a), 
(b), and (c) show the variation of the shape of this band 
with temperature in a crystal pulled without rotation, 
sample 1. The observed frequencies are given in 
Table II. Identical behavior except for magnitude of 
absorption coefficient, a, was observed prior to heat 
treatment in all samples with detectable absorption due 
to oxygen at 1106 cm™. This band, which is quite 
broad at room temperature, shifts toward higher fre- 
quency on cooling while @ax, the maximum absorption 
coefficient, increases. These effects continue down to 
approximately 120°K where a separate peak is resolved 
at 1135.5 cm™. At 48°K three distinct peaks are 
observed. The lowest frequency peak is difficult to 
resolve and appears as a shoulder in most spectra. Once 
a given peak is resolved its frequency is unchanged by 
further cooling. The value of a@max of 1135.5 cm™ con- 
tinually increases with decreasing temperature while 
Qmax Of 1127.9 cm~ decreases after having attained a 
maximum value near 45°K. The temperature de- 
pendence of 1121 cm™ is apparently similar to that of 
1127.9 cm™. Approximate relative intensities, 


(Qinax~ background) X half-widt h, 


of the 1135.5 cm™! and 1127.9 cm™ peaks are plotted as 
a function of absolute temperature in Fig. 2 using data 
obtained from three samples with different oxygen 
concentrations. Although the uncertainty is large 
because the absorptions in this region overlap con- 


TABLE IJ, Oxygen absorption frequencies (cm™'). 


Relative inten- 


297°K 50°K sity at 4.2 


f aes 120050—CO 05 


| (1135.5 +0.3) 


O'*} 110642" 1127.9 tol 10 


{1121 +1.0 


514.643.0° 517.342.5» 


~1180 (calculated) 


1084.64-0.2) 14 
1077.04-0.2/ ans 


7 


506.4 2.5” ~A%.14 


® This uncertainty arises from the breadth of the band. 


> The apparent center of this band shifts slightly with oxygen concen- 
ration because of the influence of the neighboring strong lattice vibration. 
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Fic. 1. Variation of the absorption coefficient of the 1106 cm™ 


band with temperature for a nonrotated, pulled crystal, Spectral 
slit widths are as shown. 


siderably, all samples investigated fit these curves 
within experimental error. 

Figure 3 shows absorption at several temperatures 
of sample 2, which has 12% of the O' replaced by O"*, 
About 50 cm toward lower frequency from the O'* 
fine structure we observe similar absorptions with the 
intensities expected from the abundance of O'*. These 
results prove that the 1106 cm™ band and the fine 
structure result directly from oxygen in the silicon 
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TEMPERATURE IN DEGREES KELVIN 


Relative intensities of the 1135.5 cem™ and 1127.9 cm™ 
absorptions as a function of temperature 


Fic, 2 


lattice. The magnitude of the isotopic shift indicates 
that a Si-O vibration is associated with these bands 
although the temperature variations of the intensities 
of the resolved peaks are unusual. In thicker samples 
a small peak is observed at 1109 cm™ at 4.2°K. This 
is the corresponding absorption due to O' which 
amounts to about one percent of the total oxygen 
concentration. 

Figure 4 shows the temperature dependence of the 
515 cm™! band for sample 2. There is little change on 
cooling below 80°K and no fine structure is observed. 
In addition there is no appreciable shifting of amax 
toward higher frequency at lower temperatures. The 
low-frequency peak which appears on cooling is the O!* 
absorption which verifies that this is also a Si-O 
vibration. This peak is absent in samples not enriched 
with O", 

Another 


varies with 


band which oxygen concen 


tration occurs at 2305 cm™'. This is less intense than 


v2 a3 94 05 
<7] 


~~ - 








Fic. 3. The absorption coefficient of the 1106 cm™! band at 
several temperatures for a floating-zone crystal containing oxygen 
enriched with 12% O" and 1% O'" 
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the 515 cm™ band and has been observed only at low 
temperatures. There is a shoulder on the high-frequency 
side which shows a different behavior on cooling.” 
Otherwise no fine structure or frequency shift was 
observed. This band is so weak that no isotopic shift 
was detectable with our samples. The behavior of this 
absorption for a pulled rotated crystal at low tem- 
peratures is shown in Fig. 5. 

Within experimental error the total intensities of the 
1106 cm™ and 515 cm™ oxygen bands are temperature 
independent. The 1205 cm™ band intensity increases 
with decreasing temperature. The rate of increase seems 
greater than that of the 1135.5 cm™ peak. The 1106 
cm~ band is about an order of magnitude more intense 
than the others and exhibits a much larger frequency 








520 
vicmu") 

Fic. 4. The absorption coefficient of the 515 cm™! band for a 
floating-zone crystal containing oxygen enriched with 12% O"* 
at 297°K and 4.2°K. 


shift on cooling. Relative intensities at all bands are 
listed in Table II. 


CONFIGURATION OF OXYGEN IN SILICON 


A strong absorption in the 1100 cm™ region occurs in 
quartz and organic siloxanes.'*!* Observation of the 
1106 cm™ band in silicon containing oxygen led Kaiser, 
Keck, and Lange® to suggest a model, shown in Fig. 6, 
in which the silicon-oxygen configuration is similar to 


18 Several other extremely weak bands have been observed at 
higher frequencies.- Since their intensity behavior on cooling is 
very similar to that of lattice vibrations these are probably com- 
bination frequencies of the Si lattice vibrations 

“J. Simon and H. O. McMahon, J. Chem. Phys. 21, 23 (1953). 

‘©N. Wright and M. J. Hunter, J. Am. Chem. Soc. 69, 803 
(1947). 

16. E. Richards and H. W. Thompson, J. Chem. Soc. 1949, 
124. 
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that of the above compounds. A bond between adjacent 


silicon atoms is broken providing two electrons for the 


formation of two Si-O bonds bridging the broken Si-Si 
bond. If interaction with the silicon lattice is neglected, 
this configuration can be treated as a hypothetical 
nonlinear SixO molecule. The validity of this model can 
be determined from (1) the number of Si-O absorptions, 
(2) the intensity ratios of corresponding isotopic fre 
quencies, and (3) the calculated force constants and 
isotopic shifts. 

(1) Although any configuration of oxygen in the 
silicon lattice will result in three vibrational degrees of 
freedom, an isolated linear SixO or a doubly bonded 
Si=O group would have two degenerate vibrations. If 
the potential of the lattice has a lower symmetry than 
these groups, the degeneracy would be removed. How- 
ever, the expected splittings of these frequencies would 
be small since the forces between nonbonded atoms are 





Fic. 5. The absorption coefficient of the 1205 cm™ band at low 
temperatures for a pulled, rotated crystal 


extremely weak compared to those between covalently 
bonded atoms. In addition a Si=O stretching fre- 
quency should occur at a frequency considerably higher 
than 1100 cm™. If the oxygen were bonded to some 
other electrically inactive impurity atom, X, the O-X 
stretching vibration would also be infrared active.” The 
observation of three widely separated absorptions is in 
agreement with the expected behavior of nonlinear Si,O. 

(2) If the effect of the silicon lattice is neglected, 
information about the smallest structural unit con- 
taining all the SiO bonds is obtained directly from the 
relative intensities of the O' absorptions and the 
strongest corresponding absorptions of the O'*, Sample 
2 contains approximately 87% O', 1% O" and 12% 0" 


'7 Spectra of samples prepared by the reduction of D/O were 
identical with those prepared by reduction of H,O. 
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Fic. 6, Schematic normal vibrations of Si,O 


For nonlinear Si,O the value expected for the intensity 
ratio of an ©'* absorption to an O'* absorption is 7.2 
With two oxygen atoms bonded to a single silicon atom 
this ratio becomes 3.6 and decreases further for a silicon 
atom bonded to three or four oxygen atoms, The experi 
mental values (10/1.4, 1.0/~0.14) are very close to 
7.2 (see Table IT). This result supports the assumption 
that there is only one oxygen atom in the isolated 
silicon-oxygen unit. 

(3) Figure 6 shows schematically the expected form 
of the normal vibrations and their symmetry types for 
a hypothetical Siz0 molecule. All three vibrations are 
infrared active. With the previously unobserved 1205 
cm™! band we have sufficient information to calculate’ 
the bond stretching (k;) and bending" (k.) force con 
stants, the SiO angle (2a), and the isotopic shifts. 

In order to identify the observed bands with the 
vibrations shown in Fig. 6, we note the following. It 
seems certain that only one vibration occurs in the 
region of 1106 cm™ band. This is indicated by the 
intensity variation of the fine structure on cooling. If 
all three absorptions in this region were vibrations of a 
particular oxygen configuration, the temperature de 
pendence of the intensities would be quite similar, in 
contradiction to the results shown in Fig, 2. Further 
more, identical isotopic shifts of two accidentally de 
generate stretching frequencies, vy and vs, would require 
an impossibly small value of 2a and would be easily 
resolved for SigO"* for any reasonable value of 2a. 

From the observed isotopic shift we then assign the 
1106 cm™ band as vz, the antisymmetric stretching 
motion. It then follows that vy; is 1205 cm™! and v» is 
515 cm™!. Values of ky, ke, and 2a calculated at 4.2°K 
and room temperature are listed in Table III. For these 
calculations v; was taken to be 1205 cm™! at room tem 
perature (where it is not observed) and vz to be 1135.5 
cm™ at 4.2°K. Both k; and 2a increase on cooling while 


ky remains essentially constant. 


‘6G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., New York, 1945 
The nomenclature used here is essentially that of Herzberg 

' Here ko=ks/?, where kj is the true bending constant and | 
the Si-O distance. 
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TABLE III. Force constants and isotopic shifts for Si,O. 


ky (108 
dynes/ 
em) 


7.21 
7.37 


hea (108 
dynes/ 
cm) 2a 


va/ve 


vive/vitoat 
Cale* Obs» , 


T(*K) Cale 
91°40’ 
94°30' 


297 
4.2 


1.61 
1.61 


1.047 


1.042 1.047 


* Calculated assuming 2a =110°, 
» Taking »s(O'*) 1135.5 cm™, and va(O!l*) & 1084.6 cm™, 


In this treatment, the force constants are calculated 
from the experimentally observed frequencies neglecting 
the presence of the lattice which actually restrains the 
SiO vibrations. The extra restraints are absorbed in our 
calculated force constants making them larger than the 
true force constants associated with the Si-O bond 
stretching and angle bending. Qualitative calculations, 
which depend strongly on the value assumed for the 
Si-Si bond-stretching force constant, indicate that the 
calculated ky may be 20% higher than the actual Si-O 
stretching force constant, Thus the true &, is in reason- 
able agreement with the value of 5.0 10° dynes/cm 
estimated from an analysis of the spectra of organic 
siloxanes.!® A similar argument leads to a lower value 
for ky. The value of 2a is as good as can be expected 
from such a calculation.’* However the isotopic shift of 
vs indicates that 2a is approximately 110°. Observed 
and calculated isotopic shifts, assuming 2a= 110°, are 
also given in Table HI. The agreement between 
v3(Si-O"*) and v3'(SiO") is as good as that obtained for 
many gaseous triatomic molecules.'* Although »,' was 
not detected, this band should be observed near 1180 
cm™! in samples with high concentrations of O'*. These 
results are entirely consistent with the proposed model. 

Similar calculations for oxygen bonded to a com- 
pletely rigid lattice also show a separation of »; and v3 
for physically realizable values of a. However, the force 
constants obtained are roughly twice those given above 
and all frequencies have the same isotopic shift with 


v»/¥n'= (18/16)'= 1.061. 

The results indicate that the experimental data are 
approximated much more closely by the isolated Si,O 
model. The SizO model neglects interactions between 
Si-O vibrations and lattice vibrations of the same 
symmetry type. Although the magnitude of this effect 
is unknown, it should be remembered that to a first 


approximation the Si motions are not infrared active. 


FINE STRUCTURE OF THE 1106 cm™' BAND 


The isotopic shift indicates that there is one Si-O 
vibration associated with this band. Identical separa- 
tions of 7.640.5 cm™ or 9X 10™ ev are obtained for the 
two major peaks in both isotopic species. Yet the 
observed splitting at low temperatures cannot be inter- 
preted as the resolution of different Si-O stretching 
vibrations of a particular oxygen configuration. If this 
were the case the intensities of the individual peaks 
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would have similar temperature dependence. The inten- 
sity variations with temperature are not consistent with 
those expected for electronic or rotational energy levels 
associated with this vibration. Any rotational mechan- 
ism would produce a more symmetrical structure. The 
electronic centers would certainly be ionized at room 
temperature yet no charge carriers have been directly 
correlated with oxygen in silicon. Other considerations 
eliminate higher anharmonic vibrations or oxygen- 
oxygen interactions as possible explanations. It is also 
unlikely that there are several widely different oxygen 
configurations of comparable concentrations since the 
515 cm™ band does not vary much with temperature. 

The normal coordinate analyses at 297°K and 4.2°K 
indicate, however, that the oxygen configuration is 
somewhat temperature-dependent as evidenced by the 
increases in 2a and &,; on cooling. These changes corre- 
spond to an increased separation of the two unbonded 
silicon atoms or an over-all expansion of the lattice in 
the neighborhood of the oxygen atoms at low tempera- 
ture. Since expansion in the direction of the bridged 
silicon atoms is accompanied by some contraction in the 
perpendicular direction through the oxygen atom, the 
total effect is not large. Measurements of the linear coef- 
ficient of thermal expansion of silicon containing oxygen 
by Gibbons‘ verify this expansion of the silicon lattice 
on cooling. After first contracting on cooling below 
300°K the lattice expands again below 125°K, the 
temperature at which the fine structure becomes ob- 
servable. The amount of expansion varies with oxygen 
concentration in a complicated fashion‘ suggesting that 
other factors are involved. This conclusion is substan- 
tiated by the fact that the observed expansion is con- 
siderably larger than that which can be accounted for 
by oxygen alone. These considerations indicate a pos- 
sible explanation for the fine structure based on minor 
rearrangements of the oxygen atom. 

Although oxygen is interstitial in the sense that it 
does not occupy a lattice site, it is not at the center of 
an interstice and theoretically can occupy slightly 
different positions of varying energy. There are repul- 
sive forces between the oxygen atom and neighboring 
nonbonded silicon atoms in addition to strong repulsion 
between the closely spaced nonbonded silicon atoms 
bonded to the oxygen. These are opposed by the barrier 
for torsional oscillation of oxygen about the unbounded 
silicon atoms, strain in the nontetrahedral bonds of 
these atoms and the general contraction of the lattice 
on cooling. During growth oxygen atoms are randomly 
trapped in the silicon lattice. At room temperature 
thermal agitation permits the oxygen atoms to occupy 
a number of slightly different configurations of varying 
energy. On cooling the above interactions force the 
oxygen into equilibrium configurations dependent on 
the temperature of the lattice. At 4.2°K most of the 
oxygen atoms are frozen into the equilibrium position 
for this temperature. 

This mechanism requires only very minor shifts in 
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the positions of the oxygen atoms. Only partial rota- 
tions about the bridged Si-Si bond are required. 
Furthermore it explains the lack of observed fine 
structure in v; and v2. The maximum separation ex- 
pected for the v2 structure is 0.8 cm™ which cannot be 
resolved with our equipment. The frequency of 
increases with increasing k,; but decreases with in- 
creasing a. Frequency changes produced by this rear- 
rangement are of almost equal magnitude but of 
opposite sign and thus the position of »; remains 
constant. The intensities of the separate peaks in vs 
indicate the relative population of the different equi- 
librium sites. The intensity increase of v; on cooling is 
more difficult to explain. The »; motion is greatly 
restricted by the repulsion of the nonbonded Si atoms, 
whose separation is not much greater than the normal 
Si-Si band distance,” as indicated by the high value 
of ky. The »; band is not detectable at high temperature, 
either because it is greatly broadened or because the 
rearrangement on heating reduces the change in dipole 
moment associated with this motion. 


VARIATION OF THE 1106 cm BAND WITH METHOD 
OF GROWTH AND HEAT TREATMENT 
OF CRYSTAL 


Figure 7 shows the absorption of two pulled crystals. 
The seed was rotated in one case during growth, sample 
4, and not rotated in the other, sample 1. Also included 
is the absorption of sample 3, prepared by the floating- 
zone technique, which behaves like a typical lattice 
vibration and decreases on cooling.* Rotated and non- 
rotated samples exhibit the behavior attributed to 
oxygen on cooling. This figure also shows how the 
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Fic. 7, Room-temperature absorption of various samples 
in the 1100 cm™ region. 


” This was pointed out to us by S. Geller. 


ABSORPTION OF O IN Si 


TasLe IV. Relative intensities of 1106 cm= band 
for different crystals. 


Sample @mas (cm™!) Relative intensity 


Floating zone 1.0 
Nonrotated 2.6 
Rotated 49 
Rotated (1000°C treatment) 2.4 


®* Calculated neglecting increased “background” absorption, 
absorption is affected in the rotated sample, 4, after 
heating for some time at 1000°C. Heating at 450°C for 
periods of several hours has little effect on the absorp- 
tion due to oxygen and merely increases the background 
free charge-carrier absorption due to donor introduc- 
tion.” Table IV gives the relative intensities for these 
samples. These are typical results which vary slightly 
with the speed of rotation during growth, crystal 
diameter, or other variables. Some rotated crystals have 
shown an dmx Of about 6 at room temperature. Similar 
behavior is observed for the 1205 cm™ and 515 cm™ 
bands. 

Oxygen contamination is high in rotated crystals, low 
in nonrotated crystals and not detectable in floating- 
zone crystals. Prolonged heating at 1000°C greatly 
reduces oxygen absorption in this region indicating that 
the oxygen has rearranged in a manner which decreases 
its infrared activity. Kaiser” has recently shown that 
the decrease in absorption is accompanied by the for- 
mation of clusters, presumably of SiO», dispersed 
throughout the lattice. The low-temperature spectra of 
rotated samples heated at 1000°C for as much as 100 
hours show the fine structure attributed to dissolved 
oxygen superimposed on a broad, less intense absorption 
band of the clusters.” These results and the observed 
intensities of different isotopic species indicate that the 
three bands discussed here are vibrations of dissolved, 
widely separated oxygen atoms rather than quartz 
clusters, 

Storage trap densities are roughly 10"%/cm* in pulled 
rotated crystals, 10"/cm* in nonrotated crystals and 
much less in crystals prepared by the floating-zone 
technique.? This trend parallels the oxygen concen 
tration in similar samples. Heating at 1000°C decreases 
trap densities by several orders of magnitude in rotated 
crystals, indicating that if the traps are associated with 
the presence of oxygen, it is dissolved oxygen atoms 
rather than SiO, clusters that are responsible. The 
relation between trap density and oxygen contamina- 
tion is further indicated by the fact that reduction of 
H,O vapor during growth of a floating-zone crystal 
introduces oxygen and also increases the trap density. 
However trap density is not simply related to oxygen 
concentration. Although dissolved oxygen appears 

1H, J. Hrostowski (unpublished). There is some indication 
that heating for long periods (about 100 hours) at 450°C reduces 
absorption in this region. 


7” W. Kaiser (private communication). 
% Hannay, Haynes, and Shulman (unpublished). 
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The adiabatic elastic constants of magnesium single crystals have been measured by an ultrasonic pulse 
technique. The values at 298°K are in good agreement with the recent values of Long and Smith. The values 
extrapolated to'0°K are c\; =0.635, C3; = 0.604, 440.1842, ¢1.=0.259, ¢1;=0.217 in units of 10% dynes/cm?* 
A Debye characteristic temperature, 0, of 3884-3°K has been calculated at O°K by averaging the inverse 
cube of the longitudinal and transverse elastic wave velocities over all directions of propagation. Atomic 
force constants for a central-force model with an electron gas term are also obtained. 


I. INTRODUCTION AND METHOD 


HE adiabatic elastic constants of single crystals 

of the metallic elements at 0°K are of interest 
in the application of the Born-von Karman theory of 
lattice dynamics to metals,'? It has been proposed by 
de Launay' that the deviations from the Cauchy rela- 
tions which are observed experimentally may arise from 
an electron gas contribution to the elasticity. If this is 
the case, a central-force model for the lattice forces 
may be valid for some metals. For such a central-force 
lattice model, it is possible to compute the interatomic 
force constants for a reasonable number of neighbor 
interactions directly from the elastic constants. More 
over, the low-temperature elastic constants provide an 
experimental test of the validity of any force model. 

Magnesium has a hexagonal close-packed structure 
with an axial ratio (c/a) of 1.623, closely approximating 
the ratio of 1.633 for ideal closest packing. A crystal 
with hexagonal symmetry has five independent elastic 
constants, €11, C33, Cas, Cog (OF Cy2), and cys, which can be 
obtained from the velocity of longitudinal and trans- 
verse waves propagating in directions parallel, per- 
pendicular, and at 45° to the ¢ axis. The relations 
between the elastic constants and acoustical wave ve 
locities (U/) have been derived previously? and are 
given below. 

* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research) 

t Alfred P. Sloan Foundation Research Assistant 1956-1957. 
Present address: Department of Chemistry, University of Texas, 
Austin, Texas. 

! I. de Launay, J. Chem. Phys. 21, 1975 (1953). 
*L. J. Slutsky and C. W. Garland, J. Chem. Phys. 26, 787 
(1957) 


1. Propagation parallel to the c axis: 


pu? = C33, 

pU? =ca (any polarization). 

2. Propagation perpendicular to the ¢ axis: 
pU? =cn, 

pU ? =c4 (polarized parallel to the c axis), 

pU = ceg=4(C1—C12) (polarized perpendicular 

to the c axis). 


3. Propagation at 45° to the ¢ axis: 


}(cost-Cas) (polarized perpendicular to 
the c¢ axis), 
pl? Re critcast2cut[ (en 


pu? 
c 33)" 

+4(Cist+-Cas)? J} 
(Uq is given by the plus sign; Uy, by 
the minus sign). 


The subscripts / and ¢ refer to the longitudinal or trans- 
verse character of the wave, and p is the density. In the 
direction at 45° to the ¢ axis, it is possible to propagate 
only one pure wave (the transverse wave polarized 
perpendicular to the c axis); the two waves of mixed 
character obtained in that direction are referred to as 
quasi-longitudinal (g/) and quasi-transverse (qt). For 
magnesium the coupling between these waves is weak, 
and it is possible to excite only the quasi-longitudinal 
or only the quasi-transverse waves separately. 

In this work the velocity of the pure transverse wave 
in the direction at 45° to the c axis was measured as a 
check only at 77.6°K and 298°K. The velocities of the 
other seven waves enumerated above were measured 
as a function of temperature from 4.2°K to 300°K and 
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used to calculate the five independent elastic constants 
of magnesium. 


Il. EXPERIMENTAL 


A single crystal of magnesium grown in the form of a 
cylinder 2 inches in diameter and 4 inches long was 
obtained from Horizons Incorporated.* The purity, as 
determined by the manufacturer, was 99.94+-%,. Crystal 
orientation was determined by back-reflection Laue 
photography, and two samples were machined from the 
original crystal. One had pairs of parallel faces per- 
pendicular and parallel to the ¢ axis; the other had a 
pair of parallel faces whose normal was at 45° to the 
c axis. The fly-cutting operation used in preparing these 
plane faces introduced serious crystal dislocation to a 
depth estimated as 0.1 mm, and a layer of disturbed 
material was removed by polishing with grades of 
emery paper down to 000, then with aluminum oxide 
abrasive, followed by etching with dilute acetic acid. 
Polishing was continued until sharp, round Laue spots 
were obtained. After polishing, the faces were found to 
be plane and parallel within 0.001 inch. 

With a crystal mounted so that the sixfold Laue 
symmetry was obtained, the settings on the goniometer 
were slightly altered and a series of Laue pictures taken. 
It was found that a difference of 15’ of arc in the goni- 
ometer settings produced a distinguishable asymmetry 
in the photographs. A consideration of the possible 
errors in camera geometry and the precision with which 
the various machining operations were carried out 
establishes 30’ as the probable error in the orientation 
of the faces and thus in the direction of propagation of 
ultrasonic waves. errors may be 
neglected with respect to the uncertainty in the ve- 
locity measurements. 

The ultrasonic pulse technique has been described 
by Huntington. A Du Mont A/R 256-D oscilloscope 
triggers a pulse oscillator which applies a 10-Mc pulse 
(approximately 2 ywsec in duration) to a quartz piezo- 
electric crystal cemented to the sample. The elastic 
wave so generated travels the length of the sample, 
reflects off the far end, and on returning is partially 
reconverted into an electrical impulse by the transducer, 
which now acts as a receiver. The interval between suc- 
cessive echoes gives directly the transit time of the 
pulse in the sample. In this work the suggestions made 
by Overton and Gaffney® in regard to calibrating the 
scope and ranging the echoes were used throughout. 

The magnesium sample is enclosed in a small cylin- 
drical copper can, the cover of which makes the rf 
connection to the quartz transducer. Electrical contact 
is ensured throughout the temperature range by means 
of a stainless steel spring between the sample and the 
bottom of the sample holder. 


These orientation 


* Horizons Incorporated, 2891 East 79th Street, Cleveland 4, 
Ohio. 

‘H. B. Huntington, Phys. Rev. 72, 321 (1947). 

5 W.C. Overton, Jr., and J. Gaffney, Phys. Rev. 98, 969 (1953). 


Mg FROM 4.2°K TO 300°K 973 

For measurements in the temperature range 77- 
300°K, a gas cryostat of the type described by Swenson® 
was used. The sample holder fitted tightly into a copper 
heat exchanger soldered to the bottom of a stainless 
steel well, the whole assembly being encased in a 
vacuum jacket. Cold nitrogen gas flows down through 
the coils of the heat exchanger and up through the 
sample case. The temperature is controlled by adjust- 
ing the nitrogen flow rate to balance the heat leak by 
conduction down the well against the heat loss to the 
circulating nitrogen. Measurements at 77.6°K were 
made with the sample completely immersed in liquid 
nitrogen. 

A simpler cryostat was used with liquid helium. The 
sample holder was suspended by cords in a helium 
Dewar which was immersed in liquid nitrogen. The 
helium Dewar was filled until the liquid helium level 
was several inches above the top of the sample holder, 
and readings were taken at 4.2°K. Subsequent readings 
were taken as the sample warmed up after the level of 
liquid helium had fallen below the bottom of the sample 
holder. 

The temperature with a 
constantan thermocouple cemented or taped directly 
to the sample. Above 80°K, the temperatures were 
obtained from the measured emf’s and Aston’s tables.’ 
Below 80°K, a set of corrections were applied to Aston’s 
tables as given by Stephenson® for this Leeds and 
Northrup thermocouple wire. The sensitivity of the 
thermocouple falls off with decreasing temperature. 
Above 80°K the temperature can be regarded as ac- 
curate to +0.05°K; below 40°K, +0.2°K is probably 
an appropriate assignment of the error in the tempera 
ture. No attempt was made to take readings between 
4.2°K and 15°K because of the rapid warmup and 
poor thermocouple sensitivity in this region. 

In pulsed ultrasonic measurements it is necessary to 
have some sort of adhesive seal between the quartz 
transducer and the sample. Phenyl salicylate (Salol) 
was found to be suitable in the temperature range 260 
300°K. Ice is a good acoustic seal covering the range 
200-273°K. Below 200°K a high viscosity silicone 
fluid’ (Dow Corning 200) was best. The delays deter- 
mined directly in this experiment represent the transit 
time of pulses in the magnesium sample plus the time 
required for a round-trip transit in the seal. Thus, a 
correction should be made for the delay in the seal; 
however, these corrections are small, being of the order 
of the experimental error, and are difficult to evaluate 
exactly. 

Long and Smith,’ using Salol as the acoustic seal, 

®C, A. Swenson and R. H. Stahl, Rev. Sci. Instr. 25, 608 (1954). 

7 Aston, Willihnganz, and Messerly, J. Am. Chem. Soc. 57, 
1642 (1935) 

*C. C. Stephenson (private communication). 

* We wish to thank the Dow Corning Corporation for providing 
a sample of silicone fluid with a viscosity of 2.5 10° centistokes 
(at 25°C). 

™T. R. 
(1957). 
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Fic, 1. The adiabatic elastic constants cq, and ce and pl/? for 
the quasi-transverse wave in the direction at 45° to the c¢ axis 
versus temperature. 


have measured the delay of 10-Mc pulses as a function 
of path length in a magnesium single crystal. They ob- 
tained seal corrections of 0.15 usec for longitudinal waves 
and 0.14 usec for transverse waves from the slope of a 
plot of the reciprocal apparent velocity versus the 
reciprocal path length. Overton and Gaffney,® applying 
a similar technique to their measurements on copper, 
have arrived at a transit time correction of 0.01 to 
0.02 ysec; while Neighbours, Bratten, and Smith" have 
determined corrections of 0.06 to 0.10 usec in their 
measurements on nickel. 

The round-trip transit times of 10-Mc pulses in 
polycrystalline magnesium rods of various lengths 
(1.2-8.4 cm) were measured to obtain a (1/U app) 
versus (1/L) plot, which is virtually horizontal and 
corresponds to a seal correction of 0.004-0.04 usec. The 
apparatus is poorly suited to the determination of 
delays less than 5 usec, and it is doubtful that an ac- 
curate value of the correction could be obtained by this 
technique. Therefore, the less sophisticated approach 
of measuring the velocity of sound in Salol at 273°K 
and the thickness of the Salol seal was used to obtain 
a seal correction of 0.03 usec for longitudinal and 0.04 
usec for transverse waves. Velocity measurements at 
273°K were compared using both ice and Salol, as were 
measurements at 77°K using ice and silicone, and 
identical seal corrections were obtained. Overton and 
Phys 


“ Neighbours, Bratten, and Smith, J. Appl 23, 389 


(1952). 
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Fic. 2. The adiabatic elastic constants cy, and ¢y3 and pl? for 
the quasi-longitudinal wave in the direction at 45° to the ¢ axis 
versus temperature. 


Gaffney® have stated that seal corrections determined 
at one temperature are likely to be erroneous. However, 
constant corrections of 0.03 psec and 0.04 usec were 
applied to all our data. A probable error of +0.03 usec 
in the true transit time in the sample was attributed to 
the uncertainty in the seal correction. 

The path lengths at 20°C were 7.6302 cm parallel to 
the ¢ axis, 7.5794 cm perpendicular to the ¢ axis, and 
9.8623 cm along the direction at 45° to the c axis. A 
density of 1.7486 g/cm* at 20°C was calculated from 
the 1946 atomic weight of magnesium and the lattice 
parameters determined by Hume-Rothery and Raynor.” 
Changes in the path lengths and the density with 
temperature were calculated from the data of Goens 
and Schmid," who have measured the coefficients of 
thermal expansion of single crystals of magnesium both 
parallel and perpendicular to the c axis from 20°K to 
373°K. It was assumed that the coefficient for thermal 
expansion for the 45° direction was the average of the 
parallel and perpendicular coefficients. The total effect 
on the elastic constants when changes in density and 
path length are taken into account is less than 1%. 
Since Goens and Schmid’s determinations are unlikely 
to be in error by as much as 10%, it would appear that 
the errors in path length and density may be neglected. 

The principal source of uncertainty is the accuracy 


W. Hume-Rothery and G. V. Raynor, J. Inst. Metals 65, 
379 (1939). 
4 E. Goens and E. Schmid, Physik. Z. 37, 385 (1936). 
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with which the individual echo pulses may be ranged. 
The average deviation among the time intervals be- 
tween successive echo pulses was about +0.25%. When 
this error is combined with the uncertainty in the seal 
correction a probable error of +0.7% in the directly 
measured elastic constants is obtained. Simple propaga- 
tion of errors treatment gives a probable error of 1.8% 
in the calculated quantities cy. and ¢,3. 


Ill. RESULTS 


The adiabatic elastic constants of magnesium ob- 
tained directly from velocity measurements (¢11, Css, 
Cas, Cos) and those whose calculation requires a knowl- 
edge of the other constants (cy, ¢13) are plotted in Figs. 
1, 2, and 3, along with the values of pU? for the quasi- 
transverse and quasi-longitudinal waves in a direction 
at 45° to the c axis. The constants ces and cy. are not 
independent, since ¢i2 is calculated from the relation 
666= $(C11— C12). To achieve the best accuracy, values of 
C13 were calculated from the difference of pl? for the 
quasi-longitudinal and quasi-transverse waves in the 
45° direction. Experimental points are shown in Figs. 1 
and 3; in Fig. 3 calculated points are not included. 

The values of c44 obtained from propagation of trans- 
verse waves parallel and perpendicular to the ¢ axis 
agree well within experimental error, as do the values 
of c33 checked by using the sum of pl? for the quasi- 
transverse and quasi-longitudinal waves in the 45° 
direction and the measured values of ¢,; and c44. Since 
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Fic. 3. The adiabatic elastic constants cy. and ¢\; versus tem 
perature. These quantities are not obtained directly from a single 
velocity measurement. 
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TaBLe I. The adiabatic elastic constants, cj, and the reciprocal 
adiabatic compressibility, K = (2¢11-+-¢ss+ 2¢i2+-4c1s)/9. All entries 
are given in units of 10'* dynes/cm*. These values are taken from 
smooth curves and the number of significant figures does not 


indicate the accuracy of the absolute value. 


T (°K) cu cu cu cu cw cu K 


0 0.6348 0.6645 0.1842 0.1875 0.2594 0.2170 0.3689 
0.3688 
0.3684 
0.3676 
0.3669 
0.3659 


0.2170 
0.2169 
0.2169 
0.2168 
0.2167 


0.1872 
0.1869 
0.1862 
0.1858 
0.1844 


0.2594 
0.2593 
0.2592 
0.2591 
0.2590 


20 0.6340 
40 0.6330 
60 0.6315 
80 0.6300 
100 0.6275 


0.6640 
0.6635 
0.6616 
0.6595 
0.6566 


0.1840 
0.1835 
0.1829 
0.1820 
0.1810 


0.3650 
0.3638 
0.3630 
0.3614 
0.3603 


0.2166 
0.2165 
0.2163 
0.2162 
0.2160 


0.1798 
0.1783 
0.1768 
0.1750 
0.1732 


0.1830 
0.1818 
0.1801 
0.1785 
0.1769 


0.2588 
0.2586 
0.2585 
0.2582 
0.2580 


120 
140 
160 
180 
200 


0.6249 
0.6219 
0.6189 
0.6154 
0.6118 


0.6534 
0.6495 
0.6455 
0.6411 
0.6370 


0.3590 
0.3574 
0.3556 
0.3537 
0.3524 


0.2157 
0.2155 
0.2152 
0.2148 
0.2144 


0.1715 
0.1697 
0.1678 
0.1659 
0.1640 


0.1752 
0.1738 
0.1720 
0.1705 
0.1690 


0.2576 
0.2573 
0.2569 
0.2565 
0.2561 


220 
240 
200 
280 
300 


0.6084 
0.0049 
0.60011 
0.5974 
0.5940 


0.6326 
0.6281 
0.6243 
0.6200 
0.6160 


velocities of only seven different waves were measured 
throughout the temperature range to determine five 
elastic constants, these are the only two independent 
checks possible on the internal consistency of our data. 

The elastic constants read from smooth curves are 
tabulated at twenty degree intervals from O°K to 
300°K in Table I. The results of this work are compared 
with other determinations”*~' of the room-tempera- 
ture elastic constants of magnesium in Table II. Our 
results at 298°K are seen to be in good agreement with 
those recently reported by Long and Smith,” who also 
used an ultrasonic pulse technique. 

The reciprocal adiabatic compressibility, K= (2, 
+ 33+ 2¢12+-4¢13)/9, as calculated from the smooth- 
curve values of the elastic constants, is also given in 


Table I. 
IV. DISCUSSION 


Magnesium resembles the other metals for which low- 
temperature elastic data are available in that the per- 
centage variation in the shear constants C44 and Ce 


TABLE ITI. The elastic constants of magnesium single crystals at 
room temperature obtained from the present measurements (P) 
compared with values obtained by Long and Smith* (LS), 
Bridgman” (B), and Goens and Schmid*4@ (GS). All results are 
given in units of 10" dynes/cm?* 


Obs 


P 298°K 
LS 298°K 
B room 
GS 293°K 
P 293°K 


Temp cu cu ou cu ci cia 


0.5943 0.1642 0.256 0.214 
0.5974 0.1639 0.2624 0.217 
0.594 0.114 0.203 0.203 
0.585 0.166 0.250 0.20% 
().5952 0.1647 0.256 0.214 


0.1691 
0.1675 
0,196 
0.167 
0.1695 


0.6164 
0.617 
0.594 
0.610 
0.6174 


* See reference 1 


* See reference 10 5 
1 See reference 15 


» See reference 14 


4 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 67, 29 (1932) 
‘6 FE. Goens and E. Schmid, Naturwiss. 19, 376 (1931) 
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Tasie III. Lattice force constants (a, 8, and y, in units of 
10° dynes/cm) and the electron gas bulk modulus (¢, in units of 
10" dynes/cm*) for magnesium at 0°K and 300°K. As a check on 
these parameters the calculated value of c,, is given together 
with the experimental value (both in units of 10 dynes/cm*) 


cur (calc culexp 


0.624 
0.585 


T(°K a 8 y a 


0 10.59 10.53 0.316 0.0328 
300 9.09 9.78 0.234 0.0498 


0.635 
0.594 


from 0°K to 300°K is about 60% greater than the per- 
centage variation in the compressional constants ¢,, 
and ¢s3. Magnesium is very nearly elastically isotropic; 
the values of the ratios C/ca4 and C43/cy, are, respec- 
tively, 1.018 and 1.047 at O°K, and 1.030 and 1.037 
at 300°K. 

A central-force model for hexagonal close-packed 
described This model 
involves the interatomic force constants between first 
(8), second (a), and third (y) nearest neighbors plus an 
isotropic volume-dependent term (0) interpreted as 
the bulk modulus of the conduction electron gas which 
is obtained from the deviation from the Cauchy rela- 
tion, ¢iy=¢4. Values of the force constants (in dynes 
cm) and @ (in dynes/cm*) for magnesium at 0°K and 
300°K are given in Table II]. The values were calcu 
lated from the experimental values of C33, Cas, Coe, and 
(ya, leaving cy, as a check. The values of c,; calculated 
from these force constants and the experimental values 
are also given in Table ILI for comparison. In mag- 
nesium, which has an axial ratio slightly less than the 
ideal value, the first and third nearest neighbors of an 
atom lie in planes above and below the hexagonal net 
in which the reference atom lies. The second nearest 
neighbors are in the same net as the reference atom. 
The first neighbor distance at O°K is 3.173 A; the 
second neighbor distance, 3.187 A; and the third, 
4.497 A. The near equality of the first- and second- 
neighbor force constants and the much smaller value of 
the third-neighbor force constant is thus expected. 


lattices has been elsewhere.” 


Ane iW. 


GARLAND 


Solutions to the lattice dynamical! secular equation 
for magnesium at low temperature (using the 0°K 
force constants) are now in progress to obtain the 
frequency spectrum. 

In order to evaluate the Debye characteristic tem- 
perature, #, for an anisotropic substance at 0°K it is 
necessary to average the inverse cube of the elastic 

ave velocities over all directions of propagation. In 
magnesium the wave velocities have cylindrical sym- 
metry about the c axis. It is possible to propagate one 
pure transverse wave in any arbitrary direction and the 
inverse cube velocity for this branch may be evaluated 
readily to give 


(1 UP) = p!/ (caaXe 66). 


The averaging for the quasi-longitudinal and quasi- 
transverse waves may be done graphically or by a 
series expansion; both give the same result. The Debye 
characteristic temperature at 0°K calculated from the 
elastic constants is 388°+3°K. The low-temperature 
specific heat of magnesium has been measured recently 
by Smith!* from 1°K to 20°K on a sample of unspecified 
purity and by Logan, Clement, and Jeffers!’ from 3°K 
to 13°K on samples that were 99.95+% Mg with 
known impurities. The two sets of data agree well over 
the entire temperature range. Smith, using his data in 
the range from 1°K to 4°K, reports a 6 value of 406° 
+10°K. Logan, Clement, and Jeffers give a @ value 
of 390°K based on their data in the region from 3°K 
to 10°K. 
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Theory of Secondary Emission* 


Ropert G. Lye anp A, J. DEKKER 
Electron Physics Laboratory, Department of Electrical Engineering, The University of Minnesota, Minneapolis, Minnesota 
(Received May 2, 1957) 


The elementary theory of secondary electron emission developed by Salow, Bruining, Baroody, and 
others has been generalized and modified to incorporate recent measurements by Young of the range-energy 
relation and the dissipation of energy by slow electrons in solids. It is found that these modifications give 
considerably improved agreement between the theoretical and experimental “universal” reduced yield 
curves. However, for primary energies several times higher than that for which the yield has its maximum 
value, deviations occur; the reduced yield curve for metals appears to lie slightly above the theoretical 
curve, while that for MgO falls increasingly below. Similar results are found for Ge, but the agreement is 


better than for MgO 


1. INTRODUCTION 


HE emission of secondary electrons resulting from 

bombardment of a solid with a beam of primary 
electrons constitutes a complicated theoretical problem. 
In the first place, an accurate theoretical treatment of 
the interaction between the primary beam and the 
lattice electrons requires a detailed knowledge of the 
band structure of the solid, and of the electroni 
transition probabilities. Furthermore, the behavior of 
the excited lattice electrons so produced is complicated 
by their interaction with other lattice electrons, and 
by scattering due to phonons and lattice defects. 
Although there are in the literature several theoretical 
discussions of a general nature concerning the pro 
duction! of secondary electrons and the escape mech 
anism,’ it is fair to say that it is not yet possible to 
predict accurately the magnitude of the secondary 
yield of a given solid for a given initial energy of the 
primaries. On the other hand, it has been possible to 
account for fractional changes in the secondary yield 
of a given solid resulting from variations of a single 
parameter, such as the temperature’ or the angle of 
incidence.‘ Similarly, it has been possible to understand 
certain trends, such as the relationship between the 
secondary yield of metals and their work function.’ 
Problems of this nature can be treated, sometimes in a 
sophisticated manner, because they involve only a 
single aspect of the complicated mechanism of se 
ondary emission. 
6 


In the elementary theory® of secondary emission the 


* Work supported by the Electronic Components Laboratory 
of the Wright Air Development Center. 

1D. E. Wooldridge, Phys. Rev. 56, 562 (1939); E. M. Baroody, 
Phys. Rev. 78, 780 (1950); A. J. Dekker and A. van der Ziel, 
Phys. Rev. 86, 755 (1952); A. van der Ziel, Phys. Rev. 92, 35 
(1953); O. Hachenberg and W. Brauer, Fortschr. Physik 1, 440 
(1954); E. J. Sternglass, Report of the Thirteenth Annual Con 
ference on Physical Electronics, Massachusetts Institute of 
Technology, 1953 (unpublished), p. 55. 

?P. A. Wolff, Phys. Rev. 95, 56 (1954); A. J. Dekker, Physica 
21, 29 (1954). 

+A. J. Dekker, Phys. Rev. 94, 1179 (1954). 

‘H. Bruining, Physica 3, 1046 (1936); 5, 901 (1938) 

°F. M. Baroody, Phys. Rev. 78, 780 (1950). 

6H. Salow, Physik. Z. 41, 434 (1940); H. Bruining, Physics 
and Applications of Secondary Emission (McGraw-Hill Book 
Company, Inc., New York, 1954), Chap. 6. 


details of the electronic excitation and of the escape 
mechanism are avoided intentionally since this permits 
at least a semiquantitative comparison with experiment. 
One assumes that the secondary yield may be written 
in the form 


Zs 


6 | n(x, lo) f(x)dx, (1) 


where n(x,Eo)dx represents the number of secondaries 
produced per incident primary of initial energy 2» in 
a layer of thickness dx at a depth x below the surface, 
and f(x) is the probability that a secondary produced 
at x arrives at and escapes from the surface. One 
furthermore assumes that n(x,/o) is proportional to 
the energy loss of the primary beam per unit path 
length, i.e., 1(%,£o) = — KdE/dx, evaluated per incident 
particle (perpendicular incidence will be assumed 
throughout this paper). Finally, it is assumed that f(.) 
is given essentially by exp(—ax), where 1/a corresponds 
to a common effective range of the secondaries in the 
solid under consideration. It been assumed in 
particular that the primary energy losses are governed 
by Whiddington’s law, i.e., dE/dx A/E(x), where 
A is a constant characteristic of the solid. It was first 


has 


pointed out by Baroody® that on the basis of these 
assumptions a reduced yield curve could be deduced 
which was independent of the parameters a, A, and 
K. That is, if 6, represents the maximum yield, o« 

curring for a primary electron energy Kom, then a plot 
of 6/6m versus Eo/ Eom provides a curve which is inde 
pendent of the parameters characterizing a particular 
solid, In fact, Baroody obtained the relation 


1 
F(0.92Eo/ Eom), 
F (0.92) 


5/5m 


where 


F(r) =exp/( | exp(y*)dy 5) 


It is striking that experimental data for metals indeed 
indicate the existence of a universal reduced yield curve 
However, the theoretical Baroody curve (2) deviates 
considerably from the experimental curve for metals, 
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Fic. 1. The curves labeled “constant loss” and “power law” 
represent respectively formula (17) and (11), both for n=0.35. 
The dashed curve represents Baroody’s formula (2). The experi- 
mental points, whic t are included for comparison, are results 
from the literature which are plotted in Fig. 1 of Baroody.® (The 
elements which they represent are identified in the caption of 
that figure.) 


particularly in the region beyond the maximum (see 
Fig. 1). It is the purpose of this paper to show that if 
one takes into account recent experimental results for 
the range and energy dissipation of slow electrons in 
solids, the elementary theory gives good agreement with 
experiment when the comparison is made on the basis 
of reduced yield curves. Section 2 gives a generalized 
power-law theory of secondary emission, i.e., the basic 
assumptions of the elementary theory are retained but 
Whiddington’s law is replaced by a general power law. 
In Sec, 3 use has been made of more detailed informa- 
tion concerning the energy dissipation of electrons in 
solids. 


2. GENERALIZED POWER-LAW THEORY 


In view of the discrepancy between (2) and the 
reduced yield curve for metals, one suspects that the 
Whiddington law may not describe the energy losses of 
the primaries correctly. In fact, this law gives a pene- 
tration depth proportional to the square of the primary 
energy, whereas Young’ concludes from transmission 
measurements of electrons with energies between 0.3 
kev and 7.25 kev through aluminum oxide films that the 
range-energy relationship for this material is given by 


R=0,0115Eo'®. (4) 


Here, the range R is obtained in mg cm™ when the 
initial primary energy Eo is expressed in kev. The range 
as obtained from the experimental data represents the 
weight per cm? by which almost all electrons in the 
beam have been stopped. It may be noted that the 
energy dependence of R as expressed by (4) is very 
nearly the same as that for electrons in the energy range 
between 0.15 Mev and 0.8 Mev.® Since one does not 


7J. R. Young, Phys. Rev. 103, 292 (1956). 

*See for example, Orear, Rosenfeld, and Schluter, Nuclear 
Physics (The University of Chicago Press, Chicago, 1950), revised 
edition, p. 32. 
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expect the range-energy relation to vary greatly from 
one absorber to another, (4) indicates that the Whid- 
dington law probably does not give dependable results 
for the secondary emission. It thus seems of interest to 
set up an elementary theory of secondary emission on 
the basis of an energy loss law for the primaries of the 
form 
dE/dx=—A/E"(x), (5) 
where for the moment » is an arbitrary power and A 
characterizes the material. 
Integration of (5) yields 
E*(x) = Eo"t!— A (n+1)x, (6) 
so that the primary range in this case is given by 
R= E,""/A (n+1). (7) 


Note that n=0.35 produces agreement between (7) 
and (4). Assuming in expression (1) that n(x) is pro- 
portional to —dE/dx and that f(x) is proportional to 
exp(—ax), one obtains for the yield 


A(n+1) pir , 
K| | exp(—rr) f exp(y"*!)dy 


a 


A(n+1) 1/(n+1) 
K| - | G,(r), 


a 


(8) 


where K is a constant which may be considered a 
measure for the reciprocal of the energy expended by 
the primary beam to produce an internal secondary 
and ¢ is given by 

rtl=a@R=aky"/A(n+1). (9) 
Applying the condition dé/dEy=0 to expression (8), 
one finds for the maximum of the yield 


(10) 


A(n+1) ar) 1 
-A| ~ ’ 
a (n+1)r_” 


where r,, represents the value of r for which the maxi- 
mum occurs. Hence, from (8) and (10) a universal 
reduced yield curve is obtained of the form 


1 
5/8m=(N+1)m"Gu(t) =———Gn (FmE-o/ Eom), (11) 


In\lm 


where G,,(r) is defined by (8). For n=1 expression (10) 
becomes identical with the Baroody expression (2). 
From what has been said above in connection with 
expression (4), one may expect n for most substances 
to be close to the value 0.35. In Fig. 1 expression (11) 
has been represented for n=0.35; it is observed that 
the agreement with experimental points for metals is 


t An approximate calculation based on the ad hoc assumption 
n=(.5 has been carried out by A. van der Ziel (private com- 
munication). 
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considerably better than for the Baroody curve (dashed 
in Fig. 1). The main reason for this is that for primary 
energies Ey large compared to Eom expression (11) is 
proportional to Eo~", i.e. to Ey°*® for n=0.35; the 
Baroody function, on the other hand, varies as Ey! 
in this energy region. It will be seen later than expres- 
sion (11) for n=0.35 also fits the experimental reduced 
yield curve for magnesium oxide quite well, for primary 
energies up to Eo/Eom™3. 


3. THEORY INCLUDING EFFECTS OF STRAGGLING 


Notwithstanding the improved agreement between 
theory and experiment obtained in the preceding 
section, objections may be raised against some of the 
assumptions on which the power law theory is based. 
These objections are emphasized by the results of 
recent experiments carried out by Young’ on the energy 
dissipation of low-energy electrons in aluminum oxide. 
Assuming for the moment that other materials behave 
similarly, the following conclusions from Young’s 
results may be applied to the theory of secondary 
emission : 

(i) The probability for an electron of given initial 
energy £» to be transmitted through a solid layer of 
thickness x is approximately given by 


p(x,Eo)™~1—x/R(Eo), (12) 


where R(£p) is the range. Thus, the number of electrons 
in a beam of given initial energy decreases linearly with 
the distance below the surface, as represented in Fig. 2. 
(ii) When one plots the fraction of energy dissipated 
by a beam of electrons as a function of the fraction 
of the range covered, one obtains approximately a 
straight line through the origin. In other words, the 
average contribution to (dE/dx)efective per incident 
electron is 
(13) 


(dE/dx) effec tive —_ Eo/R(Eo) ° 


With reference to conclusion (i), it may be noted 
that in the power-law theory of the preceding section 
it was assumed implicitly that the range of all primary 
electrons is the same. (See Fig. 2.) Thus, expression (12) 
indicates the importance of straggling of the primaries, 
which is neglected in the power-law theory. As a con- 


Fic. 2. Idealized rep- 
resentation of the trans 
mission results obtained 
by Young, reference 9; 
the curve “power law” 
indicates the assumption 
made in the power-law 
theory. 
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9J. R. Young J. Appl. Phys. 28, 524 (1957); the authors are 
greatly indebted to Dr. Young for a prepublication copy of this 
paper. 
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Fic, 3. Idealized rep 
resentation of the energy 
dissipation based on 
Young’s measurements, 
reference 9; the energy 
dissipation assumed in 
the power-law theory is 
indicated for compari 
son. 
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sequence of the straggling, the effective energy loss per 
unit depth evaluated per incident electron will also be 
different from that calculated on the basis of a single 
range for all primaries. In fact, if all primaries are 
assumed to have the same range, most of the energy 
losses will occur near the end of the range and thus the 
production of secondaries will be a function of depth as 
indicated in Fig. 3 by the curve labeled “power law.” 
Straggling, however, would have the tendency of equal- 
izing the energy losses over the range; in fact, according 
to (13) the losses are essentially constant over the 
entire range. 

It is a simple matter to incorporate this information 
in the elementary theory of secondary emission. If in 
(1) one puts n(x)=KEo/R and /(x) 
obtains 


exp(—ax), one 


6=(KEp aR){ 1 aR) |. (14) 


exp 
Writing the range-energy relation in the form 
R=CE,"*', where C is a constant, one obtains 
1—exp(—aC Eo**") 
6 Kko 
ad ky" 


Introducing the function 


1—exp(—2"t') 
£n(2) ; 


on 


(16) 


one arrives again at a universal reduced yield curve, 
viz. 
1 

£n(Zml0/ Eom), (17) 
£n(Zm) 


6, Om 


where z, represents the value of z for which ¢,(2) 
reaches its maximum The function (17) for 
n=().35 has been represented in Fig. 1, where it may 
be compared with expressions (2) and (11) (the latter 
for n=0.35), and with experimental points for several 
metals. It is observed that in the low-energy region 
(17) and (11) essentially coincide, whereas beyond the 
maximum (17) lies slightly above (11), thus giving 
somewhat better agreement with experiment. It may 
be noted that in the high primary-energy region (17) 
and (11) both vary as Ey". 


value. 
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Fic, 4. The solid curve represents expression (19), the dashed 
curve represents (17), both for n=0.35. 


A few remarks may be made here in connection with 
the assumption that the escape mechanism of the 
secondary electrons can be described by an exponential 
absorption. In an insulator, secondary electrons with 
insufficient energy to excite other lattice electrons 
interact essentially with lattice vibrations only and 
their behavior can be described in terms of the age 
theory.” Thus, if it is assumed that all secondaries have 
the same initial energy, the escape probability may be 
written as 

{(x) = Erfe(x/2r') (18) 


where 


Ericy= (2/n!) f exp(—2")dz. 


Here, 7 is the maximum age of the secondaries, corre- 
sponding to the square of the diffusion length over 
which the energy of the secondaries has been reduced 
to the electron affinity of the crystal. Combining this 
escape function with the production term n(x) = K Eo/R, 
based on (13), one can show from (1) that 


1 
b/in= L(t mlto/ Eom), (19) 
L(t m) 


where 


L,(r) =r} Erferet!+ {1—exp(—r****) ] (20) 


wight! 


and r,, represents the value for which L,(r) reaches its 
maximum value. As shown in Fig. 4, expressions (19) 
and (17) are very closely the same for n=0.35. 


4. COMPARISON OF THE THEORY WITH DATA 
FOR NONMETALLIC SUBSTANCES 

In Fig. 5 experimental data have been plotted in the 
form 6/5, versus Eo/Eo, for magnesium oxide crystals. 
The open circles represent data obtained by Whetten 
and Laponsky" for a crystal exhibiting a maximum 

”M. Hebb, Phys. Rev. 81, 702 (1951); A. J. Dekker, Physica 
21, 29 (1954), 


4 N. R. Whetten and A. B. Laponsky, J. Appl. Phys. 28, 515 
(1957) 
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Fic. 5. The solid curve represents equation (17). The experi- 
mental points are data for MgO crystals obtained by Whetten 
and Laponsky (open circles) and in this laboratory (solid circles). 


secondary yield of 24 near a primary energy of 1.2 kev. 
The solid circles refer to measurements made in our 
own laboratory on a crystal which had been exposed to 
air; the maximum yield of this crystal was 10.25 near 
1.0 kev. 

It is observed that in spite of the great difference in 
yields the data follow rather closely a single reduced 
yield curve, which implies that, as with metals, the 
individual crystal characteristics modify the yield 
curves principally in the role of scale factors and do 
not influence markedly their functional form. For 
comparison, the function (17) has been shown in the 
same figure, calculated on the basis of n=0.35. The 
agreement is good in the region of the yield curve shown, 
but it should be noted that in contrast to metals, whose 
reduced yield curve beyond the maximum lies somewhat 
above the theoretical curves, the yield for MgO lies 
below, and decreases more rapidly than does the 
theoretical curve. 

At still higher energies, where data for metals are not 
readily available, we have found that the yield from 
MgO decreases more nearly as Eo~', and the function 
(17) which varies as Eo °** deviates rather strongly 
from the experimental curve.} However, of the functions 
discussed above which do vary as Ey at high energies, 
viz., (2), and (17) with n=1, neither agrees with the 
experimental data (see Fig. 6). Furthermore, both of 
these functions presuppose a primary range proportional 
to the square of the incident energy, which seems im- 
probable in view of Young’s results. In Fig. 6 experi- 
mental data obtained by Johnson and McKay" for 
germanium are shown also (solid circles), and it is seen 
that the agreement with (17) for n=0.35 is rather better 
than for MgO although the yield beyond the maximum 
is again somewhat less than predicted. 


t Note added in proof.—Yield curves for Ni and Mo measured to 
10 Eom by G. Blankenfeld, Ann. Physik 9, 48 (1951) follow closely 
the curve for Ge shown in Fig. 6. 

2 J. B. Johnson and K. G. McKay, Phys. Rev. 93, 669 (1954). 
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It seems unlikely that the discrepancy at high 
primary energies can be attributed to a poor approxi- 
mation to the escape function since in this energy region 
the yield is determined mainly by the production of 
secondaries. Better agreement might be obtained for 
Ge by use of a smaller value for the exponent n, but, 
as mentioned above, this alone is not adequate for 
MgO. The origin of the difficulty appears to reside in 
two approximations used; (a) a mean energy of forma- 
tion for the secondary electrons which is independent 
of the primary energy, and (b) a uniform production 
throughout the range of the primary beam. The first 
of these would not be expected to hold true over a wide 
range of energies, and with reference to (b) it should 
be noted that deviations are expected at high energies 
on the basis of Young’s results. 

In conclusion one might say that the modifications 
of the elementary theory introduced above provide 
considerably better agreement between the theoretical 
and experimental reduced yield curves. However, the 
experimental data show that there does not exist a 
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Fic. 6. Curve A represents Eq. (2). Curves B and C represent 
expression (17) for n=0.35 and n=1.0, respectively. The open 
circles are data for the MgO crystal shown by solid circles in 
Fig. 5, extended to a primary energy of 10.5 kev, The solid 
circles represent data for a germanium crystal obtained by 
Johnson and McKay, reference 12 


reduced yield curve which is common to all materials. 
Variations of the reduced yield curve from one material 
to another evidently require more detailed consider 
ations of the production and escape mechanisms. 
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Oscillatory Galvanomagnetic Properties of Bismuth Single Crystals 


in Longitudinal Magnetic Fields* 


Jutrus BABISKIN 
United States Naval Research Laboratory, Washington, D. C., and The Catholic University of America, Washington, D, C 
(Received April 18, 1957) 


The galvanomagnetic effects of oriented single crystals of bismuth have been studied in longitudinal 
magnetic fields up to 60000 gauss at liquid helium temperatures, Oscillatory behaviors with de Haas 
van Alphen periodicity were discovered to be superimposed upon the normal galvanomagnetic effects 
These results showed that the periods for galvanomagnetic oscillations were independent of the direction 


and magnitude of the electric current 


At high fields, a previously unreported oscillation was observed 


having a period which compares favorably with the period calculated from parameters for the de Haas 
van Alphen effect at the same orientation. At the higher fields and lower temperatures, the galvanomagnetic 
oscillations exhibited a remarkable resemblance to the exact theory for the oscillatory magnetic susceptibility 
of a free-electron gas. Both the normal and the oscillatory galvanomagnetic effects are analyzed in terms 
of a tilted, multi-ellipsoidal model. For one of the orientations studied, the normal longitudinal magneto 
resistance exhibited an anomalous maximum, which is attributed to scattering from internal surfaces 


INTRODUCTION AND THEORY 


HIS paper has a twofold purpose in that two 

classes of phenomena, which occur simultaneously 
in these experiments, are studied. These are: (a) the 
normal galvanomagnetic effects of oriented single crys- 
tals of bismuth in longitudinal magnetic fields (/7,), 
and (b) the oscillatory galvanomagnetic effects with 
de Haas-van Alphen periodicity which were observed 
to be superimposed upon these norma! galvanomagnetic 
effects. These measurements were taken in 17, up to 
60 000 gauss and mainly at liquid helium temperatures. 


* Based on a dissertation submitted to the Faculty of the 
Graduate School of The Catholic University of America in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy. 


The normal galvanomagnetic effects of anisotropi 
single-crystal specimens can be classified! into the four 
following cases: 


(a) Longitudinal effects in transverse magnetic fields 
(717) or the transverse magnetoresistance, In this case, 
H | J||E where H is the applied magnetic field, J is the 
electric current, and E is the measured component of 
the electric field. 

(b) Transverse effects in 
(HL JL ELH). 

(c) Longitudinal effects in Hy, or the longitudinal! 
magnetoresistance (H!! J! E 


Iiy or the Hall effect 


‘A. H. Wilson, Theory of Metals (Cambridge University Press, 
London, 1953), p. 209 
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(d) ‘Transverse effects in WH, (H'| JE), which have 
been observed experimentally but have no common 
name. 


These effects are generally measured with J parallel 
to the specimen length. Since some or all of the above 
effects can exist at all orientations of the crystal, these 
effects are generally measured, for simplicity, with each 
of J, E, and H aligned parallel or perpendicular with 
respect to the axes of crystal symmetry, which in turn 
have a preferred orientation with respect to the geom- 
etry of the specimen. If J, E, H, the specimen length 
and the axes of crystal symmetry are aligned arbitrarily 
with respect to each other at angles other than 0° or 90° 
(e.g., due to imperfect alignment), then the measured 
effect will be some combination of the above effects. 
In order to avoid size effects, the specimen dimensions 
are made large compared to the electronic mean free 
path. 

The major emphasis of this paper is directed towards 
the study of the oscillatory galvanomagnetic effects in 
H1;, which had not been previously observed. In 1930, 
Schubnikow and de Haas? discovered that the trans- 
verse magnetoresistance of bismuth exhibited a mag- 
neto-oscillatory dependence at low temperatures. This 
discovery led de Haas and van Alphen? to the observance 
of a magneto-oscillatory behavior for the magnetic 
susceptibility of bismuth, which is commonly called the 
de Haas-van Alphen effect. 

The theory of the de Haas-van Alphen effect was 
developed by Peierls,‘ Blackman,® and Landau® and is 
based on a free-electron model. In this theory, the 
Schrédinger equation is solved for the case of a free- 
electron gas in a uniform magnetic field (/7,). The 
application of H, causes the eigenvalues, the spacing 
and the degeneracy of the electronic energy levels to 
be linearly dependent on //,. As H, is varied, the elec- 
trons are redistributed among these //,-dependent, 
quantized levels in such a way as to give rise to an 
oscillatory behavior. The resulting equation® for the 
magnetic susceptibility (y) based on a free-electron 
model can be expressed in the form: 


xX 7) X(H1,7 8B ;*,Fo;) | X, (HTB ;*,Fo;) 


o (- 


1)" : sinl (2rpko; /B *H) +; ] ( ’ 
1 
2p! sinh (29*pk7T'/8,*H) 


assuming that 29;,>>8,;*H (or n>>1, where n is the num- 
ber of occupied levels) and Eoj>kT. The quantity 7 
represents the number of quadratic constant-energy 


*L. Schubnikow and W. J. de Haas, Leiden Comm, No. 207d 
(1930) 

+ W. J. de Haas and P. M. van Alphen, Leiden Comm, No, 212A 
(1930) 

‘R. Peierls, Z. Physik 81, 186 (1933). 

*M. Blackman, Proc. Roy. Soc. (London) A166, 1 (1938) 

*L. D. Landau, see appendix of reference 9 (1939). 
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surfaces, which comprise the effective part of the 
highest-filled Fermi surface of constant energy with 
energy value Eo. Eo; is the energy value of the jth 
highest-filled quadratic surface; for the free-electron 
case, j7=1 since the Fermi surface is a single spherical 
surface so that Hoj= Eo. The index p is the summation 
index for the damped harmonics; Xo is the normal 
susceptibility, which is not a function of H and T for 
the free-electron case; X, is the undamped amplitude of 
the susceptibility oscillations, which have a damped 
sinusoidal periodicity (of period 8;*/pEo;) in H—. ¢; is 
the phase of the damped sinusoidal oscillations of the 
jth quadratic surface and is equal to r/4 for the free- 
electron case. 8 ;*=eh/m,*c is the effective double Bohr 
magneton for the jth quadratic surface, where m;* is 
the effective mass parameter. For a spherical surface, 
m;* is an isotropic, energy-independent parameter (in 
the free-electron case, m;*=mo, where my is the free- 
electron mass). For an ellipsoidal surface, m;* becomes 
an anisotropic, energy-independent parameter by the 
Blackman transformation.’ For nonquadratic surfaces, 
the theory becomes more complicated,’ ’* since m* is no 
longer an energy-independent parameter. 

Upon substituting parameters for the alkali and 
noble metals into Eq. (1), it is found that the observa- 
tion of an oscillatory behavior for these nearly-free 
electron metals would be very difficult. However, the 
de Haas-van Alphen effect has been observed experi- 
mentally in bismuth and fourteen other metallic single 
crystals.® In order to apply the theory of the de Haas- 
van Alphen effect in real metals, the periodic potential 
of the lattice must be taken into account. Jones” has 
shown that the anomalous properties of bismuth can be 
explained on a model where the highest filled Fermi 
surface of constant energy overlaps the energy gap at 
the prominent Brillouin zone boundary into the next 
higher zone in some directions of k space. This over- 
lapping forms electronic conduction bands and also 
leaves unfilled regions within the prominent zone in 
other directions of k space, which forms hole conduction 
bands. From the trigonal symmetry of bismuth, Jones 
represents these overlapping surfaces by three identical 
ellipsoidal surfaces of constant energy, which can be 
transformed into one another by a rotation of plus or 
minus 120° about the trigonal axis. The Eo; for the 
overlapping electronic ellipsoids are measured upwards 
from the bottom of the higher zone. The Eo; for the 
unfilled hole surfaces is measured downwards from the 
top of the prominent zone. The EF vs k curves for 
the overlapping electrons have high curvatures which 
result in a low m,* and correspondingly a high 6;*. 


7P. G. Harper, Proc. Phys. Soc. (London) A68, 874 (1955). 

‘1. M. Lifshitz and A. M. Kosevich, J. Exptl. Theoret. Phys 
Yee 29, 730 (1955) [translation: Soviet Phys. JETP 2, 636 
(1956) ]. 

*D. Shoenberg, Trans. Roy. Soc. (London) 245, 1 (1952). 
A review article on the de Haas-van Alphen effect with an 
extensive bibliography of the work up to 1952. 

© H. Jones, Proc. Roy. Soc. (London) A147, 396 (1934). 
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Also, the Ko; for the overlapping ellipsoids are very 
small. These conditions of a high 8,;* and a low Eo; favor 
the easy detection of the de Haas-van Alphen effect. 

In 1939, Shoenberg!! made a detailed de Haas-van 
Alphen investigation for bismuth, which showed that 
the three overlapping-ellipsoid model for the electronic 
conduction band was applicable. For an arbitrary 
orientation of the magnetic field with respect to the 
crystalline axes, three periods of oscillation were ob- 
served to be superimposed upon each other. Each of 
the three ellipsoids contributed one oscillatory term to 
the 7 summation in Eq. (1). Good agreement between 
theory and experiment was obtained by treating §;* 
and £o; as adjustable parameters. Since no oscillatory 
evidence was found that could be attributed to the hole 
conduction band, its effect must be negligible compared 
to that of the electronic conduction band. Shoenberg 
also found that the principal axes of the ellipsoids were 
not coincident with the crystalline axes. Instead, the 
principal axes of each ellipsoid were rotated by an 
angle (#) about one of the three corresponding binary 
axes. This tilted, three ellipsoid model has been shown 
to be applicable to antimony® and arsenic!’ as well, and 
henceforth will be referred to as the Jones-Shoenberg 
(J-S) model. 

In 1953, correlations’: were established between the 
period of the susceptibility oscillations for an oriented 
bismuth single crystal and the period of similar oscilla- 
tions in the transverse magnetoresistance for the same 
bismuth crystal at the same orientation with respect to 
the magnetic field. This correlation was further verified 
for the Hall effect,!®!® the magnetothermoelectric 
effect!”'8 and the magnetothermal conductivity!” of 
bismuth. This correlation was also extended to some 
of the other de Haas-van Alphen metals, such as 
graphite,”’?! zinc,”’*** tin™ and antimony.”® The one- 
to-one correspondence between the periods (8;*/ Ko; 
in H~') of the de Haas-van Alphen effect and of the 
oscillatory galvanomagnetic and thermomagnetic effects 
in transverse magnetic fields has now been established 
on an experimental basis. Davydov and Pomeranchuk”* 
give a theoretical basis for the oscillatory magneto- 


" T). Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939), 

2T. G. Berlincourt, Phys. Rev. 99, 1716 (1955). 

PP. B. Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 

4 T. G. Berlincourt, Phys. Rev. 91, 1277 (1953). 

1 L. C, Brodie, Phys. Rev. 93, 935 (1954). 

'® Reynolds, Leinhardt, and Hemstreet, Phys. Rev. 93, 247 
(1954) 

17M. C. Steele and J. Babiskin, Phys. Rev. 98, 359 (1955). 

16M. C. Steele and J. Babiskin, Phys. Rev. 94, 1394 (1954), 

J. Babiskin and M. C. Steele, Phys. Rev. 96, 822(A) (1954). 

”T. G. Berlincourt and J. K. Logan, Phys. Rev. 93, 348 

T. G. Berlincourt and M. C Rev. 98, 956 

(1955). 

22.N. M. Nachimovich, J. Phys. (U.S.S.R.) 6, 111 (1942). 

% PB. Alers, Phys. Rev. 101, 41 (1956) 

*P.B. Alers, Bull. Am. Phys. Soc. Ser. II, 1, 116 (1956) 

26M. C. Steele, Phys. Rev. 99, 1751 (1955) 

26 B. Davydov and I. Pomeranchuk, J. Phys. (U.S.S.R.) 2, 147 
(1940). 
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resistance of bismuth. Recently, Zil’berman*’ has given 
a more general, theoretical basis for oscillatory galvano- 
magnetic and thermomagnetic effects in which the 
resulting equations have the same form, in essence, as 
the resulting equations of the de Haas-van Alphen 
theory. Thus, from the above experimental and theo 
retical bases, it is assumed in this paper that the 
susceptibility (yx) terms in the de Haas-van Alphen 
equations can be replaced to a fair approximation by 
corresponding galvanomagnetic terms in the analysis 
of oscillatory galvanomagnetic effects. 

The effects of variables other than the magnetic field 
on the de Haas-van Alphen parameters have also been 
studied. For examples, the effect of pressure on the 
Hall effect of bismuth?*:** and of temperature on the 
susceptibility of zinc®*! has been investigated. Although 
Steele® found an oscillatory behavior for the galvano- 
magnetic effects of antimony in //,7 in the vicinity of 
25 000 gauss, he did not find an oscillatory behavior for 
the galvanomagnetic effects” in Hy, up to 60000 
gauss. This failure to observe a magneto-oscillatory 
behavior in 7, raised the question as to whether the 
direction of J had a strong effect on the oscillatory 
galvanomagnetic phenomena. Since bismuth exhibits a 
more pronounced magneto-oscillatory behavior than 
antimony in // 7, experiments to search for the existence 
of a magneto-oscillatory behavior in //;, on oriented 
bismuth single crystals became desirable. 

In order to avoid beats between the three oscillatory 
terms of the J-S model, the following two oriented single 
crystals were selected for study: 

(a) H parallel to the trigonal axis and therefore 
perpendicular to all three binary axes. In this case, the 
three periods are all equal so that only one period of 
oscillation should be observed. In addition for electrical 
measurements, H is parallel to both J and the crystal 
length as shown in Fig, 1. 

(b) H perpendicular to the trigonal axis and parallel 
to one of the three binary axes. In this case, there are 
two equal long periods with large amplitudes and one 
short period with a small amplitude, so that only the 
long period oscillation should be predominantly ob 
served. Also, H is parallel to both J and the crystal 
length as shown in Fig. 2. 

The normal galvanomagnetic effects in //, can be 


shown to exist for anisotropic conductors from a model 


7G, E. Zil’berman, J. Exp. Theoret. Phys. U.S.S.R 
(1955) (translation: Soviet Phys. JETP 2, 650 (1956) |] 

2°W. C. Overton, Jr., and T. G. Berlincourt, Phys. Rev. 99, 
1165 (1955). 

#7 N. E. Alexeevskii and N. B. Brandt, J. Exp. Theoret. Phys 
U.S.S.R. 28, 379 (1955) (translation: Soviet Phys. JETP 1, 384 
(1955) ]. 

J. W. McClure and J. A. Marcus, Phys. Rev 

"'T, G. Berlincourt and M. C. Steele, Phys 
(1954) 

2M. C. Steele, Phys. Rev. 97, 1720 (1955 

*M. C. Steele, Proceedings of the Conference on Low Tempera 
ture Physics, Paris, 1955 (Centre National de la Recherche 
Scientifique, and UNESCO, Paris, 1956), Bull. inst. intern. froid, 
Suppl. 1955-3, January, 1956, p. 415 
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a Fic. 1. Orientation 
i “eS and experimental ar- 
rangement for Bi I. 








where the Fermi energy surface is represented by multi- 
ellipsoidal energy surfaces. Since a three-ellipsoid model 
has been shown to be applicable to the analysis of the 
oscillatory phenomena of bismuth," antimony,’ and 
arsenic,"* therefore these group V metals should be 
expected to exhibit interesting normal galvanomagneti« 
effects in Hy. Steele*?** observed these effects for 
antimony single crystals, where the magnetic field was 
perpendicular to the trigonal axis and either parallel 
or perpendicular to a binary axis. Steele** also observed 
an anomalous maximum in the longitudinal magneto- 
resistance, which can be qualitatively explained by the 
superposition of two magnetoconduction mechanisms: 
(a) The normal bulk magnetoresistive increase; (b) a 
magnetoresistive decrease in increasing magnetic fields 
due to decreased surface scattering. The second mecha- 
nism was proposed by MacDonald™ for experiments 
with thin sodium wires which showed a magneto- 
resistive decrease. In view of the above, it seemed 
reasonable to study the normal galvanomagnetic effects 
in 1, for oriented bismuth single crystals in order to 
determine whether the anomalous behavior for antimony 
was common to the group V metals. 
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Fic. 2. Orientation 
and experimental ar- 
rangement for Bi IT. 
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*D. K. C. MacDonald, Nature 163, 637 (1949) 


EXPERIMENTAL DETAILS 


Oriented single crystals of outgassed 99.99% pure 
bismuth (Cerro de Pasco Copper Company) were grown 
by a seeding technique on a modified Schubnikow* 
furnace. Since bismuth expands upon solidification, the 
bismuth was formed into the desired shape and size 
between movable Pyrex glass plates in order to prevent 
strains, which would be caused by a rigid mold. Silicone 
oil prevented the bismuth from sticking to the glass. 
The seeded specimens had either a ;¢-in. diameter 
circular cross section or a 0.050-in.X}-in. rectangular 
cross section and were determined to be single crystals 
by etching in dilute nitric acid. The orientation was 
determined on a two circle goniometer by the reflection 
of light patterns from the etch pits of the three binary 
axes. The desired orientations shown in Figs. 1 and 2 
were obtained to within 1.5°. Current and potential 
probes were attached to the crystals at the positions 
shown in Figs. 1 and 2 with a low melting (55°C) solder. 
The distance between the potential probes ranged from 
} in. to } in. The crystal was aligned with respect to the 
magnetic field to within 1°. 

Magnetic fields continuously variable to 60 000 gauss 
were provided by a Bitter*® solenoid and were con- 
trollable to 0.1%. The magnet calibration was known 
to 1% and the field was uniform to within 1% over the 
crystal. Although the experiments were performed 
mainly in the liquid helium temperature range from 
1.2°K to 4.2°K, some experiments were also performed 
at 300°K and at liquid (78°K) and solid (47°K) nitrogen 
temperatures, 

The measurements were taken on a 10-millivolt 
X—Y recorder. The magnetic field which is directly 
proportional to the magnet current was recorded on the 
X-axis by measuring the voltage across a known re- 
sistance in series with the magnet. The magnetic field 
was varied continuously throughout its entire range, so 
that all the data presented are continuous. The voltage 
across the potential probes of the bismuth specimens 
was recorded on the Y-axis, after being appropriately 
amplified by a Leeds and Northrup Stabilized de Micro- 
volt Amplifier. The bismuth current was held constant 
to better than 0.1%. Figure 3 exhibits a typical X-—Y 
recorder trace. When more detailed, continuous data 
were necessary for analytical purposes, each one-milli- 
volt square on the X—Y recorder trace containing 
data was amplified by a factor of 10 to full scale in 
both the ¥ and Y directions. 


EXPERIMENTAL RESULTS 
A. Bil 


Figure 1 shows a schematic drawing of the experi- 
mental arrangement for the first crystal orientation 
studied, which will hereafter be referred to as Bi I. 


%* 1. Schubnikow, Leiden Comm. No. 207b (1930). 
%F. Bitter, Rev. Sci. Instr. 10, 373 (1939). 
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The crystal length, H and J were all parallel to the 
trigonal axis and perpendicular to the three binary 
axes. P, and P, are potential probes for longitudinal 
magnetoresistance measurements. Bi I had an approxi- 
mately circular cross-section and a 0.008 resistance 
ratio from 4.2°K to 300°K. The results for Bi I were 
reproducible from one experiment to another. 

Figure 3 shows a typical Y—Y recorder trace at 
1.2°K, where the full scale of the Y-axis is 500 micro- 
volts. J was 140 milliamperes for all the liquid helium 
experiments on Bil. The existence of an oscillatory 
dependence superimposed on the longitudinal magneto- 
resistance is clearly seen. In addition, a short-period 
oscillatory component is superimposed on the main 
long-period oscillation at the higher magnetic fields. 
The initial negative magnetoresistance might be at- 
tributed to a size effect.“ 

Experiments were also performed at 3°K and 4.2°K, 
which indicated the same typical behavior as the 1.2°K 
data. The amplitude of the long-period oscillation 
decreased with increasing temperatures as indicated in 
Eq. (1). The amplitude of the short-period oscillation 
became vanishingly small at 4.2°K, in which case the 
long-period oscillation exhibited the expected single 
period of oscillation. 

Figure 4 shows a plot of the change in resistance of 
Bil in H, at 47°K, 78°K and 300°K. These data are 
qualitatively similar to those obtained in the following 
two experiments: 

(a) the temperature dependence of the de Haas- 
van Alphen effect for zinc,*! in which the period of 
oscillation was observed to spread out progressively as 
the temperature was increased from 4.2°K to 300°K. 
In Fig. 4, the spreading of the maximum and minimum 
of the 47°K data at higher temperatures is suggestive 
of such a temperature-dependent period of oscillation. 

(b) The temperature dependence of the longitudinal 
magnetoresistance of antimony* in which the position 
of an anomalous resistance maximum was observed to 
shift to higher fields at higher temperatures as in Fig. 4, 
but no minimum was observed as in the present 47°K 
data. Further data between 4.2°K and 47°K would be 
necessary in order to make a logical choice as to which 
one of these two similarities is more applicable. 

An experiment was also performed on Bi I at 4.2°K 
in order to determine whether the magnitude of J had 
any effect on the period of oscillation. The current was 
varied by a factor of 200 (from 0.2 to 40 milliamperes) 
with no observable difference in the magneto-oscillatory 
characteristics, and with no departures from Ohm’s law. 


B. Bi II 


Figure 2 shows a schematic drawing of the second 
crystal orientation studied, hereafter referred to as 
Bi II. The crystal length, H and J were all parallel to 
a binary axis and perpendicular to the trigonal axis. 
P,, Py and P, are potential probes. The longitudinal 
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Fic. 3. Longitudinal magnetoresistance for Bi I at 1.2°K 
as traced from a typical Y — Y recorder plot 


magnetoresistance is measured across P,; and PP», 
Transverse voltages in //;, are measured across P, 
and Ps. Bill had a rectangular cross section and a 
0.003 resistance ratio from 4.2°K to 300°K, which is 
comparable to the best crystals reported." 

Figure 5 shows some of the 4.2°K data for the longi 
tudinal magnetoresistance of Bi [II with a measuring 
current of 2 amperes. Curve I shows the result for the 
first experiment performed on Bi II and exhibits three 
phenomena: 


magnetoresistance, 
maximum 


(a) The normal longitudinal 
which exhibits an anomalous resistance 
similar to that observed by Steele*® in antimony for this 
orientation. 

(b) At low fields, a long-period oscillatory behavior 
is superimposed on the normal longitudinal magneto- 
resistance. This long-period oscillation is the predomi- 
nant single period described in the Introduction for 
this orientation. Calculations show that the oscillatory 











| 


20 0 
MH (KiLOGAUSS) 





Fic. 4. Temperature dependence of the change in resistance for 
the longitudinal magnetoresistance of Bi I 





JULIUS BABISKIN 


ie ee in al 


i 40 
H (KILOGAUSS) 
Fic, 5. Longitudinal magnetoresistance for Bill at 4.2°K. 


Curves I and II show the results, respectively, for the first and 
second experiments. 


maximum at 15 000 gauss is the last oscillatory maxi- 
mum possible. 

(c) At high fields, after the last possible long-period 
oscillation, a short-period oscillatory behavior was ob- 
served, which could not be clearly resolved due to 
experimental difficulties encountered at the higher 
fields. 


Curve II of Fig. 5 shows the result of a second experi- 
ment on Bi II. Even though the resistance ratio from 
4.2°K at H=0 of Curve II did not differ appreciably 
from that of Curve I, the galvanomagnetic properties 
of Curve II did not reproduce those of Curve I. This 
nonreproducibility was most probably due to strains 
induced by the thermal shock of cycling between 4.2°K 
and 300°K. Although Curve IT exhibits the same general 
features as Curve I, the anomalous resistance maximum 
shifted to a lower magnetic field and the short-period 
oscillation at the high fields was observed more clearly. 
In succeeding experiments the galvanomagnetic proper- 
ties of Bill deteriorated progressively with the re- 
sistance maximum shifting to very low magnetic fields 
and all the oscillatory behavior disappearing. 

Experiments were also performed at room tempera- 
ture and liquid nitrogen temperatures, in which the 
reistance maximum shifted to higher magnetic fields as 
the temperature increased. This is the same type of 
behavior observed for antimony.** However, none of 
these data are presented here, due to the progressive 
deterioration of the galvanomagnetic properties be- 
tween experiments. 

A typical result for the transverse voltage measured 
across P, and Ps; in Hy, at 4.2°K is shown in Fig. 6. 
This voltage changed sign as HW, increased and exhibits 
only a slight oscillatory dependence. The existence of 
the voltage at H=0 is probably due to a slight mis- 
alignment of the potential probes. No unambiguous 


explanation for the anomalous behavior at the very 
lowest magnetic fields can be offered at this time. 


DISCUSSION AND ANALYSIS 
A. Periodic Oscillations in Bi I 


From Eq. (1), the oscillations are periodic in H~. 
Therefore, a table of 230 points having equal increments 
in H~! was prepared for the reduction of the detailed, 
continuous data from the X¥—Y recorder. The upper 
graph of Fig. 7 shows a plot of the longitudinal magneto- 
resistance for Bi I against H~! for the 4.2°K data. The 
central dashed curve of the upper graph is the mean 
about which the experimental data oscillate periodically. 
This mean is determined graphically from the upper 
and lower dashed envelope curves drawn tangent to 
the experimental data. The difference AR between the 
mean dashed curve and the experimental data is 
plotted on the lower graph. The period of the oscillations 
is determined from the distance between the nodes. 

The nodal period of these data is 8 ;*/E£o;=1.58X 10~° 
gauss~!. This period is in excellent agreement with the 
value of 1.57 10~° gauss~! obtained by Overton and 
Berlincourt”* in measurements of the transverse mag- 
netoresistance and Hall effect of bismuth. A comparison 
of the orientation for their transverse magnetoresistance 
measurements and the above longitudinal magneto- 
resistance measurements shows the following: 


(a) H was parallel to the trigonal axis in both meas- 
urements; 

(b) HL J for the transverse magnetoresistance meas- 
urements, but H||J for the longitudinal magneto- 
resistance measurements. 


The excellent agreement between the above results 
shows that the period of oscillation is independent of 
the direction of J and its associated electric field. It was 
also shown above in the experimental results for Bi I 
that the period was independent of the magnitude of J 
as well, where Ohm’s law was still obeyed. Therefore, 
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Fic. 6. Transverse voltage in a longitudinal magnetic 
field for Bi IT at 4.2°K. 
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Fic. 7. Longitudinal magnetoresistance for Bil at 4.2°K 
plotted against reciprocal magnetic fields (H~'). The lower figure 
shows AR plotted on an expanded scale. 


the conclusion can be drawn from these results that the 
periods of oscillatory galvanomagnetic phenomena de- 
pend to first order solely upon the orientation of H 
with respect to the crystalline axes. 

When one uses Shoenberg’s parameters’ which are 
obtained from the fitting of the de Haas-van Alphen 
data to the J-S model, the calculated value of the three 
equal periods for this orientation is 1.17 10~° gauss~'. 
This disagreement for this particular orientation be- 
tween the calculated de Haas-van Alphen period and 
the observed galvanomagnetic periods is not too sur- 
prising, since actual de Haas-van Alphen measurements 
using Shoenberg’s torsion balance cannot be performed 
at this orientation. The extrapolation of the de Haas- 
van Alphen measurements to this orientation could 
easily be in error. In fact, Shoenberg'! states that 
some of the parameters, which are approximated from 
data fitting, could be in error by as much as 25%. 

Since oscillatory galvanomagnetic effects are actually 
observed at this orientation, the observed period of 
1.58 10° gauss~! is believed to be more reliable than 
the calculated period of 1.17 10~* gauss~'. This belief 
is supported by the most recent cyclotron resonance 
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measurements” at this orientation, which give an 
electronic m;*=0.04mpo instead of the m,;*=0.055mpo 
obtained for Shoenberg’s parameters. With the reason- 
able assumption that Shoenberg’s value for Eo; is 
correct, this m;*=0.04mp leads to a value of B;*/Eo,; 

1.61 10~° gauss™! which is in good agreement with 
the above observed results. Furthermore this disagree- 
ment is with the one-to-one 
correspondence between the periods of the de Haas- 
van Alphen and oscillatory galvanomagnetic effects at 
other orientations. 

In addition to the above main period of oscillation, 
a short-period oscillation was also observed for Bi I. 
This short period is of the order of eight times smaller 
than the main period and is seen clearly in Figs. 3 and 8 
at the higher fields and lower temperatures. Periods 
other than the main period could arise from the higher 
order, damped harmonics in Eq. (1), or from beats 
between the main three periods due to misalignment, 
or from holes. The reasons for discounting the possibility 
of attributing the short period to the higher order, 
damped harmonics will be given shortly. An examina 
tion of the short period revealed that its amplitude was 
not monotonically damped in H~', but rather that it 
had the characteristics of a beat period. Thus the short 
period is attributed to beats arising from a very slight 
misalignment of H with respect to the trigonal axis. 

In the present and previous experiments on bismuth, 
no oscillatory behavior was found which could be 
attributed to holes. If the energy surfaces for the holes 
could be represented by quadratic surfaces, then this 
failure to observe holes can be simply explained on the 


inconsistent observed 
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Fic. 8. OR for the longitudinal magnetoresistance of Bil at 

1.2°K and 3°K plotted against reciprocal magnetic fields (7 1) 

The lower figure gives the lower magnetic-field data plotted on an 
expanded AR scale 


*7 Lax, Button, Zeiger, and Roth, Phys. Rev. 102, 715 (1956), 
Also, J. K. Galt (private communication) 
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basis that its periods were too small to be measured. 
This would be true, if the m,* and Eo, for the holes were 
considerably greater than those for the electrons. This 
surmise is substantiated in cyclotron resonance meas- 
urements by Galt et al.** who find that heavy holes with 
m* =().3mo are the majority carriers. Galt also reports 
a very light hole mass, which would give rise to an 
easily observable oscillatory behavior. However, the 
cyclotron resonance associated with this light hole has 
since been shown to be attributable’ to other causes. 
The failure to observe an oscillatory behavior for holes 
can also be explained, if the energy surfaces for the 
holes were warped. In this case,’ m,* is no longer an 
energy-independent parameter and the sharp, degener- 
ate levels associated with oscillatory phenomena are 
drawn out into bands of varying widths. If these bands 
are sufficiently broad, they will overlap and the oscilla- 
tory phenomena will become negligible. 


B. Departures from Nodal Periodicity in Bi I 


It was noted in the high field data of Fig. 7 at 4.2°K 
that the distance between the nodes of last half-period 
oscillation below the AR axis was 20 percent smaller 
than the value of 6;*/2E9;=0.79X10~° gauss™' given 
above. This departure from periodicity was much too 
large to be attributed to errors in drawing the envelope 
curves. Therefore, it was believed at first to be due to 
an unexplained high-field compression of the period. 

The reason for this discrepancy became apparent 
upon plotting the 1.2°K and 3°K data, which are shown 
in Fig. 8 as a plot of AR against H~'. Two observations 
concerning nodal periodicity were noted : 

(a) Each complete oscillation exhibited nodal perio- 
dicity in H~ at the lower fields and higher tempera- 
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Fic. 9. Departures from nodal periodicity for Bi I. The half 
period distance between nodes is plotted against integers repre 
senting the nodes. Note that the points are plotted midway 
between the integers 

4 Galt, Yager, Merritt, Getlin, and Dail, Phys. Rev. 100, 748 


(1955). 
* M. Tinkham, Phys. Rev. 101, 902 (1956). 
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tures, but exhibited only an approximate nodal perio- 
dicity at the higher fields and lower temperatures. 

(b) Although the half-oscillations exhibited nodal 
periodicity in H~ as predicted in Eq. (1) at the lower 
fields and higher temperatures, they systematically 
exhibited progressively larger departures from nodal 
periodicity at the higher fields and lower temperatures. 
The nodal half-periods became progressively greater 
than 8;*/2£o; for the half-oscillations above the AR 
axis and progressively smaller than 8,*/2Ko; for the 
half-oscillations below the AR axis. 

In order to emphasize the nature of this effect, Fig. 9 
shows a plot of the distances between the nodes of the 
half-period oscillations of the AR curves against integers 
representing the nodes at 1.2°K, 3°K and 4.2°K. By 
the graphical extrapolation of Fig. 8 to higher fields, 
nodes were calculated to exist at ~75 000 gauss and 
a last possible node at ~ 150 000 gauss. Therefore, the 
highest field node in Fig. 8 is the third node and the 
half-period length between the third and fourth nodes 
is the first point in Fig. 9. The gradual change from the 
periodic nodal distances at the lower fields and higher 
temperatures to the nonperiodic nodal distances at the 
higher fields and lower temperatures is apparent from 
the schematic curves in Fig. 9. Since the nodal distances 
at the higher fields and lower temperatures are not 
periodic, the oscillatory data cannot be analyzed simply 
in terms of the monotonically damped harmonics of 
Eq. (1). 

These departures from nodal periodicity can be quali- 
tatively explained on the basis that Eq. (1) is no longer 
an accurate representation of the behavior of oscilla- 
tory phenomena without the assumption for n>>1 or 
Ej>6 *H. When H is sufficiently large so that only a 
small number of quantum levels are occupied, the 
summation in the determination of the partition func- 
tion can now be summed term by term,‘ rather than 
being expressed® by a Poisson summation formula in 
order to obtain Eq. (1). Upon summing term by term, 
an exact expression for the diamagnetic moment of a 
free-electron gas at 0°K is obtained and is exhibited as 
a function of H by Peierls‘ and in two other sources, *! 
which show the alternately short and long half-periods. 
If the exact diamagnetic moment were nodally periodic 
in H-', then these plots against H should have exhibited 
progressively longer half-periods in increasing H. The 
cusps in these figures occur each time in decreasing 
magnetic fields that a previously unoccupied energy 
level starts to become occupied. A plot of the exact 
diamagnetic moment for a free-electron gas against H~! 
appears in some unpublished work of de Launay,” 
which clearly exhibits the alternately long and short 


“N. F. Mott and H. Jones, Theory of the Properties of Metals 
and Alloys (Oxford University Press, London, England, 1936), 
p. 216. 

“ F. Seitz, The Modern Theory of Solids (McGraw-Hill, New 
York, 1940), p. 500. 

# J. R. de Launay (private communication). 
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half-oscillations and also the approximate periodicity 
of the complete oscillations. The exact theory does not 
contain any harmonic terms as does Eq. (1) and does 
not exhibit nodal periodicity. The behavior predicted 
by the free-electron theory is highly similar to Fig. 8 
in which it can be shown that there are only two 
occupied quantized levels present for the last observed 
high-field oscillation. For 7>0°K, the cusps at 0°K are 
smoothed due to the spreading of the energy levels, so 
that the oscillations approximate the sinusoidal perio- 
dicity of Eq. (1) more closely. Since neither the experi- 
mental data nor the exact theory exhibited nodal 
periodicity for m>>1, the possibility of explaining the 
short (beat) period of Bil as the eighth harmonic of 
the main period can be discounted. These reasons also 
explain why the more predominant harmonics (such as 
the second and third harmonics) did not appear in the 
experimental results. 

This correlation between the exact theoretical oscilla- 
tory diamagnetic moment for a free-electron gas and 
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Fic. 10. Long-period oscillation for Bi II at 4.2°K plotted 
against reciprocal magnetic fields (H™). 


the observed oscillatory galvanomagnetic phenomena 
for a real metal with overlapping bands is rather re- 
markable. If the oscillatory effects of the hole surfaces 
are neglected as is justified from an experimental stand- 
point, the oscillatory effects of the three electronic 
ellipsoids can be simply added for the orientation of 
Bi I, so that the over-all effect would be similar to that 
of a single ellipsoid. Thus it is seen that the choice of 
crystal orientation, so that only one period is pre- 
dominantly observed, has served to show this corre- 
lation clearly. This correlation lends strong support for 
the validity of the J-S model. A probable explanation of 
this correlation is that the density of states and the 
E vs k curves at the bottom of an overlapping electronic 
conduction band have a parabolic dependence, as in 
the free-electron case. Therefore, the introduction of an 
energy-independent m,* is a valid approximation. This 
explanation is applicable to bismuth, since the Zo; for 
the very small number of electrons in the overlapping 
electronic conduction bands are only 0.018 ev.’ How- 
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. Short-period oscillation for Bi IT at 4.2°K plotted 
against reciprocal magnetic fields (/7~') 


ever, in the absence of a detailed theory for the oscilla- 
tory galvanomagnetic effects, one cannot exclude the 
possibility that this seemingly reasonable correlation is 
just coincidental. 


C. Periodic Oscillations in Bi II 


‘Two oscillatory behaviors were observed in Fig. 5 
A long-period oscillation at low fields and a short-period 
oscillation at high fields. The amplitude of the short 
period oscillation is too small to be observed at low 
fields and it only appears at the high fields after the 
long-period oscillation has gone through its last possible 
oscillation. Due to the small voltages measured for 
Bi I, the oscillatory behavior is not as clear as for 
Bil. Figure 10 is a plot of the longitudinal magneto 
resistance against //~! for curve II of Fig. 5 and exhibits 
the long-period oscillation at low fields. The period of 
this oscillation is B;*//o9;= 7.1 10~° gauss”!. The same 
value was obtained for. this orientation by Steele and 
Babiskin"’ for transverse magnetoresistance and thermo 
magnetic effects. This excellent agreement further con 
firms the previous conclusion that the period of oscilla 
tion for transport phenomena does not depend on the 
direction of J. 

The calculated values of the three periods of oscilla 
tion for this orientation using the de Haas-van Alphen 
effect parameters given by Shoenberg® are 7.1 10~°, 
7.1 10~°, 0.25 10~ gauss~'!. It is seen that the periods 
for oscillatory transport phenomena given above are in 
excellent agreement with the two predominant equal 
long periods calculated from Shoenberg’s parameters 

Figure 11 exhibits the short-period oscillation at high 
fields plotted against H~! from curve II of Fig. 5. The 
period of this oscillation is 0.3X10°° gauss”', which 
compares favorably with the above calculated value of 
0.25 10~* gauss~'. The observation of this short period 
is a striking example of the validity of the J-S model in 
the analysis of the oscillatory phenomena for bismuth. 
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The absence of this short period in Shoenberg’s" 
measurements on the de Haas-van Alphen effect up to 
9000 gauss and in Steele and Babiskin’s'’ measurements 
on oscillatory transport phenomena up to 13 000 gauss 
is not too surprising. This absence can be deduced from 
Eq. (1), which shows that the amplitude of short- 
period oscillations are more heavily damped than long 
period oscillations. 

The condition that is not >1 as discussed for Bi I 
is also satisfied by the long period oscillation of Bi II. 
It is noted in Fig. 10 for Bi II at 4.2°K, that the last 
oscillations have alternating short and long half periods 
as for Bil. A re-examination of the long period data 
of Steele and Babiskin'’ showed that the oscillatory 
thermomagnetic phenomena at 1.6°K and the magneto- 
resistance at 1.23°K exhibited the alternating short 
and long half periods most clearly, In fact, the oscil- 
latory thermomagnetic phenomena exhibited a pro- 
nounced cusp-like behavior. These observations lend 
further support to the correlation found for Bi I. 


D. Normal Galvanomagnetic Effects 


The normal galvanomagnetic effects in 1, which 
were observed in these experiments, are smaller than 
the corresponding Hy effects by orders of magnitude. 
Even though H, J, the crystal length and the appro- 
priate crystalline axis were all aligned parallel with 
respect to each other to about 1°, this is not sufficient 
to rule out the possibility that some percentage of the 
observed //, effects might be due to small H7 com- 
ponents arising from slight misalignments. From classi- 
cal conduction models, this percentage would be 100%. 
However, from the application of the J-S model to the 
theory of magnetoconductivity, it will be shown that 
the H/, effects do exist, but it is still not known what 
percentage of the observed effects is due to 7, or to a 
small 1/7 component. The virtual absence of beat 
periods in the observed oscillatory galvanomagnetic 
effects shows that the alignments were quite good. 

To analyze the //, effects, the Boltzmann transport 
equation in a magnetic field must be solved. However, 
Wilson states that the application of the Boltzmann 
transport equation to the theory of conduction in a 
magnetic field is no longer valid, when it becomes 
necessary to take into account the magnetic quantiza- 
tion of the electron orbits. Since the oscillatory transport 
phenomena are associated with this magnetic quantiza- 
tion, the observed normal //, effects for bismuth can 
only be analyzed at very low magnetic fields where the 
quantization effects are negligible. In the H, effects, 
the longitudinal voltage will contain a transverse com- 
ponent due to inaccurate placement of the potential 
probes. Similarly, the transverse voltage will contain a 
longitudinal component. Since H could not be reversed 
in these experiments in order to separate the even and 
odd components of the voltages and due to the pro- 


* Reference 1, p. 210. 
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gressive deterioration of the H, effects in Bi II, detailed 
measurements were not attempted in the very-low- 
field region. Therefore, the only remaining analysis is 
to show the conditions for the existence of the H, 
effects. 

Kaplan“ has obtained a solution of the Boltzmann 
transport equation for the normal galvanomagnetic 
effects in an anisotropic conductor with an ellipsoidal 
energy surface, assuming that the relaxation time is an 
energy-independent parameter. Kaplan also suggests 
that this solution can be applied to anisotropic con- 
ductors with multi-ellipsoidal energy surfaces by sum- 
ming the effects due to each of the ellipsoids, after all 
the ellipsoids have been transformed to a common 
frame of reference. Since the results for the de Haas- 
van Alphen effect and oscillatory galvanomagnetic 
effects of bismuth have been analyzed by the J-S model, 
the author has independently analyzed the conditions 
for the normal galvanomagnetic effects of bismuth at 
low magnetic fields by applying the Kaplan solution to 
the J-S model. 

Applying this solution to a single ellipsoid, the Hall 
voltage is the only galvanomagnetic effect obtained. 
A single ellipsoid does not produce any transverse or 
longitudinal magnetoresistance or any transverse volt- 
age in H,. This result is independent of whether the 
ellipsoid is represented by a diagonal or a nondiagonal 
effective-mass tensor. This result is also consistent with 
a statement in Wilson that no magnetoresistance 
effects exist, if all the electrons which contribute to the 
electric current have the same velocity. This is due to 
the cancellation of the effect of the magnetic field by 
the Hall electric field. However, for a multi-ellipsoid 
model, all the electrons no longer have the same 
velocities and magnetoresistance effects become pos- 
sible. 

Recently, Abeles and Meiboom“ have independently 
given a thorough analysis of the galvanomagnetic 
properties of bismuth similar to that outlined above. 
They use the J-S model for the electrons except that 
the angle of rotation (6) of the ellipsoids with respect 
to the binary axes is set equal to zero, so that the 
effective-mass tensors associated with the ellipsoids are 
diagonal. They also use a single ellipsoid for the holes 
with a diagonal effective-mass tensor. They obtain 
good agreement between this model and experiments at 
80°K and 300°K in magnetic fields up to 2000 gauss. 

The solutions of Abeles and Meiboom exhibit Hall 
voltages and transverse magnetoresistances for all 
crystal orientations. They also exhibit longitudinal mag- 
netoresistances for all (except one) crystal orientations. 
Their solutions provide a basis for the existence of the 
observed longitudinal magnetoresistance of Bi II. The 
exception noted above, where these solutions do not 


“ J. I. Kaplan, Phys. Rev. 99, 1808 (1955). 
© Reference 1, p. 215. 
46 B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956). 
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exhibit a longitudinal magnetoresistance occurs at the 
orientation where H and J are both parallel to the 
trigonal axis. However, this orientation is the one at 
which the longitudinal magnetoresistance results for 
Bi I were obtained. Also, these solutions do not exhibit 
transverse voltages in //;, for any orientation. 

Thus, it is seen that the J-S model with @=0 as used 
by Abeles and Meiboom, does not establish the condi- 
tions for all the observed galvanomagnetic properties of 
bismuth at liquid helium temperatures. This @=0 model 
is also inconsistent with the results obtained for oscilla- 
tory phenomena, which are analyzed by the J-S model 
with 640. Upon applying the J-S model with 040 to 
the analysis of normal galvanomagnetic phenomena, 
a basis for the existence of the longitudinal magneto- 
resistance observed for Bi I and the transverse voltage 
in H, observed for Bi II is established. The galvano- 
magnetic tensors for the J-S model with 640 will not 
be displayed here, since they have very recently been 
independently derived by Lax et al.” in the analysis of 
cyclotron absorption in bismuth. The cyclotron absorp- 
tion tensors reduce to the galvanomagnetic tensors by 
setting the frequency equal to zero. 

The necessity of the assumption that the ellipsoids 
are rotated about their respective binary axes is more 
apparent for antimony than for bismuth. The results 
from the de Haas-van Alphen effect show that the angle 
of rotation is considerably greater for antimony® than 
for bismuth.!! The role of this rotation in providing 
an experimental basis for transverse galvanomagnetic 
effects in H,, is clearly exhibited by a comparison of the 
above results obtained for bismuth with the results 
obtained by Steele® for antimony. For antimony, where 
the angle of rotation is large, the transverse voltages 
observed in H, and Hy are almost equal. Whereas for 
bismuth, where the angle of rotation is small, the 
transverse voltage observed in //;, is very much smaller 
than in 7/7. 

This above discussion suggests that further experi- 
ments on the galvanomagnetic properties of bismuth 
and antimony in low magnetic fields at liquid helium 
temperatures would be profitable. The results of such 
experiments could probably be analyzed with the 
effective-mass parameters obtained from high-field meas- 
urements. 


E. Anomalous Resistance Maximum 


The anomalous maximum found in the longitudinal 
magnetoresistance of antimony by Steele*? has now 
been found with bismuth (Fig. 5) as well. The position 
of the maximum was found to be sensitive to strain. 
The maximum was qualitatively explained in the 
Introduction by the addition of a surface-scattering 
mechanism to the normal magnetoresistance. 

The surface scattering can be attributed to either the 
external surfaces of the crystal or internal surfaces.” 


47D. K. C. MacDonald, Phil. Mag. 63, 124 (1952). 
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From estimates of the electronic mean free path and 
the radius of the classical electronic orbits in a magnetic 
field, it was shown**? that the distance between the 
scattering surfaces was less than the thickness of the 
crystal, but greater than atomic dimensions. This sug 
gests that the scattering is due to internal surfaces, such 
as slip surfaces. For bismuth, these internal surfaces 
would most likely occur parallel to the principal 
cleavage plane. The question of whether the scattering 
was due to external or internal surfaces could be re- 
solved in either of the two following types of experi- 
ments: (a) experiments with varying crystal thickness, 
if the scattering were due to external surfaces; (b) ex- 
periments with crystals with different orientations, if 
the scattering were due to internal surfaces parallel to 
the cleavage plane. In the latter case, the orientation of 
the cleavage plane is varied with respect to the direction 
of J. 

In the present work, the anomalous maximum in the 
longitudinal magnetoresistance was exhibited by Bi I 
(Fig. 5), where the principal cleavage plane was 
parallel to the crystal length and J. However, for Bi | 
(Fig. 3), where the principal cleavage plane was per- 
pendicular to the crystal length and J, the longitudinal 
magnetoresistance increased monotonically with in 
creasing magnetic field. If the surface scattering were 
due to the external surfaces of the crystal, then Bil 
should have exhibited the same type of resistance 
maximum as did Bill. Since Bil does not exhibit a 
resistance maximum, the conclusion is postulated that 
the magnetoresistance decrease in Bi II is associated 
with scattering from internal surfaces parallel to the 
cleavage plane. 
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APPENDIX. THREE-ELLIPSOID MODEL 
FOR BISMUTH 


In the above discussion, rather strong experimental 
support was presented for the validity of a three 
ellipsoid model for bismuth and for the introduction of 
an energy-independent m*. Therefore, a review of this 
model is now outlined, which uses a slightly modified 
and more general approach than that given by Black 
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man® and Shoenberg.’ In order to determine f* for an 
anisotropic conductor, Blackman transforms an ellip- 
soidal energy surface into a spherical form and then 
determines the effect of this transformation on a com- 
mutation relation involving the magnetic field. 

The present approach deals directly with Schré- 
dinger’s equation in a uniform magnetic field repre- 
sented by the vector potential A= 4H Xr. We can write 
Schrédinger’s equation in the form 30)= (Ey—Ep)y. 
Ey is a constant energy measured from the origin of 
the prominent Brillouin zone to the origin of either an 
overlapping electronic ellipsoid or an unfilled hole 
ellipsoid, where Ly respectively includes or does not 
include the energy gap at the zone boundary. E,=0 for 
the free-electron case. Ew are the total values of the 
quantum levels. 3 is the Hamiltonian for any one of the 
4o; ellipsoidal energy surfaces and is expressed as: 


1 € € 
= (1 xr) m iG xr), (2) 
2myo 2c 2c 


where mo is the free-electron mass and m™! is the 
inverse of the diagonal effective-mass tensor m, which 
has the components m,=m,,/mo, Mm2=My,/mo and 
m;=M,,/mo. (For the spherical free-electron case, 
Mg = My, = Myz= My.) If we transform the x, y, 2 com- 
ponents of r, such that x=a’m,}, y= y'mz4, s=2'm;", 
then the p operator is automatically transformed to 
p.= mi p,', py=m2'p,’, p,=ms'p,’. Substituting this 
transformation into Eq. (2), we find that m~' has been 
transformed into a unit tensor so that 5C is now in the 
following spherical form: 


2 


1 € 2 
= (0 7 H'x¢') ; 
2my 2c 


H-m-H mi? 4+mil?+mH? 
H” - 7 -s ’ (4) 


| m| mM MyM 3 


which is the same transformation on H as obtained by 
Blackman. 

Schrédinger’s equation can now be solved in the same 
manner as in the free-electron case. With H in the z 
direction, we gel 


12 2 


ps 
B*H,(n +i)+, —, (5) 


Me: 


. , p 
Ey — En =BH,' (n+})4 


2mo 


where 6*=8/(m m:)'. Thus it is seen that the solution 
for the free-electron case can be applied to real metals 


BABISKIN 


with periodic potentials, when the highest-filled Fermi 
surface of constant energy can be represented by a 
multi-ellipsoidal model. The correlation between theory 
and experiment for the alternating long and short half 
periods discussed above can probably be explained with 
this ellipsoidal model. 

In the more general case, where H is at an arbitrary 
orientation with respect to the xyz coordinate frame 
with direction cosines a,, ay, a, then the following 
expression for 8* can be defined 


chy? 1? ama 
Moc m* m| 


a,” a,” a,” 


ET EEO A ra (7) 


m** mom, MM; MMe 


therefore 


This equation for the effective mass is the same as that 
obtained by Shockley** in the determination of the 
cyclotron-resonance frequency. 

For bismuth, we use a crystal coordinate frame where 
the trigonal axis is the z-axis, any one of the three binary 
axes is the x-axis, and the bisectrix between the other 
two binary axes is the y-axis. In the J-S model, the 
principal axes of each ellipsoid are rotated by an angle 0 
about its respective binary axis. For the ellipsoid which 
has the x-axis as the binary axis, this rotation introduces 
a symmetric nondiagonal component to the effective- 
mass tensor, which is 


M4 = My,/Mo= Mz, /Mo= 4 (mM2— ms) tan26. 


In this case, the relations given by Shoenberg’ for 
various orientations of H with respect to this ellipsoid 
can all be represented by the following single equation 
which is derived from Eq. (6): 


B*? = B? (maz? + may? + mye? + 2m cue) / 
[ m,(mym3—m,*) }|. (8) 


By the rotation of this ellipsoid and its associated non- 
diagonal effective-mass tensor about the z-axis by plus 
or minus 120°, relations similar to Eq. (8) were obtained 
for the other two ellipsoids. In the measurement of 
oscillatory phenomena, the quantity 6;*/£o; is deter- 
mined from the period. Therefore, in the determination 
of 8;*, there are five unknown parameters which are 
Eo, my, M2, ms and m, (or 0). Shoenberg® gives values for 
these parameters from de Haas-van Alphen effect 
measurements. 


~ 4 W, Shockley, Phys. Rev. 90, 491 (1953). 
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Ferrimagnetic resonance has been observed in gadolinium iron garnet from 


192° to 72°C, The apparent 


g factor and line width have their maximum values at the compensation point (13°C), The coincidence of 
the maximum g with the vanishing of the magnetization implies that the g factors of the Gd** and Fe** are 
equal, The temperature dependence of the integrated intensity of the absorption is very similar to that of 


the magnetization. Below 


E have observed ferrimagnetic resonance in poly- 

crystalline gadolinium iron garnet and found 
that the apparent g value goes through a maximum at 
the temperature at which the magnetization vanishes 
Gadolinium iron garnet Gd3Feo(FeO,); is one of a 
group of ferrimagnetic oxides first reported by Bertaut 
and Forrat.' Pauthenet’ discovered the compensation 
points, i.e., vanishing of the magnetization at a tem- 
perature below the Curie point, in rare earth iron 
garnets when the rare earth was any of the elements 
from gadolinium through thulium. Figure 1 shows a 
magnetization-temperature curve of gadolinium iron 
garnet with the compensation point at 13°C. 

The sample, a sphere of 0.033 in. diameter, was 
mounted on an axial copper post in a cylindrical trans- 
mission cavity, operated in the 7’Eo,; mode. A small 
amount of diphenyl-picry! hydrazil’ was also mounted 
on the post and its resonance (g= 2.0036) was used to 
obtain an accurate field calibration. Thermal conduction 
through the copper post was used to maintain the 
temperature of the sample at various values between 

-192° and 72°C. The klystron was stabilized on the 
cavity frequency of 9479 Mc/sec by an automatic 
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Fic. 1. Temperature dependence of the magnetization and of 
the integrated intensity of the resonance absorption of gadolinium 
iron garnet. The product, peak height times line width, has been 
used as an approximation to the integrated intensity. 


1 F. Bertaut and F. Forrat, Compt. rend. 242, 382 (1956) 

2, Pauthenet, Compt. rend. 243, 1499 (1956) 

We wish to thank Dr. Howard S. Jarrett of E. I. du Pont 
de Nemours Company for a gift of the dpph sample. 


150°C, both g and the line width increase with decreasing temperature 


frequency-control loop. Line shapes were recorded using 
a Hewlett-Packard reflectometer essentially in the 
manner of White and Solt.‘ A precision attenuator was 
used to obtain line widths in regions of high sample 
absorption. 

The apparent g factors, calculated from the equation 
hw=g8H, and the full line widths at half-maximum 
absorption are plotted in Fig. 2. The integrated intensity 
of the absorption (peak height times line width) is 
shown in Fig. 1. Its temperature dependence is quite 
similar to that of the magnetization. Although the 
absorption was too weak to detect in the immediate 
vicinity of the compensation point, the maxima in g 
and the line width appear to coincide with the vanishing 
of the magnetization. Both the line width and g begin 
to increase below —140°C. This is approximately the 
temperature at which Dillon® observed a rapid increase 
in the anisotropy of a single crystal of yttrium iron 
garnet and may indicate the influence of anisotropy 
on the apparent g factor of polycrystalline samples. 
.., Wangsness® has shown that the maximum g¢ should 
occur at the temperature at which the angular mo 
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Fic. 2. Apparent g values and line widths at 9479 Mc/sec of 
a 33-mil polycrystalline sphere of gadolinium iron garnet 


‘R. L. White and I. H. Solt, Jr., Phys. Rev. 104, 56 (1956 
6 J. F. Dillon, Jr., Phys. Rev. 105, 759 (1957) 
*R. K. Wangsness, Am. J. Phys. 24, 60 (1956 
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mentum goes to zero. The observed coincidence of the 
maximum g with the vanishing of the magnetization 
implies that the g factors of the Gd** and Fe** ions are 
equal, This equality of the g factors is not surprising 
since the ground states of both ions are S states. This 
behavior is in marked contrast to that observed in 
ferrites®.’ where the angular momentum and the mag- 
netization vanish at different temperatures. The simul- 
taneous compensation of the magnetization and angular 
momentum in gadolinium iron garnet is probably unique 
among presently known ferrimagnetic materials. 

The preliminary results reported here were obtained 


7T. R. McGuire, Phys. Rev. 97, 831 (1955). 


PHYSICAL REVIEW VOLUME 


OVERMEYER, 


107, 


AND SMITH 

in a magnet with a maximum available field of approxi- 
mately 3700 gauss. Further work at higher magnetic 
fields, higher frequencies, and with single crystals as 
well as polycrystalline material is in progress. The 
single-crystal measurements are particularly desirable 
for quantitative tests of theoretical predictions of the 
resonance behavior near the compensation point. 

Note added in proof.—J. ¥. Dillon, Jr., has kindly 
called our attention to similar measurements recently 
reported by Paulevé.* His results below the compensa- 
tion point are quite different from those reported here. 


* J. Paulevé, Compt. rend. 244, 1908 (1957). 
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Ion Desorption from Metal Surfaces* 


D. G. Brits 
Department of Physics, State College of Washington, Pullman, Washington 


(Received April 12, 1957) 


It is observed that relatively large positive ion currents can be thermally desorbed from W, Ta, and Mo 
surfaces even several days after bombardment of the gas-covered surface with low-energy positive nitrogen 
ions or electrons. No measurable ion current is desorbed if the surface has not previously been bombarded. 
The dependence of the desorption current on bombarding current and time, on nitrogen pressure, and on 
the desorption time and temperature is presented. It is postulated that ions or possibly excited neutral 
particles are captured in traps of several different depths on the metal surface and that as the surface 
temperature is increased the traps of least depth are emptied first. 


E have observed that relatively large numbers of 

positive ions can be desorbed from tungsten! 
filament surfaces in nitrogen at about 10~* mm Hg even 
several days after bombardment of the surfaces with 
low-energy nitrogen positive ions or low-energy elec- 
trons. Desorptions of ions’? is accomplished simply 
by heating the filament surface to a moderate tem- 
perature. On tungsten, desorption of ions begins at 
approximately 850°C. After the filament has been 
cleaned by heating to about 2000°C,* no further ion 
current can be desorbed by subsequent heating until 
the tungsten surface is again bombarded. For tungsten 
bombarded with positive ions, the total number of 
positive ions which can be desorbed at some later time 
increases roughly proportionally with increasing bom- 
bardment time, with increasing nitrogen pressure, and 
with increasing ionizing current of electrons, other 
factors being equal. 

* Supported in part by the Air Force Cambridge Research 
Center. 

! Recently we have found that similar but not identical effects 
occur on tantalum and molybdenum 

2 Secondary electron ejection at the ion collector by desorbed 
excited neutral particles was eliminated as a possibility by inter- 
posing a grid between the tungsten filament and the ion collector 
and noting the large decrease in ion collector current when the 
grid was charged positively. 

3 This temperature is believed to be high enough to remove any 
surface contamination except perhaps oxygen. Measurements 
were made in a mercury pumped bakeable ultra-high vacuum 
system where contamination could be held to a minimum. 


If the temperature of the tungsten filament is in- 
creased slowly after bombardment has ceased, several 
peaks in the ion current desorbing from the surface are 
observed. This effect is shown in Fig. 1 for several 
values of ion bombarding energy. Similar curves were 
obtained for the ion current desorbed from a tungsten 
surface previously bombarded with low-energy elec- 
trons. The various peaks occurred at the same filament 
temperatures as those in Fig. 1 but with reduced 
intensity. Four prominent peaks are evident in the ion 
current curves of Fig. 1 and we have obtained other 
evidence which suggests there is additional structure in 
the curves. These ion current desorption curves were 
very reproducible. Successive runs made under identical] 
conditions yielded practically identical curves. 

If after bombardment the tungsten filament tempera- 
ture is rapidly raised to a moderate temperature, the 
ion current desorbed from the surface decreases ex- 
ponentially with the time the filament is held at con- 
stant temperature. If the temperature is raised high 
enough, several exponential decay rates are observed, 
the lower rates persisting after the higher rates have 
died out. 

The effects described above are consistent with the 
hypothesis that neutral or charged particles are formed 
or are adsorbed on the surface during bombardment of 
the gas-covered surface by ions or electrons. To account 
for the several observed peaks in the ion desorption 





ION 


current it is reasonable to assume either that several 
different types of particles are formed or that the same 
type of particle is adsorbed with a binding energy 
depending upon the type of adsorption site. On the 
basis of either assumption, we may picture the adsorbed 
particles as residing in adsorption traps of different 
energy depth. As the surface temperature is increased, 
those particles in the traps of least depth acquire 
sufficient energy to escape.‘ At higher temperatures the 
deeper traps are emptied. Because the desorbed particles 
have been shown to be positive ions, the desorbed 
particles must exist on the surface as ions or be readily 
ionized. If, as seems likely, the adsorbed particles are 
ions, the persistent surface potentials observed directly 
by Shaw® and Laznovsky® and indirectly by many 
others are readily explained. It is conceivable that ion 
desorption may have influenced the interpretation of 
so-called “flash filament” measurements which have 
been used by many investigators to evaluate vacuum 
conditions and to study adsorption of a gas. 

‘The process assumed here is analogous to the trapping of 
electrons in phosphors. The glow curves obtained by warming 
certain phosphors after excitation are very similar in appearance 
to the ion desorption current curves we have obtained. See, for 
example, F. Urbach, Solid Luminescent Materials, edited by G. R 
Fonda and F. Seitz (John Wiley and Sons, Inc., New York, 1948), 
p. 123. 

». Shaw, Phys. Rev. 44, 1006 (1933). 

*W. Laznovsky, Ph.D. thesis, University of Vienna, 1951 
(unpublished). A copy of this thesis was kindly loaned to the 
writer by Dr. Richard Herzog. 
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Fic. 1. Ion desorp 
tion current curves 
for various positive + 
nitrogen ion bombard 
ing energies. Curves 
were obtained by in 
creasing the tung 
sten filament tem 
perature at approxi- 
mately 6 centigrade 
degrees per second 
after bombardment 
had ceased. Tem 
peratures shown are 
approximate 
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Preparations are now being made to try to detect ion 
desorption in other gases and from other surfaces, and 
to study the effects described above in more detail. 

The writer is indebted to Mr. Donald Horne for 
taking most of the data described here. 
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Wave Functions and Energy Levels for Fe as Found by the 
Unrestricted Hartree-Fock Method* 


. H. Woop, Massachusetts Institute of Technology, Cambridge, Massachusetts 
g ’ g , 


AND 


G. W. Pratt, Jr., Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 
(Received April 26, 1957) 


2 


Results of a self-consistent field calculation using Slater’s average exchange potential are given for atomic 
iron. The usual restriction of doubly filled orbitals in closed shells is dropped and orbitals, with the same n 
and / quantum numbers but different m, are varied separately. This results in a separate set of radial wave 
functions for the two one-electron spin directions. The differences in these functions arise from an exchange 
polarization effect produced by the net spin of the Fe atom. Wave functions, one-electron energy parameters, 
net spin charge density, and electrostatic potential functions for each spin are given. A comparison is made 
between these results and those obtained by the Hartree method. The magnetic form factor found with 
these new Fe orbitals is shown to be in good agreement with experiment. The fine-structure splittings are 
also evaluated and found not to be in as good agreement as those calculated by the Hartree method. The 


hyperfine splitting of the Mn** 


ion is estimated using the new orbitals and found to be in much better agree 


ment than estimates based on a limited configuration interaction 


INTRODUCTION 


HE usual formulation of a self-consistent field 
treatment of an atomic system consists of setting 

up a single determinant of one-electron functions each 
* The research reported in this document was supported jointly 


by the Army, Navy, and Air Force under contract with the Massa 
chusetts Institute of Technology. 


labeled by the quantum numbers n, /, m:, and m,. The 
expression for the average energy is varied with re 
spect to these functions, but only orbitals with distinct 
n and | designations are varied independently. This is 
known as the restricted Hartree-Fock method. 


'R. K. Nesbet, Proc. (London A230, 312 (1955) 


Roy. So 
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The method is restricted in the sense that orbitals 
with the same n and / values but with different m, or 
m, are forced to have the same radial dependence. It 
has been shown’ for an atom with net spin that if 
orbitals with the same n, 1, and m, values but with 
different m, assignments are varied independently, that 
the resulting variational equations for orbitals of dif- 
ferent m, have a different form. This difference arises 
because of the net spin of the atom, there being a 
different exchange interaction for electrons with m, of 
the same sign as the total M, than for electrons with m, 
of opposite sign to that of the total M,. This effect is 
conveniently described as an exchange polarization, and 
the separate variation with regard to the different m, 
values is known as the unrestricted Hartree-Fock 
method. 

The unrestricted method as applied here is based on 
the use of a single determinant for the total state which 
is taken to be in the 3d° 4s? configuration. Five of the 
six d-electrons are assigned @ spin and each assumed to 
have the same radial dependence. The remaining d- 
electron is given 8 spin, an m, value of 2 appropriate to 
the *D, ground state of Fe, and its radial dependence is 
independent of the d-electrons with a spin. Since the 
radial functions now have a parametric spin dependence, 
the single determinant is no longer an eigenfunction of 
S*. If the orbitals of the same n, |, and m, but different 
m, are nearly the same, the determinant will be a good 
approximation to such an eigenfunction. It is further 
to be noted that the exchange-polarization effect per- 
sists even when one carries through the full spin 
degeneracy problem such that each spatial function has 
no particular spin association. For a more detailed 
explanation of this point the reader is referred to 
reference 2, 

The primary purpose of the calculation reported here 
is to investigate an atom in which a large exchange 
polarization is expected and then to determine the 
physical consequences of this effect. To this end, the 
fine-structure splitting and the magnetic form factor of 
le have been evaluated. Since Fe has no nuclear mag- 
netic moment, no comparison with hyperfine splittings 
is possible. However, using the one-electron functions 
found here, it is possible to approximate the charge 
density for each spin about an Mn** ion and to esti- 
mate the hyperfine splitting. This is of particular 
interest as the Mnt* ion should show no hyperfine 
splitting if it were in the 3d° configuration as described 
by the restricted Hartree-Fock method. Actually a large 
splitting is observed, and attempts to describe this 
splitting by limited configuration interaction calcula- 
tions have been distinctly unsuccessful. It has been 
pointed out in reference 2 that the effect of exchange 
polarization would lead to a nonvanishing spin density 
at the nucleus due to the s-electron orbitals with oppo- 

2G. W. Pratt, Jr., Phys. Rev. 102, 1303 (1956). 


+ Abragam, Horowitz, and Pryce, Proc. Roy. Soc. (London) 


A230, 169 (1955). 


AND G. W. 
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site spin association. The value obtained for this split- 
ting by using the wave functions of the present calcula- 
tion is in relatively good agreement with experiment. 


METHOD OF SOLUTION 


The total charge density of the chosen configuration 
is not spherically symmetric due to the presence of the 
single d-electron of 8 spin. Reduction to a central-field 
problem was accomplished by neglecting the angular 
dependence of this d-electron wave function. By the 
use of Slater’s averaged exchange potential‘ the un- 
restricted Hartree-Fock equations are further reduced 
to a set of differential equations each containing but a 
single one-electron wave function explicitly and in 
which there is one potential in which all electrons of « 
spin are assumed to move and another potential for 
electrons of 8 spin. 

Fock’s equations are of the form® 


N U4* (r2)U4 (12) 
Hywuilors)+| > ef dr» 
kel Ti2 
3 N(o,n1) N 


4 
—3¢ —— >> mtrutrd)| } 
4 N(r\) b=! 


u;(o,7;) = Eu;(o,r;). (1) 


The term //, is the kinetic energy and the electrostatic 
energy arising from the electron-nucleus interaction of 
an electron at r;. The factor N(o,r;)/N(r;) is the frac- 
tion of electrons of spin @ at 1). 

Equation (1) is reduced to a radial differential equa- 
tion in the standard way for a central-field problem by 
setting 

Po, 1,0( 


r) 
ul(o,r) = Y "(6,o). (2) 


r 
The equation for Py,1,¢(7) in atomic units is 
; L(l+1) | 
Eat a 


dr’ r r r? | 


d’ P pw(r) 2Z,(r) z(o,r) 
. ‘ of = 


XPaw(r)=0. (3) 


The quantity 2Z,(r) is r times the ordinary electro- 
static potential set up by the nucleus of charge Z and 
all of the electrons. It is given by 


2Z (1) =2Z 
- = 


all 


electrons 


” Pas*(s’) 
| f Pasir )dr'+r f = et dr’ (4) 


r 


The quantity 2(¢,r) of (3) is r times the averaged ex- 
change potential for spin o and is expressed in atomic 


~ 44.C. Slater, Phys. Rev. 81, 385 (1951). 
5G. W. Pratt, Jr., Phys. Rev. 88, 1217 (1952). 
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units in terms of the radial functions as 


3 N(o,r) 


2(o,r) =6 1P nto’ (r) (5) 


16n’? N(r) 


all 
electrons 


The quantities 2Z,(r) and 2(o,r) are conveniently com- 
bined to define the function W(¢,r) as 


W (o,r) =2Z,(r)+2(0,7). (6) 


Self-consistency is determined with respect to the 
W (o,r) function. 

The problem is solved by first estimating the initial 
Wo(o,r) function and using this in (3) to determine the 
corresponding set of one-electron functions Pp,1,0(r). 
Using this set, the fina! W,(¢,r) function is constructed 
for each spin by (6) and compared with the initial 
W,(o,r). This is repeated until satisfactory agreement 
is found between the initial and final W (o,r) functions. 
Equation (3) was integrated on the International 
Business Machine 604 Calculating Punch using the 
Noumerov method described in reference 5. 

The Wo(o,r) function was estimated in the following 
way. The 2Z,(r) part was taken to be that determined 
by a previous self-consistent field investigation of Fe 
using the Hartree method by Manning and Goldberg.® 
In order to obtain the remaining z(o,r) contribution to 
Wo(o,r), the quantity N(o,r)/N(r) and the local elec 
tron density are required. The local density was calcu- 
lated from reference 6,and for the first cycle N (a,r)/N(r) 
was taken as 15/26 for g=a and 11/26 for o=8. 

The self-consistent procedure is apt not to converge 
if the W,(o,r) function is used directly in (1) to deter 
mine a new set of Py..(r) functions. Therefore, a 


TABLE I. The 1s radial wave functions as determined by the Slater 
approximation and by the Hartree method (labeled MG) 


PA 


1.263 
0.861 
0.577 
0.381 
0.249 
0.162 
0.104 
0.067 
0.042 
0.027 


P\MG 


1.457 
1.026 
0.709 
0.485 
0.326 
0.219 
0.145 
0.095 
0.062 
0.040 


Piy@ 


1.264 
0.861 
0.577 
0.381 
0.250 
0.162 
0.105 
0.067 
0.043 
0.027 


PA 


0.000 
0.549 
1.048 
1.495 
1.895 
2.252 
2.568 
2.848 
3.094 
3.310 
3.486 


P,,MG r 


0.000 0.120 
0.495 0.140 
0.939 0.160 
1.337 0.180 
1.693 0.200 
2.009 0.220 
2.289 0.240 
2.536 0.200 
2.752 0.280 
2.940 0.300 
3.102 


r Py 


0.000 0.000 
0.002 0.549 
0.004 1,047 
0.006 1.495 
0.008 1.895 
0.010 2.251 
0.012 2.568 
0.014 2.848 
0.016 3.094 
0.018 3.310 
0.020 3.486 
0.015 
0.005 


0.007 
0.000 


0.350 
0.400 


0.008 
3.409 0.002 
3.596 
3.689 
3.708 


3.731 
3.853 
3.880 
3.836 


3.731 
3.853 
3.880 
3.836 


0.025 
0.030 
0.035 
0.040 


3.588 
3.336 
3.016 
2.672 
2.332 
2.012 


3.005 
3.265 
2.884 
2.501 
2.139 
1.810 


3.005 
3.266 
2.885 
2.502 
2.139 
1.810 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 


*M. F. Manning and L. Goldberg, Phys. Rev. 53, 662 (1938) 
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TABLE II. The 2s radial wave functions as determined by the 
Slater approximation and by the Hartgge method (labeled MG). 


r Put P28 PMG r Put Pub PyMG 
0,220 
0,240 
0.260 
0.280 
0.300 
0.4350 
0.400 
0.450 
0.500 
0.550 
0.600 


2.038 
2.022 
1.966 
1.880 
1.775 
1.470 
1.163 
0,892 
0.668 
0.491 
0.45) 


2.039 
2.024 


2.011 
2.008 
1.967 1.963 
1.881 1.888 
1.775 1.791 
1.469 1.502 
1.161 1.201 
0.889 0.931 
0.666 0.701 
0.489 0.521 
0.355 0.379 


0.000 
0.348 
0.608 
0.792 
0911 

0.975 
0.995 
0.978 
0.930 


0,000 
0.349 
0,609 
0.792 
0.912 
0.976 
0.996 
0.978 
0.931 


0,000 
0.340 
0.594 
0.774 
O.893 
0,959 
0.982 
0.968 
0.925 


0.000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 


0.764 
0.545 
0.270 
0.009 
0.288 
0.556 


0.769 
0.551 
0,298 
0,029 
0,242 
0.504 


0.050 
0.060 
0.070 
0.080 
0.090 
0,100 


0.764 
0.535 
0.270 
0.008 
0.287 
0.556 


0.195 
0.174 
0.048 
0.023 
O.O11 
0.005 
0.003 
0,002 


0.182 
0.089 
0.041 

0.014 
0.000 


0.181 
0.088 
0,040 
0.014 
0.000 


0,700 
0.800 
0.900 
1,000 
1.100 
1,200 
1,300 
1.400 


0.978 
1.362 
~1.649 
1.846 
1.962 


1,037 

1.422 
1.706 
1.895 
2,000 


0.120 
0.140 
0.160 
0.180 
0.200 


1.036 
1.421 
1.705 
1.893 
2.000 


1,600 0.000 


TABLE III. The 2 radial wave functions as determined by the 


Slater approximation and by the Hartree method (labeled MG). 


PiyMG PayMG 


1.924 
1.849 
1.758 
1.654 
1.542 
1.259 
0.995 
0.767 
0.581 
0.433 
0.319 


’ Pye 


0,000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 


P»g 


0.000 
0.013 
0.047 
0.099 
0.165 
0,242 
0.328 
0.419 
0.514 


0.220 
0.240 
0.260 
0.280 
0.300 
0.350 
0.400 
0.450 
0.500 
0.550 
0.000 


1.936 
1.854 
1.755 
1.644 
1.527 
1.234 
0.966 
0.739 
0.556 
0.412 
0.302 


0.000 
0.012 
0.045 
0.095 
0.158 
0.232 
0.314 
0.402 
0.494 


0.000 
0.013 
0.044 
0.099 
0.165 
0.242 
0.327 
0.418 
0.513 


1.236 
0.968 
0.741 
0.558 
0.414 
0.683 0.404 
0.872 
1.053 
222 
376 
512 


0.710 
0.904 
1.089 
1.261 1 
1.417 1 
1.554 1 


0.709 
0.903 
1.088 
1.260 
1.416 
1.553 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 


0.159 
0.080 
0.038 
0.014 
0.000 
0.000 


0.168 
0.151 
0.042 
0.019 
0.009 
0.004 
0.001 
0.000 


0.700 
0.800 
0.900 
1.000 
1.100 
1.200 
1.300 
1.400 


0.1600 
0.082 
0.041 
0.020 
0.008 
1.729 0.000 
1.876 

1.958 
1.987 
1.972 


1.771 
1.915 
1.993 
2.015 
1.993 


1.770 
1.914 
1.992 
2.014 
1.992 


0.120 
0.140 
0.160 
0.180 
0.200 


potential W2(0,r) intermediate between Wo(o,r) and 
W(o,r) was employed in the second cycle. There being 
no criterion for selecting W2(0,r), an arbitrary choice of 


W 2(a,r) =4(Wolo,r)+Wi(o,r)} 


was made. The result of the second cycle is a new set of 
radial functions from which the potential W,(o,r) is 
found. 

After completing the second cycle, one has sufficient 
information, i.e., W,(o,r) with i=0, 1, 2, 3, toapply the 
interpolation method described in reference 5 to find 
the starting potential W4(o,r) for the third cycle. This 
interpolation procedure was very successful in the case 
of Cut and proved to be so in the present case. The 
potential Ws5(o,r) found from the third cycle was 
satisfactorily consistent with W,(o,r). The radial wave 
functions for each spin found in the third cycle were 
taken as final. 
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Tape IV. The 3s radial wave functions as determined by the 
Slater approximation and by the Hartree method (labeled MG). 


r Put Pub PyMG r Put Pub =PyMG 
0,063 
0.367 
0.634 
0.850 
1.013 


1,125 


0.141 
0.448 
0.711 
0.919 
1.070 
1.169 


06.000 
0.130 
0,227 
0.295 
0.340 
0.364 
0.371 

0.365 
0.346 


0.350 
0,400 
0.450 
0.500 
0.550 
0,600 


0.142 
0.453 
0.719 
0.928 
1.080 
1.179 


0.000 
0.133 
0.232 
402 
447 
$71 
$77 
469 
$44 


0.000 
0.132 
0.290 
0.299 
0.443 
0.466 
0.372 
0.364 
0,444 


0.000 
0.005 
0010 
0.015 
0.020 
0,025 
0.030 
0.045 
0.040 


1.240 
1,194 
1.085 
0.948 
0.806 
0.672 
0.553 
0.450 


1,221 
1.287 
1,103 
0.977 
O41 
0.710 
0.578 
0.487 


0,700 
0.800 
0.900 
0.282 1.000 
0.195 1.100 
0.093 1,200 

1 

1 


1.247 
1.198 
1.084 
0.943 
0.798 
0.662 
0.542 
0.438 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 


0.279 
0,186 
0.080 
0.051 
0.141 
0,245 


0.276 
0.184 
0.079 
0.031 
0.140 
0.242 


0.014 $00 
0.120 400 
0,221 

0.290 
0,183 
0.112 
0.067 
0,036 
0.015 
0.008 
0.000 


0,321 
0,207 
0.131 
0.082 
0.082 
0.042 
0.019 
0.012 
0,007 
0.005 
0,004 


0.279 
0.173 
0.106 
0.063 
0.0356 
0.018 
0,000 
0,000 


1,600 
0.399 1,400 
0.532 2.000 
0.617 2.200 
0.657 2.400 
0.655 2.600 
0.618 2.400 
0.553 3.000 
0.466 4.200 
0.362 3.400 
0.247 4.600 


OA19 
0.544% 
0,626 
0656 
0.044 
0.595 
0,518 
0.420 
0.406 
0.184 


0424 
0,554 
0.634 
0.664 
0.652 
0.603 
—0.525 
0.425 
0.310 
0.186 


0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.2060 
0.240 
0,400 


Tapite V. The 3p radial wave functions as determined by the 
Slater approximation and by the Hartree method (labeled MG). 


r Pye Pf PyMG r Pip Pi, PyMG 
0.556 
0.765 
0.928 
1.046 


1.124 


0.548 
0.754 
0.915 
~1.032 
1.110 


0.462 
0.671 
0.440 
0,967 
1,056 


0.000 
0,004 
0.016 
0.035 
0.058 
0.085 
0.115 
0,146 
0.180 


0.400 
0.450 
0,500 
0,550 
0,600 


0.000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.0430 
0.045 
0.040 


0,000 
0.005 
0.018 
0.0437 
0,062 
OO! 
0.123 
0.157 
0.192 


0.000 
0.005 
0.017 
0.037 
0.061 
0.090 
0.121 
0.154 
0.189 


1.137 
1.200 
—1.061 
0,966 
0.859 
—0.751 
~0.641 
0.563 


0,700 
0.800 
0.900 
1.000 
1,100 
1.200 
1,300 
1.400 


1.181 
1.146 
1.058 
0.945 
0.825 
0,707 
0.599 
0,502 


1.170 
1,139 
1.057 
0.949 
0.833 
0.719 
0.613 
0.518 


0.248 
0.315 
0.378 
0.435 
0.484 
0,526 


0.264 
0.344 
0,399 
0.457 
0,507 
0.548 


0,259 
0.328 
0,392 
0.450 
0.499 
0.539 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 0.345 
0.232 
0.152 
0,096 
—0,056 
0.026 
0.015 
0.008 
—0.002 
0,000 


0,361 
0.246 
0.164 
0.105 
0,062 
0.028 
0.016 
0,007 
0.000 


0,398 
0,280 
0.194 
0.133 
0.091 
0.061 
0.041 
0.028 
0.019 
—0,012 
— 0,008 
0.005 
~0.004 
—0.001 


1.600 
1.800 
2.000 
2.200 
2.400 
2.600 
2.800 
3.000 
3.200 
3.400 
3.600 
3.800 
4.000 
4.500 


0.584 
0.608 
0.001 
0.568 
0.512 
0.439 
0.352 
0.256 
0.154 
0.048 
0.217 


0.593 
0.610 
0.594 
0.551 
0.485 
0401 
0.304 
0.198 
0.088 
0.025 
0.301 


0.120 
0.140 
0,160 
0.180 
0,200 
0.220 
0.240 
0,260 
0.280 
0,400 
0.350 


0.602 
0.620 
0.604 
0.560 
0.494 
0.408 
0.310 
0.202 
0.089 
0.025 
0.305 


NUMERICAL RESULTS 


The direct results of the calculation are given in 
Tables 1 through LX. In Tables 1 through VII the 
normalized radial wave functions for each spin associa- 
tion are given, as well as the results of Manning and 
Goldberg.® ‘Table VIII lists the one-electron energies 
for both spins as well as those found by the Hartree 
method, In ‘Table LX the values of W4(o,r) and W5(o,r) 
for each spin are given. The degree of self-consistency 
can be seen by comparing these initial and final 
potentials. 

The applicability of the free-electron model for the 
exchange charge density requires that the potential 
vary but little over the radius of the exchange hole. 
As shown by Slater,‘ this radius ro(o,r) is the radius of 
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a sphere about an electron which is at r which contains 


one electronic charge. Thus 
§rlro(o,r) Po(o,r) =e, 


where p(a,r) is the charge density of electrons of spin 
ao at r. The radius of the exchange hole is given in 
Fig. 1 as a function of r and for each spin. In Fig. 2 the 
net spin density p(a,r)—p(8,r) is plotted as a function 
of r. 

The degree of self-consistency is shown in Table I. 
It is seen to be quite high, although better for the a-spin 
case than for the B-spin case. Just as was found in the 
Cut calculation, the one-electron energies, given in 
Table VIII, lie rather close to those given by the Hartree 
calculation except for the innermost and outermost 
electrons. In every case the E,, value associated with a 
spin is lower than that associated with § spin. This is 
of course due to the difference in exchange interactions. 
The wave functions as found by the present method are 
all pulled in toward the nucleus relative to the Manning 
and Goldberg Hartree solution. The effect of exchange 
polarization is appreciable only in the 3d and 4s 
functions. 


MAGNETIC FORM FACTOR 


Steinberger and Wick’ have shown that the magnetic 
form factor of Fe is rather sensitive to the shape of the 


TaBLe VI. The 3d radial wave functions as determined by the 
Slater approximation and by the Hartree method (labeled MG). 


Pub 


0.933 
0.919 
0.886 
0.841 
0.791 
0.738 
0.685 
0.635 


Pue PidMG 


0.982 
0.961 
0.918 
0.862 
0.801 
0.738 
0.676 
0.617 


Pub 


0.000 
0.000 
0.000 
0.000 
0.001 
0.002 
0.003 
0.005 
0.007 


PuMG r 


0.000 0.700 
0.000 0.800 
0.000 0.900 
0.000 1.000 
0.001 1.100 
0.002 1.200 
0.003 1.300 
0.004 1.400 
0.005 


a Py 


0.000 
0.000 
0.000 
0.000 
0.001 
0.002 
0.004 
0.006 
0,008 


0.871 
0.918 
0.851 
0.821 
0.784 
0.745 
0.688 
0.663 


0.000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 
0.541 
0.460 
0.390 
0.331 
0.281 
0.239 
0.203 
0.173 
0.147 
0.124 
0.105 
0.089 
0.076 


0.584 
0.512 
0.445 
0.387 
0.335 
0.289 
0.249 
0.215 
0.185 
0.159 
0.136 
0.117 
0.101 


0.509 
0.417 
0.340 
0.277 
0.225 
0.183 
0.148 
0.120 
0.097 
0.079 
0.064 
0.051 
0.041 


1.600 
1.800 
2.000 
2.200 
2.400 
2.600 
2.800 
3.000 
3.200 
3.400 
3.600 
3.800 
4.000 


0.013 
0.021 
0.031 
0.043 
0.057 
0.073 


0.010 
0.018 
0.025 
0.035 
0.047 
0.059 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 


0.014 
0.023 
0.033 
0.046 
0.061 
0.078 


0.109 
0.150 
0.196 
0.244 
0.293 
0.344 
0.394 
0.443 
0.490 
0.536 
0.640 
0.727 
0.797 
0.851 
0.889 
0.914 


0.089 
0.124 
0.162 
0.203 
0.246 
0.290 
0.334 
0.378 
0.421 
0.464 
0.562 
0.647 
0.717 
0.773 
0.814 
0.843 


0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.200 
0.280 
0.300 
0.350 
0.400 
0.450 
0.500 
0.550 
0.000 


0.116 
0.160 
0.209 
0.200 
0.313 
0.367 
0.420 
0.473 
0.523 
0.572 
0.683 
0.775 
0.849 
0.905 
0.944 
0.969 


4.500 
5.000 
5.500 
6.000 


0.024 
0.014 
0.008 
0.004 


0.049 
0.031 
0.019 
0.010 


0.069 
0.047 
0.032 
0.022 


7.000 
8.000 
9.000 
10.000 
11.000 


0.010 
0.009 
0.004 
0.002 
0.001 


1 J. Steinberger and G. C. Wick, Phys. Rev. 76, 994 (1949). 
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TABLE VII. The 4s radial wave functions as determined by the 
Slater approximation and by the Hartree 


method (labeled MG). 


Pf 


Put 
—0.319 
—0.401 


PA 


0,000 
0.034 
0.060 
0.078 
0.089 
0.095 
0.096 
0.094 
0.089 


r Put PMG r PuMG 
—0,147 
—0,216 


—0.269 
—0.345 


0.000 
0.028 
0.049 
0,064 
0.074 
0.079 
0.081 
0.079 
0.075 


0.000 
0.038 
0.067 
0.087 
0.100 
0.106 
0.108 
0.105 
0.099 


1.300 
1.400 


0,000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 


—0,330 
~0.420 


0.528 
~0.610 
~0.655 

0.672 
—0.666 
~0.645 

0.614 

0.576 

0.535 

0.491 
—0.448 

0,406 

0.365 


—0,466 
~—0.551 
—0,603 
0.630 
0.637 
0.628 
0.612 
0.587 
0.556 
0.522 
0.486 
0.449 
~0.412 


1.600 
1.800 
2.000 
2.200 
2.400 
2.600 
2.800 
3,000 
3,200 
3.400 
3.600 
3,800 
4.000 


0.071 
0.047 
0.020 
—0.009 
0.037 
—0.064 


0.061 
0.042 
0.020 
—0.004 
0.027 
—0.049 


0.050 
0.060 
0.070 
0.080 
0.090 
0.100 


0.080 
0.053 
0.022 
—0.010 
—0.042 
~0.071 —0.470 
~0.401 
0.335 
—0.274 
~0,221 


—0.275 
~0,202 
~0.146 

—0.103 


—0.325 
—0,249 
0.187 
0,137 


4.500 
5.000 
5.500 
6,000 


-0.109 
~0,142 
—0.162 
—0,168 
—0.163 
—0,149 
—0.127 
—0,100 
~ 0.068 
~0.034 
0.053 
0.132 
0,197 
0,242 
0.270 
0,279 


—0,087 
0.116 
—0.144 
—0.142 
—0,141 
—0,132 
—0.116 
—0.096 
~0.073 
—0.046 
—0,023 
0,090 
0.147 
0.190 
0.219 
0.235 


0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.260 
0.280 
0.300 
0.350 
0.400 
0.450 
0.500 
0.550 
0.600 


—0.122 
—0.159 
—0.181 
—0.188 
—0.182 
—0.166 
—0.142 
—0.111 
—0.076 
—0.038 
0.060 
0,149 
0.220 
0.271 
0.300 
0.309 


—0.046 
—0.012 


—0,065 
0.017 


—0.140 
—O.131 
—0,083 
—0.052 
—0,.032 
—0.019 
—0.012 
—0,.007 
—0,004 
—0,003 
~0,002 


7,000 

8.000 

9.000 
10,000 
11,000 
12.000 
13.000 
14,000 
15,000 
16,000 
17,000 


0.255 
0.190 
0.103 
0,006 
—0,092 
0.184 


0.232 
0,237 
0.136 
0.067 
-0.006 
0.080 


0.700 
0,800 
0,900 
1,000 
1,100 
1,200 


0.278 
0,202 
0.100 
—O.011 
—0,122 
~—0.226 


TasLe VIII. The one-electron energy parameters as deter- 
mined by the Slater approximation and by the Hartree method. 
Values are in rydbergs. 

Present 
calculation 
- 584.5 
- 584.2 


Hartree 
Function (MG) 


ls 523.0 


Slater* 


- 524.3 


61.08 
60.40 


- 0.79 . 630 


53.16 
52.65 


53.02 528 


6.973 7.463 - 73 


6.930 
4,600 5.061 ; 
4.540 8 4.4 


1.1223@ 
0.66368 


0.7578 


0.5315a 
0.42758 


0.4836 


«J. C. Slater, Phys. Rev. 98, 1039 (1955). 


d-functions. Since exchange interactions strongly affect 
the d-electron charge density, it is of interest to com- 
pare the magnetic form factor as calculated from the 
3d atomic orbitals found in the present work with ex- 
periment. ‘This has been done by Weiss* using the 
a-spin 3d orbital and his results are shown in Fig. 3. 


*R. J. Weiss (private communication), 
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The very good agreement with experiment reveals a 
fault in the free-atom functions reported here. The 
d-electron charge density of interest for calculating the 
magnetic form factor should be more compact in the solid 
than in the isolated atom, The unpaired d-electrons are 
near the top of the band and the corresponding cellular 
wave function vanishes at the cell boundary. Forcing 
the wave function to zero there and maintaining nor 
malization to unity within the cell leads to a more con 
tracted charge density than for the atomic function 


TABLE IX. The initial and final potential functions for the last 
cycle of the self-consistent-field procedure. These include the 
averaged exchange potential functions. 


r Wila,r) Ws (a,r) Wi (Ayr Wi (A,r) 
52.000 
50.121 
48.439 
46.826 
45.268 
43.749 
42.284 
40.959 
39.749 
38.602 
37.518 


52.000 
50.121 
48.439 
46.826 
45.268 
43.749 
42.284 
40.900 
39.749 
38.603 
37.520 


52.000 
50.190 
48.443 
46.775 
45.202 
43.725 
42.334 
41.024 
39.792 
38.634 
37.546 


52.000 
50.189 
48.444 
46.782 
45.217 
43.747 
42.362 
41.057 
39.827 
38.678 
37.595 


0.000 
0.010 
0.020 
0.030 
0.040 
0.050 
0.060 
0.070 
0.080 
0,090 
0.100 


35.536 
33.737 
32.085 
30.561 
29.143 
27.838 
26.613 
25.468 
24.394 
23.379 


35.539 
33.743 
32.093 
30.574 
29.163 
27.865 
26.652 
25.521 
24.400 
23.466 


35.546 
33.732 
32.074 
30.545 
29.133 
27.822 
26.000 
25.458 
24.382 
23.368 


35.005 
33.804 
32.151 
30.630 
29.225 
27.922 
26.708 
25.577 
24.516 
23.518 


0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.260 
0.280 
0.300 


21.049 
19.037 
17.309 
15.815 
14.496 
13.313 
11.282 
9.629 
$.299 
7.212 
6.323 
5.592 
4.988 
4.480 


21.064 
19.068 
17.353 
15.870 
14.563 
13.391 
11.378 
9.742 
$.418 
7.346 
6.469 
5.746 
5.148 
4.048 


21.272 
19.345 
17.688 
16.243 
14.958 
13.800 
11.804 
10.176 
8.856 
7.783 
6.907 
6.183 
5.581 
5.071 


21.225 
19.308 
17.659 
16.213 
14.922 
13.753 
11.741 
10.103 
8.785 
7.709 
6.832 
6.111 
5.513 
5.004 


0.350 
0.400 
0.450 
0.500 
0.550 
0.600 
0.700 
0.800 
0.900 
1.000 
1.100 
1.200 
1.300 
1.400 


3.882 
3.352 
2.979 
2.70 
2.49 
2.30 
2.16 


3.719 
3.197 
2.838 
2.58 
2.39 
2.23 
2.10 
1.98 


4.270 
3.689 
3.256 
2.92 
2.66 
2.44 
2.25 
2.09 
1.94 
1.81 
1.69 
1.58 
1.47 


4.211 
3.636 
3.199 
2.86 
2.59 
2.37 
2.18 
2.02 2.02 
1.87 1.90 1.87 
1.74 1.7% 1.77 
1.61 1.67 1.6% 
1.50 1.57 1.59 
1.39 1.48 1.50 


1.600 
1.800 
2.000 
2.200 
2.400 
2.600 
2.800 
3.000 
3.200 
3.400 
3.600 
3.800 
4.000 


1.29 
1,12 
0.934 
0.776 


1.24 
1.04 
0.864 
0.713 


1.17 1.26 
0.961 1.07 
0.785 0.908 
0.649 0.75% 


4.500 
5.000 
5.500 
6.000 





H. WOOD AND 





NEGATIVE SPIN— 








TANCE FROM NL 


fur 4 - 


1. Radii of the exchange holes (in atomic units) as computed 
from the respective charge densities. 


FiG 


which has a tail extending beyond the cell. This is 
shown in Fig. 1 of Steinberger and Wick’s paper. The 
good agreement in form factors obtained here implies 
that the free-atom d-functions are more compact than 
is the actual case. This conclusion is in accord with the 
observation by Callaway’ that the free-electron treat- 
ment overestimates the exchange interaction by perhaps 
20% which would tend to contract unduly the atomic 
d orbitals.” 


FINE STRUCTURE SPLITTING 


The fine-structure splitting is another property of 
the atom which is very sensitive to the nature of the 
one-electron functions and can serve, therefore, as a 
good test of the orbitals reported here. In Russell- 
Saunders coupling the energy interval between different 
/ levels of a given LS term, for example, between the 
*D, and °D, states of Fe, is proportional to the higher J 
value. Condon and Shortley'' express this energy 
difference as 


~ 


AE=Jt(ySL), (7) 


where ¢(ySL) is the diagonal matrix component of the 
spin-orbit interaction operator. Expressed in Gaussian 
units, that operator has the form 


e (- ~~) 
he \r Or 
* J. Callaway, Phys. Rev. 99, 500 (1955). 
” See also Herman, Callaway, and Acton, Phys. Rev.95, 371 
(1954). 


"E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953), p. 194. 


¥ tr) Le Si, (rs) (8) 
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where U is the appropriate central-field potential. The 
experimental value of ¢(ySZ) for Fe is given by Moore” 
as —104 cm™ for the *D,,°Ds separation and it is 
found to decrease slowly as the J value decreases. 
Evaluation of (7) using the results of Manning and 
Goldberg’s Hartree calculation leads to a value of 
—96.6 cm™. In the single-determinant approximation 


used in this work, {(ySL) is given by 


(9) 


h? © 
C(y¥SL)= — f Prag’ (r)é(r)dr, 
4Jy 


where the central-field potential employed for &(r) was 
W,(8,r). The result is ¢(ySL) equals —132 cm™ which 
does not compare favorably with the Hartree value. 
This indicates that the self-consistent treatment re- 
ported here tends to contract excessively the electronic 
charge density about the nucleus as it was concluded 
from the magnetic form-factor results. 
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Fic. 2. Net radial “spin density” as computed from p(a,r) —p(8,r), 
plotted as a function of r (atomic units). 


HYPERFINE STRUCTURE 


Abragam and Pryce" have suggested that the hyper- 
fine structure in transition elements is essentially a 
property of the free ion and is not due primarily to 
perturbation by the crystalline field, which leads to a 
much too small effect. In their treatment, the hyperfine 
splitting arises from a term Wy of the Hamiltonian 
representing the interaction of the electrons with the 
nuclear spin. Wy consists of a magnetic interaction of 
the electrons with the magnetic moment of the nucleus 
and an electrostatic interaction with the electric quad- 
rupole moment of the nucleus. 

The so-called “contact term” We of the Hamiltonian 
is that portion of Wy describing the delta-function 
interaction at the nucleus: 


We=(16/3)ryBBw $46 (te) Sy DL. 


% Charlotte E. Moore, Atomic Energy Levels, Nationa] Bureau 
of Standards, Washington, D. C., 1952 (unpublished). 

A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 
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Fic. 3. Magnetic form factors furnished by R. J. Weiss. “Stein 
berger” refers to the calculations of reference 7. The form factor 
calculated by Weiss from the function of this calculation is that 
labeled “a3d.”’ The Gaussian fit to the experimental data is 
exp(—0.05k*). 


The effect of this term on the hyperfine structure can 
be determined from the experimental data. In par- 
ticular, Abragam, Horowitz, and Pryce* define for an 
ion of spin S a quantity x, where 


Fi. : 
x= AEs (t)Skz) 54-5, 


characteristic of the unbalanced “spin density” at the 
nucleus. The quantity x is nearly the same for the ions 
V++, Mn*+, Cot, and Cut with a value of —3 atomic 
units. 

Iron itself shows no hyperfine structure since the 
predominant isotope has no nuclear spin. However, we 
might expect that the wave functions for Mn**, which 
does exhibit a hyperfine structure, would not be too 
unlike those for iron. 

Mn** has the ground state configuration 3s* 3p* 3d° 
(65). We now construct a determinantal wave function 
for this state from the one-electron functions of this 
calculation and evaluate x over this determinant. 
Again, because of the parametric spin dependence of 
these one-electron functions, this determinant is not a 
precise eigenfunction of S*. However, it is just this 
parametric dependence which gives a nonzero x for 
this simple model. In evaluating the operator x over 
this function, we obtain the sum of the differences of 
the squares of the respective s functions at the origin 
(nucleus). We obtain nonzero contributions from 1s, 
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2s, and 3s; the contributions from 1s and 2s are quite 
comparable in magnitude (and opposite in sign) to 
that arising from 3s. The result is x 2.4 atomic units 

Abragam, Horowitz, and Pryce® in their calculation 
of x for such a system use the equivalence restriction 
in the single ground state determinant but construct 
a more elaborate total wave function consisting of the 
ground state determinant plus a function in which one 
of the 3s electrons is promoted to a higher lying, varia 
tionally determined, s-state. They obtain x 0.3 
atomic units. 


CONCLUSIONS 


The results of this calculation show that exchange 
polarization is a large effect for Fe. It is of particular 
importance in determining the wave functions and 
energies of the 3d and 4s electrons. The calculation of 
the hyperfine splitting for Mn** indicates, however, 
that significant differences can arise between inner 
orbitals associated with different spins. Furthermore, 
the finding that the inner s-electrons are perturbed by 
their unequal exchange interaction with the outer 
electrons of the atom and hence make a net contribu 
tion to the magnetic field at the nucleus provides a 
better physical picture of the s-electron effect. The 
results of both the fine-structure and magnetic form 
factor calculations indicate that Slater’s averaged 
exchange potential somewhat overestimates the in 
fluence of exchange. 

Exchange splitting of the 3d and 4s atomic levels will 
of course carry over to the solid, giving rise to a splitting 
of the d-band and of the conduction band. 
quence of having two conduction bands, one for each 
spin, with different energy dependences, is that there 
will in general be a different occupation of the two 


A conse 


bands. This will result in a net magnetization of the 
conduction by 
various methods to be from 0.07 wo per atom to 0.20 po 
per atom.’'* In order to calculate the total magnetic 
moment per atom, the exchange splitting of the d-band 


electrons which has been estimated 


as well as that of the conduction band must be taken 
into account. 
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The hyperfine structure of several paramagnetic ions and atoms such as Mn** is known to contain an 
unexpected and large contribution due to some admixture of unpaired s electrons in the wave function. 
An explanation of this is proposed in terms of the effect of exchange with the 3d electrons on the 2s and 3s 
electrons. Since the spins of the 3d electrons are at Jeast partially lined up, exchange affects 2s, 3s electrons 
with parallel and antiparallel spin differently, so that the 2s* 3s? electrons are not exactly paired. A rough 
preliminary calculation gives sufficiently good agreement with experiment to suggest that the proposed 
mechanism is an important factor, if not the complete explanation. Some detailed differences between 


various ions remain puzzling. 


HYPERFINE COUPLING CONSTANT 


BRAGAM and Pryce have given the theory of the 

hyperfine structure of paramagnetic resonance 
spectra, and this theory accounts on the whole very 
well for the observed spectra, with the following excep- 
tion.! The hyperfine structure of several paramagnetic 
ions and atoms in the iron group contains a contribution 
which is not due to the unfilled 3d shell, but which 
results from unpaired s electrons. That is, the proba- 
bility of an electron with spin up being at the nucleus 
is not equal to the probability of an electron with spin 
down being there. This difference in probability and the 
consequent hyperfine structure is conveniently ex- 
pressed in terms of the parameter 


4n 
x= >s 5 (1) Scr) M8 =8, (1) 
yk 


where the expectation value is taken for a state of the 
ion with Mg=S. Also r is the position of the &th elec- 
tron, 5, the z-component of its spin in units of A, and 
S and Msg the usual spin angular-momentum quantum 
numbers. The value of x in atomic units is given for 
various ions and atoms in Table I (quoted from refer- 
ence 1). 

The normal configuration of the ions and atoms is 
3s? 3d* and 3s* 3d* 4s* with w ranging from 1 to 10. In 
the usual self-consistent field approximation, it is 
explicitly assumed in setting up the Hartree-Fock equa- 
tions that the two 3s, etc., electrons have the same 
orbital wave functions, giving x=0 from (1). However 
such a form of the theory is unnecessarily restrictive. 


TABLE I, Hyperfine structure s-electron parameters, 


Mn** Cot* Cut* 


Mn Co Cu yer 
-$0 -28 -3.1 


Atom or ion Sc Vv 


x (atomicunits) 0 -2.5 0 —18 —2.5 2.9 


* This work has been supported by the Office of Naval Research, 
the Signal Corps, the Air Force Office of Scientific Research, and 
the National Security Agency. 

1 Abragam, Horowitz, and Pryce, Proc. Roy. Soc. (London) 


A230, 169 (1955). 


To be specific let us consider the 3s? 3d* Mnt* ion. 
A wave function with Ms=S can be written as a single 
Slater determinant Wo in which all the 3d electron spins 
are lined up. We shall assume that in this determinant 
the orbital wave functions Wz, p, Wasa, etc., of the 3s, 2s, 
1s electrons with spins parallel (p) and antiparallel (a) 
to the spins the 3d electrons, are in general not the same. 
We can now vary the one-electron wave functions so as 
to minimize the total energy of Wo, and we obtain the 
appropriate Hartree-Fock equations. However in the 
present case the equations for ~x,, and W.,4, etc., will 
not be the same, because the equation for Wz, , contains 
an exchange term with the parallel 3d electrons, which 
is absent from the W,,4 equation. Thus Ps, p~ We, a, etc., 
the s electrons are not exactly paired, and from (1) a 
wave function of this type gives a finite value of x. 
This is the proposed explanation’? of the observed 
values of x. 

A rough calculation has been made on the above 
model for Mn**+ and Mn. For the sake of convenience 
the central field used was that of copper® instead of 
manganese. Also the exchange term between yz, , and 
the 3d electrons was represented as a potential by using 
Slater’s free-electron approximation.‘ y,(0) and W,(0) 
for 2s, 3s, 4s electrons differ from one another by 0.35%, 
1.5%, 15%, respectively. The corresponding contribu- 
tions to x (in atomic units) are: 


Ax = —17.2, 
Ax = +10.6, (2) 
Ax=+8.3. 


from 2s?; 
from 3s*; 
from 4s? (Mn atom only) ; 


The 1s functions have not been calculated; their con- 
tribution is expected to be small because the 3d proba- 


*Since completing this manuscript, my attention has been 
drawn to the fact that C. Herring and J. H. Wood (unpublished) 
have independently suggested the same mechanism; see P. W. 
Anderson, “Theory of Magnetism,” a course given at the Uni- 
versity of Tokyo, 1954: J. H. Wood, Quarterly Progress Report, 
April, 1957, Solid State and Molecular Theory Group, Massa- 
chusetts Institute of Technology (unpublished). 

*D. R. and W. Hartree, Proc. Roy. Soc. (London) A157, 490 
(1936). 

‘J. C. Slater, Phys. Rev. 81, 385 (1951); G. W. Pratt, Phys. 
Rev. 88, 1217 (1952); D. R. Hartree, The Calculation of Atomic 
Structures (John Wiley and Sons, Inc., New York, 1957), p. 61. 
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bility density and exchange potential is effectively zero 
for small 7. The negative sign of Ay from the 2s elec- 
trons is due to the fact that the 3d exchange potential 
is attractive and pulls f2,, p outwards, with a consequent 
reduction in W2,, p(0) due to normalization. The values 
in (2) should be divided by a factor of about two, 
because the Slater approximation exaggerates the effect 
of exchange by roughly as much as this.‘ Hence we 
obtain x=—3.3 for Mnt*+ and x=-+0.9 for Mn, in 
comparison with the experimental values x= —3.1 and 
0.0. In view of the crudeness of the calculation, this 
agreement is very satisfactory. In any case it shows 
that the proposed mechanism gives a considerable con- 
tribution to x. Further x is seen to be determined by a 
balancing between the effects of the 2s, 3s, 4s, and 
perhaps 1s electrons, the 2s contribution being most 
important and determining the sign. Perhaps this 
detailed balancing accounts for the erratic variation of x 
among the neutral atoms, but it cannot readily account 
for the fact that x(Cu)<x(Cut*). Clearly a detailed 
study through a careful solution of the Hartree-Fock 
equations is required, but this preliminary work is 
being published because we are unable to undertake the 
computations at present. 


APPENDIX 


There is one complication of a formal nature which 
must be considered, and which can then be disposed of 
as not affecting the above conclusions. In the above 
analysis, we took as our wave function a single de- 
terminant. Since Ws, p~Was,a this cannot be the correct 
wave function because of symmetry reasons. To be 
precise, it is not an eigenfunction of S?. However, we 
can write down a corresponding wave function with the 
correct symmetry as follows. Consider Mnt* and for 
simplicity Wu, p=W10, a) W2, p=W2, a, and only Pas, p~ Was, a- 
The five 3d electrons are in states with m,=2, 1,0, 
—1, —2 and their spins will be denoted by five arrows. 
The wave function considered before is then the de- 


STRUCTURE OF PARAMAGNETIC 


IONS 


terminant 
Vo= (1/m!)| t44tt, Wa, vt, Was ad] - 
Let us consider the wave function 


V=p(Vot), 
where 


P= — (1/5) (1/m 19S | ttt, Was, ots Wao, of | - 


Here y= 1 is a normalizing constant and the summation 
is over all five positions of the J. Clearly S,W=0, 
S,W= $Y, so that W is an eigenfunction® of S* corre 
sponding to S=§. The second term in (4) is small 
because Wx, p= Wasa. Thus, if we used (4) instead of (3) 
in the variational theorem, we would get nearly the 
Hartree-Fock equations. In particular the equations for 
Was, p and W3,,4 would differ by the 3d exchange term as 
before. We can expand Wy,o in the form 


Vis,.0= OW ts, Pp { Bo», Pp + Was, p + , 


where ¢ is orthogonal to Wis, p, W2e, p» Was, p and is of the 
order of magnitude of Ws.,a—W, p. If we now calculate x 
from (1) and (4), ® gives a term proportional to 
[(b| dae, »?(0)+-?(0) J, ie., quadratic in @. However Vo 
gives the contribution considered in (2) which is linear 
in W2s,a—W, p, 80 that it is a good approximation to 
neglect # entirely. Incidentally, comparison of (4) with 
the wave function of Abragam et al.' indicates that their 
choice (4.7) for a wave function is unnecessarily sym 
metrical in the spins. 
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A method is developed to include polarization effects in low-energy scattering of electrons from atoms, 
within the Hartree-Fock formalism. This description is different from the usual expansion in terms of the 
eigenfunctions of the atom. The method associates with each atomic orbital perturbed or polarized parts 
which also depend parametrically on the coordinates of the scattered particle. When the orbital function 
of the scattered particle is appropriately antisymmetrized with the total atomic function, augmented in this 
manner, a set of equations result which, in addition to the no-polarization terms, contain terms coming 
from the polarized orbitals. By virtue of the antisymmetry, these terms are of two kinds: direct and exchange. 
The direct terms lead asymptotically to the classical type of polarizability correction which was used by 
Bates and Massey. The exchange terms constitute a specifically quantum mechanical correction. This 
method is applied, in a certain approximation, to the s-wave scattering of electrons from oxygen. Only the 
most important kind of polarized orbital is taken into account. Within this approximation the exchange 
polarized terms make a contribution of approximately 15% to the cross section. 


I, INTRODUCTION 


HE Hartree-Fock method was extended to the 

description of low-energy scattering of electrons 
from atoms by Morse and Allis in 1933.' Their impor- 
tant result was that exchange terms coming from the 
explicit antisymmetrization of the wave function before 
substitution into the Schrédinger equation had a sig 
nificant effect on the low-energy scattering. 

One limitation of their wave function, however, is 
its inability to take account of the reaction of the 
scattered electron back on the atom; i.e., the method 
does not seem to include polarization effects. A natural] 
extension of the formalism to include polarization is to 
expand the total wave function about the eigenfunctions 
of the atomic system. That is, if one writes the no 


polarization wave function as 

W(1,-++,N) =u (1)o(2,---,N) (1.1) 
(we neglect antisymmetry for the present), where 1 
represents the coordinates of the incoming electron, 
2,---,N the coordinates of the orbital electrons, and 


the eigenfunction of the atomic system, then one can 
use a sum 


V =u (1)d0(2,--- N)+S uw (1)b4(2,---,N) (1.2) 
t~l 


to take account of the effects of polarization.? Here %, 
represent other eigenstates of the atomic system. The 
u‘” would be determined from the set of equations 


* This work was supported in part by the Office of Naval 
Research. 

t Now on a Fulbright Fellowship at the University of Heidel 
berg, Heidelberg, Germany. 

t Part of this work was submitted to the Massachusetts Insti- 
tute of Technology in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy. 

'P. M. Morse and W. P. Allis, Phys. Rev. 44, 269 (1933) 

* This method is discussed more completely by M. J. Seaton, 
rrans. Roy. Soc. (London) A245, 469 (1953) 


which can be derived from the substitution of this 
function into the Schrédinger equation. 

The method of expanding about the eigenfunctions 
of the atomic system is fraught with practical difficul- 
ties. One rarely knows the (approximate) eigenfunctions 
for states beyond the first configuration. If, however, 
one is restricted to a given configuration, then the dif- 
ferent orbital symmetries (configuration interaction) 
which are generally important in describing polarization 
are left out. Even with this omission, the inclusion of 
any more than one funetion in the form (1.2) gives rise 
to a calculational problem of the first rank by virtue 
of the coupled set of integro-differential equations for 
the u‘ that result. There is, however, a more funda- 
mental objection to this method. Consider, for example, 
elastic scattering from the ground state of an atom, 
below the threshold for excitation of its first excited 
state. In that case the role of the other eigenfunctions 
of the atom in the expansion (1.2) is strictly a mathe- 
matical one. Because of this, one has no guarantee that 
virtual transitions to states of the continuum do not 
also play an important part in the description. As a 
matter of fact, in at least one alternate approach, it 
was found that the states of the continuum do play a 
most important role in the description of low-energy 
scattering. In the present formalism, however, it is 
unlikely that there is an adequate approximation of the 
states of continuum (hydrogen excluded) to be useful 
in an outright expansion of the form (1.2). 

From the point of view, therefore, of the effects of 
the continuum and of configuration interaction, the 
method of including polarization by expanding about 
the eigenfunctions of the atom leaves much to be 
desired. In addition, it leads to a complicated set of 
simultaneous equations which it would be desirable to 
avoid. The present paper will be concerned with an 
alternate method of describing polarization which 


*M. C. Newstein, Technical Report No. 4, Massachusetts In 
stitute of Technology, 1955 (unpublished) 
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attempts to improve upon these shortcomings. The 
method is applied to scattering of electrons from atomic 
oxygen. 


II. BRIEF DESCRIPTION OF THE METHOD 


As an alternative to the expansion (1.2), we propose 
a wave function of the form 


W = u(1)[4o(2,---,N)+6°°(1;52,---,N)]. (2.1) 


Our method, then, concerns the construction of the 
function ®'°°), Before discussing this, however, we shall 
write down a few of the formulas in the application of 
the Hartree-Fock method to bound-state problems. 

Let H‘) be the reduced Hamiltonian of the atomic 
system. In atomic units, 


N nN 2(N—1) N 
H(t) = —-Ve+) ———- FF 
i=2 


i—2 t; mpm? 15; 


In the Hartree-Fock formalism one assumes a deter- 
minantal form for the function ®p: 


1 


= : (2.3) 
((v—1)!}! 


Po det (¢2,° ; "»PN), 


naling 
Yt) 


in which the orbitals y,; are determined by the condition 
that the energy be a minimum: 


(2.4) 


vf aera, =(), 


This variational principle leads to a set of coupled 
integro-differential equations for the ¢;, which are: 


2(N-1) 
|-" i + > 


r i (Ai)? 


(R} 4;) Pi = €ifi- (2.5) 


The operator (@| *;) is defined by: 
2 


5(2) ge (1) 
T\2 


2 
fesse) ge(2) o(1). 


Ti2 


(R| ‘,) .= f exec) 


(2.6) 


These are the main formulas that we shall need in the 
subsequent discussion. 

The Hamiltonian of the total system of incoming 
electron plus atom is 


2(N—1) N 2 
H = V+ > 


T) 2115 


4-H (08), (3a) 


That part of H which neglects the kinetic energy of the 


incoming electron can be said to describe the distortion 
of the atom due to the presence of a static electron at a 
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distance r, from the origin. The solution of this problem 
will clearly contain the coordinates r; as a parameter; 
but, otherwise, it can be thought of as a function of 
the orbital electrons 2,---,N, not too unlike ®p itself, 
except that the individual orbitals will be distorted by 
the presence of the static field of the electron. This is 
the basic idea of the present method. The deviations of 
the orbitals from their unperturbed form will be 
expressed in the function @°” of (2.1). Once having 
obtained this function, we can proceed just as in the 
no-polarization calculation. That is, we can construct 
the function W of (2.1) and substitute this form, 
properly antisymmetrized, into the total Schrédinger 
equation 

(2.8) 


HV4 = Ey’, 


and reduce this equation to a single integro-differential 
equation for u(1). The effect of °°” will be the addi 
tion of terms to the no-polarization equation, however, 
the scattering phase shift will be determined from the 
asymptotic form of u(1) in precisely the same way as in 
the no-polarization case, The succeeding sections are 
concerned with the mathematical formulation of this 
program. 


III. SOLUTION OF THE STATIC PROBLEM‘ 


The basic assumption in the solution of the stati 
problem is based upon the fact that from the point of 
view of scattering the predominant polarization effects 
come from the region in which the scattered particle is 
outside the orbital particles. In other words, we assume 
that it is a good approximation to replace the inter 
action terms by the first term in their expansion: 


2(N —1) 


” j 
-3 —LT° — cosh, (3.1) 


— 


Lal m2) ar,* 


The approximation (3.1) will be referred to as the dipole 
approximation. ‘The main justification of this approxi 
mation is the argument that near the origin the ampli 
tude of r times the scattered wave is necessarily small 
by virtue of the boundary condition requirement that 
it vanish at the origin. This being the case, the pre 
dominant interaction will be with the nuclear charge, 
and the effects of charges in the atomic orbitals induced 
by polarization will be small in comparison. With this 
approximation the static Hamiltonian can be written 


N 2r; 
Hy= HO 43° 


j=? r;? 


COS) j. (3.2) 


6,,; is the angle between r, and r;. ‘The basic assumption 
that r;<r; allows us to consider the deviation of the 
static Hamiltonian from the unperturbed Hamiltonian 


‘LL. Allen, Quarterly Progress Report, Massachusetts Institute 
of Technology, 1955 (unpublished). I am indebted to L. Allen and 
R. K. Nesbet for this derivation of the equation for the perturbed 
orbitals 
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H*) as a small quantity, whose size can be charac- 
terized by a parameter ) in the usual sense of pertur- 
bation theory. We shall therefore write 


Hy, =H™4YYV, (3.3) 


where \=1/r;? and 


N 
VL= 2 + v; COB; j. (3.4) 
j~2 


With the assumption that the perturbation is small, the 
determinant, %o, of the atomic problem will go over 
into a determinant ®;. The orbitals y; of the new deter- 
minant can also be expanded about the parameter ). 


1 
Py? | = det (W,° ° (3.5) 


((N—1)!]}' 


‘iy 1 Wy), 


where 


Vi=gitrgl. (3.6) 


The functions ¢,/ can be determined by the varia- 
tional principle for the perturbed function #,. 


6H 11 =6 fart, =(), (3.7) 


This leads to the equation 


2(N—1) N 
H~AV+ DY 


r i(Ai)—2 


v4 (84) ome (3.8) 


where y; in & replaces ¢, in the definition (2.6) of 
(&|7;). If one expands the energy ¢,;’ as a power series 
in X, 


e/ =etrAuy, (3.9) 


and one uses the expansion (3.6) of y;, then by equating 
the various powers of A, one can obtain the various 
order equations for the perturbed functions in the 
expansion of y;. The zeroth order equations is the 
unperturbed Eq. (2.5). The first order equation can be 
reduced to the form 


2(N—1) N 
aa ® (| 1))—€4 gs 


r i(i)—2 


N 
=—Vei— SF [(R)")—-(Al4y) Jes, (3.10) 


(Ai? 


where j’ indicates a perturbed orbital gj and 7 indi- 
cates the unperturbed gy, in the two-body operators 
(R] 4») and (R]|*";). In the reduction of the first order 
equation to the form (3.10), the odd parity of the 
perturbation V = 27; cos@,; with respect to the coordinate 
of the orbital electron has been used to show that the 
first order increment to the energy, ui, is zero. If one 
substitutes the formal solution ¥;= ¢;+Ag¢, into the 
many-particle function #;, one obtains, after expanding 


TEMKIN 


the determinant to first order in \: 


N 
P;=bo+r > ®,’, 


j=2 


(3.11) 


where 


U 


~ LN 7 11} det (¢2,: "Pj 159) 5 P44 ye *,PN)- 


(3.12) 


®; 


The expansion of (3.5) in the form (3.11) is the kind of 
function we have proposed to describe polarization [see 
Eq. (2.1) ]. 

An approximate form of the Eq. (3.10) was used by 
Sternheimer® to calculate the polarizability of various 
closed shell ions and atoms. Actually Sternheimer’s 
equations look quite different from (3.10), but as we 
shall now show, his equations can be gotten from the 
rigorous ones by making some not unreasaonble approx- 
imations. 

Let us replace the quantity 


—— 


r 


+3E(8 | fe «der 


on the right-hand side of (3.10) by 


ei te 
Tr 


oi 
+E(a')-«]e| = [V* 9; ]. (3.13) 


Pi Fi 


The equality (3.13) comes from (2.5). This replacement 
is not an identity because ¢; and ¢,’ do not commute 
with (®|*%,;). More explicitly, 


gi 2 
(8 |) eaee= f dre,*(2) ¢)(2)¢/(1) 
r 


Pi 12 


2 ¢;(1) 
~ f dxse,*02 ¢;(2) ¢i (1), 
T\2 ¢i(1) 


whereas the correct expression is 


2 
(8|',) esos f drae,*(2) g;(2)9/(1) 


Ti2 
2 

- J drag ;*(2)—¢¢ (2) ¢,(1). 
T\2 


The quantities differ, therefore, only in the exchange 
terms. One knows from the comparison of Hartree and 
Hartree-Fock functions that the exchange terms have 
a small effect compared to the direct terms, and the 
direct terms are identical in the above approximation. 
The other approximation that is implicit in Stern- 
heimer’s equations is the neglect of the off-diagonal 
terms on the right hand side of (3.10), i.e., he neglects 


*R. M. Sternheimer, Phys. Rev. 96, 951 (1954). 
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all terms by —V¢;. The fact that the diagonal terms 
involving the operator ® cancel out in the exact equa- 
tions would make this approximation, which then 
rigorously neglects no diagonal terms, also appear rea- 
sonable. Sternheimer’s equations are thus 


1 
vir 
Yi 


where it is understood that the Laplacian in ['V?¢, | does 
not operate beyond the square bracket. 

It should be noted that the method being presented 
here does not in principle require the approximation of 
(3.10) by (3.14). However the former equations are a 
coupled set of integro-differential equations whereas the 
latter are an uncoupled set of ordinary differential 
equations. Since it has been our aim to avoid sets of 
coupled integro-differential equations, Sternheimer’s 
Eqs. (3.14) are very much in the spirit of the method. 

The reduction of (3.14) to radial equations is 
straightforward. Let us write the unperturbed orbital 
(neglecting the spin of the particle) in the form 


(3.14) 


= os V gi, 


Gi=tni(r) V im(Q), (3.15) 


where the Y;,,({2) are spherical harmonics. The per- 
turbation V is: 


4n 
V = 2r, cosOis= 27; — DL Vy (Q)Vi4(M1)(—1)*. (3.16) 
os 
The product V ¢; can be expanded in the form 
4 
V 9¢=2r ttni(r)— > (—1)*V1_, (24) Vim (2) V1, (2). 
7 2 


Using the expansion of a product of spherical har- 
monics,°® we find 
dor 


V oi =2r ttn (7:)— D(- 
3 


» 


3(21+-1) 7! 
x> | (1/00) 70) 
V,m’L4ar(21'+-1) 


K (Alem | lm’) V ym (Q4). 


1)*V1_,(9)) 


(3.17) 


If now we write the perturbed function ¢,’ in a similar 
form: 


, " ’ (m—>m’) 
Yi = : * Unt-ol! (Vi) Cnt ee V vm (24) 


l’,m’ 


then Eq. (3.14), Sternheimer’s equation, separates into 
the radial equations: 


d 
. +V nr wt) u(r) =a (7). (3.19) 
dr’ 


6 J. B. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 791 
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The constants ¢nx;4v°"™? are, from (3.14) to (3.17), 


16m /21+-1 4 
Cnt” om’) = (— 1)™ «| ( )| 
3 \2I'+1 


(1/00) 1'0) (1m! — mm \ I'm’). (3.20) 

From the properties of the Clebsch-Gordan coef- 
ficient (1/00|/’0), we can conclude that /’=/+-1, where 
the upper sign holds only for /=0. The radial function 


V nts (r) is found to be 


V nto (r) = (3 21) 


r 


irdé l’(U' +1) —1(1+-1) 
| wat) : 
un(r)idr’ 


From (3.12) and (3.4) we can write down the function 
h’,’: 
Y tm m’ (24) 


5 ; ’ 
» Cull’ sities 


AP,’ 
U sm! r [(N 


1)!]! 
K det (yo,° ++ tntov Vim x(sm,),**+,en). (3.22) 

As a function of the coordinates of the orbital elec- 
tron, the perturbed orbital has the same spin x(sm,) as 
the unperturbed function ¢; which it replaces in p. 


The total function, 


N 
» = ?,, 


is then a sum in which each orbital is replaced con 
secutively by all its polarized parts. 

Before discussing the solution of the dynamic (scat 
tering) problem, we should like to point out how the 
perturbed orbitals, ¢,/, do contain, at least partially, 
the effects of both the continuum and configuration 
interaction. The perturbed angular dependence, Vy, 
of the orbital particles is different from their unper 
turbed dependence Y;. In particular the orbital with 
the highest / goes over into one with an /’=/+-1, so that 
the perturbed wave function contains terms of even 
higher angular asymmetry than the original function 
Since this difference is only of one unit, however, this 
corresponds roughly to a perturbation of some close 
lying configuration (configuration interaction). The 
radial dependence, on the other hand, reflects the 
effects even of the states of the continuum. This is due 
to the inhomogeneous nature of Eq. (3.19). The homo 
geneous solutions of the Sternheimer equations are 
(approximately) the unperturbed functions u,j:(r) 
Therefore the Green’s function for the radial equations 
(3.19) can be written: 

Un (VY) Une (Lo) 
G(r,70) = —49 >’ , 
a’ arr én €nl 


where the sum includes the states of the continuum 
The solution of the inhomogeneous equation, tnis.y (1), 
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can therefore be written 


“ 


Myv(1) 


4n >’ 


n/t? 


Unt ot (f) 


J 


K Un (1o)tUni(ro)rodrot fiv(r), 


En = Ent 


where fi,.(r) is some solution of the homogeneous 
equation. In this form one can see explicitly that the 
function Unis (r) does contain to some extent the 
effects of all states, both bound and continuous. 


IV. SOLUTION OF THE SCATTERING 
(DYNAMIC) PROBLEM 

It has already been stated that the solution of the 
scattering problem is effected in the same way as in 
the no-polarization calculation with the replacement of 
the function %o by &yp4+'"°”), However, the solution of 
Sternheimer’s equation together with the dipole approx 
imation implicity restricts the radial coordinate of the 
orbital electron (which we shall call r;:; i=2,---,N) 
relative to the radial coordinate of the scattering par 
ticle (which we shall call 7,). In order to construct a 
method which is physically and mathematically con- 
sistent, yet practicable, it will be necessary to make 
an additional set of approximations. We shall, there- 


TEMKIN 


fore, review briefly the Hartree-Fock method as it 
applies to scattering problems, but with the explicit 
inclusion of &(%)), 

If one assumes no spin-orbit forces, the unperturbed 
eigenfunction of the atom, which was heretofore called 
%, can be labelled ©4(LM,SM 5; 2,:--,N). This 
labeling shows that the function is antisymmetric and 
an eigenfunction of the total orbital and spin angular 
momenta of the atom. Let the polarized many-particle 
wave function, \?‘"°”), which arises from ®4(LM LSM sg) 
in the manner described in (III) be labelled 


PD) (LM SM gs; 1,2,---,N). 


In the case of the polarized functions the subscripts do 
not mean that these functions are likewise eigenfunc- 
tions of the various angular momenta of the atomic 
system. In general they will lose their eigenfunction 
character with respect to the orbital angular momen- 
tum, since the perturbation which gives rise to them is 
not a rotation invariant with respect to the atomic 
electrons alone. If, however, one constructs an eigen- 
function of the total system including the incoming 
electron, then the inclusion of °°!(LM SM 3s) will not 
affect this property since the perturbation is a rotation 
invariant with respect to all particles. 


From the point of view of scattering it is convenient to transform to a representation in which the ¢otal spin and 
orbital angular momenta are good quantum numbers (we shall label these by L'”, Mz,‘™, S{™, Ms‘). Such a 


combination is 


yi( LOM ,DOSOM gM 1: 2,6-+N) 


M sm, 


«K[>4(LM SM 5 Z° . 


The total wave function may now be written 


> (S$M gm,| SM 5) (LIM pm| LD M1) Vin(Qi)xame (1) 


-,N) +6) (LM SM 5g; 1; 2,---,N)]. 


iL Ts'7)(1)) 


W(LIO LSS) =>" [4 (214+-1) hi! 
l 


r\ 


Vi( LOM, OSM 5; 1;2,---,N), 


and one which is completely antisymmetric in all coordinates is 


Up's T (rr) 


V4A(LOLS OS) = Sl 4a (24-1) Pi! Fo (— 1)" 
l Pi 


P, is a cylic permutation of 1,2,---, 
i. 


2,°°°,N. 


Let us write the total Hamiltonian defined in (2.7) in 
the form 


H(A,: ++ ,N) =H) (2,-+- ,N)4+K(1,2,-+°,N), (4.4) 
where K (1,2,---,N) is defined implicitly from (2.7) and 


(2.2). The Schrédinger equation 


HVA(L LSS) = EWA(LOLS'MS) (4.5) 


can be reduced to the form 


1)?«{ K(1,2,---, N)W(L°OLSS; 1,---,N))} 


at 
P, 


=kW4(LS LSS). (4.6) 


Yy(LOM, (S(T) fT): J oy oe SN ). (4.3) 


\ 


N and (—1)”* is +1 or —1 according as P, is an even or odd permutation of 


Here k* is the energy of the incoming particle in 
atomic units (Rydbergs); it is related to the total 
energy E by 


E=EzstF’, (4.7) 


Es being the energy of the eigenstates of the atom. 
An essential step in the above reduction is the con- 
dition 


Hy (LO LSS) = Ep sh (LLS™S). (4.8) 


In the no-polarization case, the equation is an ap- 
proximation based on the variational principle for 
#4(LM,SM ss) and the fact that the expectation value 
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of H‘*) is Exs (we neglect the difference between this 
expectation value and the experimental value). With 
polarization we use the same Eq. (4.8), because the 
same results hold to first order in A, if one replaces the 
unperturbed atomic function by 


b4(LM SM s)+'°) (LM SM s). 


This means then that the interaction of the incoming 
electron with the orbital electrons is taken into account 
twice (in an approximate way): once in the determina- 


2 


fycwom (NSMM gg: 1 . 


XY(LOM PSM gM 51; 2,-+-,N) dr 


- (W=1) f yereran SM g™ 15 2,+++,N)K(2,+**,N1)S [4 (20+1) hi! 
l 


XK Y(LOM PSO Mg: 21,3, Ndr 


KX Y( LM PSO M gP;1,2,- 


ELECTRONS 


yo SN) K(1,2,° © ©, NYS 4 (20-41) J! 
l 


- N)dry'—(N—- De fy *(LM MSM g™ ; 1; 2,3,-- 
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approximation; and again in Eq. (4.6) via the appro 
priate terms in K. The approximation here is Eq. (4.8). 
The interaction K also contains, however, dynamic 
effects of the incoming particle. 

If one multiplies (5.6) on the left by 


Y(L59M PSM g™; 1; 2,---,N) 


and’ integrates over all coordinates except the radial 
coordinate of particle 1 (which integration we shall 
denote by dr,"' in the integrals below), one obtains the 
following equation: 


Uji s7 (r;) 
r\ 
Ms) 


UiL'’s 


UL) s'7)(7}) 


( 
=k f yt Lrminse IM yO). 15.2,0 +N) S[ 4 (2041) Jo! 


r\ 


VV) 


UiL'T)g'7)(T2) 


x ¥ [4a (21+1) Jit! 


From (4.1) we see that the function 
Y( LOM SOM g!) 


has opposite parity for even and odd /, with respect to 
the coordinates 1, 2, ---, N. Therefore, (4.9) defines 
two sets of equations in which the even spherical waves 
are coupled and the odd spherical waves are coupled, 
but there is no mixing. If one restricts onself to s and p 
waves, then there is no coupling at all. 

Because we are considering scattering from a neutral 
atom the radial function #:1(7)g(7)(r,)/r, approaches 
the asymptotic form of the spherical Bessel function 
with an appropriate phase shift. Thus 
(4.10) 


lim wyp'79°7(r1)—sin[ kr — bal+i1(7 9 |. 


row 


The total cross section is related to the phase shift by 
1 ~ 7 
a 
2(2L+1)(2S+1)7 ¢§ pimgim 


K (2ST) +1) sin’y,:7 9¢7).(4.11) 
The integration involved in the integrals of (4.9) can 
be performed in well-known ways. The resulting equa- 
tions are one dimensional! integro-differential equations 


4 


=— (2L7) +1) 
k? 


o 


ro 


Yi(LOM,PSOM g™: 2- 1,3, N)dry". (4.9) 


for the function u;,‘7s(7)(r,). The integral nature of 
the equations arises from the exchange terms, i.e., the 
terms multiplied by (V—1), in (4.9). 

The direct polarization terms give a contribution of 


the form (in atomic units): 


1 


z Anite (1), (4.11a) 


r* nil 
where 


r 
Ani (1) ca f FUJI ou (V2) Uni(fo)dr» 
0 
y 
{ nf Untot! (12)Uni (12) 
vr 


The constants kpj.y are numbers which, in addition 
to I’, depend on the number of electrons there are in 
the #1 shell. For atoms with closed shells they have 
been worked out by Sternheimer.’ In the limit r+» 
the quantity >> ani. (7) approaches the polarizability 


dry 


ry 


7The multiplication and integration of the equation by this 
factor is not a mathematically reversible step. Thus when one has 
solved the resulting radial equation, one cannot assert that the 
total function containing this radial function is an exact solution 
of the Schrédinger equation, even if ® were the exact eigenfunction 
of the reduced Hamiltonian, I am indebted to Dr. T. D. Schultz 
for pointing out this fact to me 
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Yapeg (M141, + 1.76) 
| 





Fic. 1. Comparison of perturbed (2p-+d) neon functions for 
finite (ry,;= 1.76) and infinite values of 7;. Only the part to the left 
of the vertical line is used in the calculation. 


a. The direct terms have the asymptotic form —a/r‘, 
which is precisely the classical polarizability correction 
for large r. It is interesting that Bates and Massey," 
working from the classical correction, introduced a 
term with the same asymptotic form into the wave 
mechanical Hamiltonian and found phase shifts as a 
function of the polarizability parameter a, The present 
method, therefore, can be considered a more rigorous 
justification of the semiphenomenological polarization 
correction of Bates and Massey. In the present method, 
however, the polarizability is no longer a parameter, 
but a definite number which comes naturally out of the 
formalism, and is Sternheimer’s value in the approxi- 
mation (3,14). 

It should be noted, however, that there are exchange 
polarization terms included in the exchange terms of 
(4.9), so that the present method effectively goes 
beyond the polarizability correction of Bates and 
Massey. An example of such a term, after all other 
variables have integrated out, is 


» 


T° 


1 " dr» 
Uay+a(1) f 12 y(%2) Mos) (%2) 
r) 0 


- dry 
tri? J tay(12)Mos't(12) 
rl 


72° 


The second integral implies that the argument, r, of 
the unperturbed orbital is greater than the argument of 
the perturbed orbital #2».4(7,). But the dipole approxi- 
mation, which is reflected in the Eq. (3.19) for the 
perturbed orbital, implies 7:>12. This brings-us to our 
final approximation, which can be stated in the follow- 
ing way. Any term which consists of a¥product of 
functions uj; and %#,;.v, in which theZargument of the 
perturbed orbital is implicitly less than that of the 
unperturbed orbital, is neglected. (This is not applied 

*D. R. Bates and H. S. W. Massey, Trans. Roy. Soc. (London) 
A239, 269 (1943). 
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when the arguments are the same.) Physically this 
means, roughly, taking into account the polarization 
of only those parts of the atomic orbitals which are 
within the scattered particle. This approximation is 
consistent with the dipole approximation, as can be 
seen from the following argument. The dipole approxi- 
mation assumes that the higher multipoles in the ex- 
pansion of the interaction in (3.1) have a small effect 
on the scattering; however, from their mathematical 
form, they become almost as important in the region 
r, <r; as the dipole term itself. Therefore, if the higher 
multipoles have a small effect, then the same must be 
the case for the inner part of the dipole term; and this 
is what the present approximation neglects. 

There is another approximation which this method 
implicitly assumes, which is also related to the above 
considerations, and which needs further discussion. 
Had we extended the solution to the region r;<r;, then, 
because of the inverted roles of 7; and 7; in the dipole 
approximation (3.1), the function would have satisfied 
a different differential equation from (3.19), the in- 
homogeneous term being replaced by un:(r)/r’. The 
parameter A in (3.22) would, by the same inversion, go 
go over into r;. The form of A®,’ in (3.22) would there- 
fore be different. The boundary condition that A®,’ be 
continuous at r;=7; reduces to the condition 


Unto (Ti< 1) | (4 12) 


=1 Unio (1i>71) 


\ri=ra Ira rs 


9 


re 


Thus the perturbed u,:.1(r;) has a discontinuity at 
r,;=r;. When one solves (3.19) over the whole range of 
r(=r,), one implicitly assumes r;= ©. Now the above 
approximation neglects the region 7;>1;, but it also 
implicitly uses that portion of the function u,i41 (13) 
for r;<r, computed on the basis that r,= ©. The ap- 
proximation is necessary in order to make the function 
Unis (ri)/r;’ a separable one. The question is how 
much does this function differ from a function which 
is appropriately matched according to (4.12). Clearly 
as r;-+® the two functions approach each other. In the 
region r;—0 the effect of the polarization terms vanishes 
so discrepancies are unimportant. The question then is: 
how do the functions compare in the intermediate 
range of r,? In Fig. 1 we have plotted approximate 
(2p—d) functions for neon, calculated for r;= «© and 
as appropriately matched by (4.12) for the value 
r,=1.76. According to our approximation, it is the 
function in the region r;<1.76 alone which is used. One 
sees from the graph that the agreement is very good 
even at this comparatively small value of 7;. (In the 
application of Sec. V, 7; ranged to 9.6.) The agreement 
will clearly improve as 7, gets bigger, so that this 
implicit approximation also seems like a very good one. 

One more point worth mentioning before we leave 
this general discussion is the fact that, because of the 
parametric dependence of °° on the scattered par- 
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ticle, the general method will yield terms which can direct polarization terms. As a general procedure this 
legitimately be interpreted as dynamic effects of the approximation is not recommended as the most con- 
sistent one for utilizing the potentialities of the method. 
This will be discussed in the succeeding paragraphs. 
The (2p-—d) orbitals make a contribution of 3.6 a9’ to 
the polarizability. The experimental value is about 
5.1 ao’,* so that this amounts to about 70°% of the total. 


motion of the charge cloud as induced by the incoming 
electron. However, because of the parity change of the 
perturbed orbitals which results from the dipole ap- 
proximation, these dynamic effects can manifest them- 


selves only in exchange terms. : ; ' 
y B Sternheimer has shown that the contribution of 


(nl—l’) and (nl’—>}) orbitals tend to cancel for atoms 


V. APPLICATION TO THE S-WAVE , : . 
and ions with closed shells. In oxygen, whose 2p shell 


SCATTERING FROM OXYGEN 
is not filled, the cancellation is not as complete. 


We have retained only the (2p—d) orbitals in the The ground state of oxygen is a #P state, hence an 
application of the method to the s-wave scattering from . wave can scatter in two states from it: 5” ; 
atomic oxygen. In the present instance our object was (quartet), and S‘7 =} (doublet), Below we have written 
to get a quantitative estimate of the relative importance the integro-differential equation in atomic units. We 
of the exchange polarization terms as compared to the have abbreviated the function ,,(7s'") by wos”. 


a’ 16 
Mos (t)(14) + Uos't (11) —4t95'7)(71) { yo(1s,15; 1)4+-yo(2s,2s5; 1)+2yo(2p,2p; 1)+-k*) 


dr, Lal 
+ 2ua(r)| y(t, 05°; 1) +7[Ro(1s,0S, 15,18) +-2Ro(1s,05,2s,2s) +4Ro (1,08) ,2p,2p) 
ad’ 16 


1 we 
— Ro(2s,0S‘,1s,2s) ]— f na(ra| —ugg(t)(r2)-+—tog(7)(r2) +H esr) |r 
2 0 ( ‘ 


Le) To 
‘ BAu(S™)Ru(2P.05™15,2)| t 2us(r)| yl 2s405; 1)+-7[2Ro(2s,0S, 15,18) + Ro(2s,05),2s,2s) 


+4Ry(2s,05,2p,2p) — Ro(1s,05,15,2s) ]—8A(S)Ry(2p,0S, 1s, 2p) 


1 — 
- f mm) : 
2 0 dr? V2 


« 


32 32 OS™ 
=— sMos't (ri) yi (2p, 2p—d; 1) +m(n)| Ri( 1s, : , 2p, 2p ) + A(S% if At gy p(%2)Uos'T (12) 
1 


or 9 4 0 


” drs 32 0S? 
xf - alr tapaal) tual] Ra 2s, , 2p, 2p ) + As”) f Ar yoy (12) Mos'? (12) 
; 9 2 , 


2 re r” 


” dry 1 ri 
xf Ure (13) Urp-ra(1s) +A2(S 7) Urpsa(t1) -f Ury(%2)U2p+a(%2)dr. (5.1) 


3 ’ 
2 3 ri Jo 


In this equation the notation has the following meaning: ‘The parameters A ,(.S) are defined in the following table: 
k’?= energy in Rydbergs= 13.6 ev, AglS™) AVS) Ag(S™) 


S‘T) = 4 (doublet) 0 1/18 32/45 
S(T) = § (quartet) 4 1/8 8/5 


1 ri 
- i) Ue (12)Ua(%2)%2'dre 
t+1 0 


We have put the polarization terms on the right-hand 
. os side of (5.1). The term multiplied by ug‘ (r,) is the 
. are ° ° ° . ° y 
= . asked : fo. lat / 
tref Ue(12)uq(r2) oe direct polarization contribution ap+a(r;)/ri* of (4.114). 
4 rott! The remaining terms are exchange terms. 
In Fig. 2 we have plotted the function tp.4(r) for 


a Uy(13) 
ea)=f uatra( *)nlesd 8)dr *D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. (London) 
0 1;! A192, 1 (1947) 
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FG. 2. tapsa(r) versus r (in atomic units) for atomic oxygen 


oxygen. In Fig. 3 the cross section vs energy is plotted 
in various approximations. Curve (c) corresponds to 
neglecting the right-hand side of (5.1) altogether. 
Curve (a) includes only the direct term, and curve (b) 
all terms. Curve (d) is a plot of Bates and Massey’s 
results as taken from Seaton.’ Their results are based 
on Buckingham’s value of the polarizability.” All our 
equations were integrated numerically on the M.LT. 
electronic computer Whirlwind I. 

The most significant result is the effect of the exchange 
polarization terms. One can see that curve (b) differs 
from curve (a) by about 15%. This places an order of 
magnitude on the relative importance of these exchange 
terms, From an exact quantitative point of view, there- 
fore, they are important, but from a less quantitative 
point of view the direct term seems to provide a good 
first approximation beyond the no-polarization ap- 
proximation, 

The relative importance of the direct (2p-—+s) and 
(2s-+p) terms is probably overestimated by Bates’ 
curve (d). The cross section is very sensitive to the 
polarizability and is close to its smallest value at 
a=5.7 ao. At the experimental value of 5.1 ao their 
curve would be higher than (d), and the indications are 
that Sternheimer’s value will be somewhat smaller than 
this; hence the cross-section curve for his value would 
be even higher. Nevertheless, the omission would be a 
serious one if one were interested in maximum accuracy. 
As it is, these results together with those of Bates and 
Massey, pretty well bracket the cross section between 
curves (6) and (d). 

The effect of the exchange terms is much more unpre 
dictable. Even in those atoms with closed shells the 
cancellation of the (nl—l’) and (nl’—l) orbitals only 
occurs in the direct terms. The exchange terms might 
very well add. It would seem, therefore, that for good 
accuracy one will have to include all (nl—’) orbitals 
for the largest occupied n shell. The perturbed orbitals 
coming from smaller shells are small, corresponding 
to the tighter binding of these shells, so that they can 
reasonably be neglected. 


” R.A. Buckingham, Proc. Roy. Soc. (London) A160, 94 (1937) 
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Fic. 3. Total s-wave cross section for oxygen vs energy 
in various approximations. 


Coming back to oxygen, we can say that the present 
results definitely preclude any resonance in the s-wave 
scattering. However, the total cross section must 
include the effect of the p-wave. A rough calculation of 
Seaton? has shown that the p-wave cross section reaches 
approximately 47a,’ at an incident energy of 1.5 ev. 

The over-all accuracy that the present method is 
capable of giving is difficult to estimate. Bates and 
Massey’s classical polarizability correction differs from 
our direct terms for small values of r;. Yet their results 
for a=3.6 ag at zero energy do not differ very much 
from our own, which seems to substantiate our assump- 
tion that polarization effects are minimized in the 
interior of the atom. The effect of neglecting the various 
self-consistent terms in deriving Sternheimer’s equation 
is also uncertain. The relative insensitivity of the phase 
shift to exact form of the direct polarization correction 
indicates that, if the Sternheimer functions give a good 
value of the polarizability, they will give a good value 
of that part of the phase shift coming from the direct 
polarizability terms. The exchange terms are probably 
more sensitive to the form, but, as we have seen, they 
seem to have a smaller effect. If one is willing to solve 
the coupled equations (3.10) for the perturbed functions, 
one should get considerably better accuracy. By the 
same token the method is also applicable if one uses a 


cruder form of the perturbed orbitals (as gotten im- 
Buckingham’s method,” for example) ; 


plicitly by 
however, with too crude a polarized orbital, it no longer 
becomes meaningul to include the exchange polarization 
terms. 
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Projection operators may be used instead of vectors to repre 
sent the states of a quantum-mechanical system and the appro- 
priate equation of motion is obtained. When a basis is used the 
basic vectors may be oblique or orthogonal. A formulation appro- 
priate to an oblique basis is developed with the help of tensor 
methods and the summation convention. This is generalized to be 
applicable to systems containing N electrons subject to Pauli’s 
exclusion principle. The projection operator corresponding to an 
arbitrary state is the density operator and is represented by an 
Nth-order tensor. The well-known tensor operation of contraction 
of indices applied to the density operator furnishes similar, reduced 
operators giving one-, two-, or more-particle properties of the 
system. The one-particle properties are of special interest in 
chemical systems, the corresponding reduced density matrix being 
called the charge and bond order matrix by Léwdin. The full 


1. INTRODUCTION 


HE density matrix has been known in quantum 

mechanics for a long time but its use has not 
been greatly developed until comparatively recently.’ ® 
Lennard-Jones® used it to discuss the distribution of 
electrons in certain molecules; he uses a “correlation 
function” which is a two-particle reduction of the 
density matrix. By means of this he obtains the tetra- 
hedral valence orbitals of the carbon atom, discusses 
the inert gases, molecules with triple bonds, etc. Its 
use and a systematic development of the theory has 
not been given otherwise until recently. Husimi’ uses 
the density matrix in the discussion of statistical as 
semblages of identical systems which do not interact. 
In this context it plays the part of the quantum analog 
of the Gibbs density function of classical mechanics. 
In contrast to the statistical use of the operator, we 
use it here to discuss the properties of single, complex 
systems containing N (identical) interacting electrons. 
The close connection between the density matrix and 
the chemical properties of molecules, crystal structures, 
and the structure of solids has only recently been 
emphasized.'~® For example, the components of the 
one-particle density matrix of a molecule are, in an 
appropriate formulation, the bond and charge orders 
of the molecule, quantities of direct importance to the 


chemist. 


'P. O. Léwdin, Phys. Rev. 97, 1474 (1955) 

*P. O. Léwdin, Phys. Rev. 97, 1490 (1955). 

+P. O. Léwdin, Phys. Rev. 97, 1509 (1955). 

‘Quarterly Progress Report No. 13, Solid-State and Molecular 
Theory Group, Massachusetts Institute of Technology, July 15, 
1955 (unpublished). 

*R. McWeeny, Technical Report No. 7, Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology 
May 1, 1955 (unpublished). 

, J. Lennard-Jones, J. Chem. Phys. 20, 1024 (1952). 
7K. Husimi, Proc. Phys.-Math. Soc. Japan 22, 264 (1940) 


formulas for the reduction of the general density matrix are 
given, showing the origin of the Coulomb and exchange operators 

When the symbolic equation of motion is expressed by means of 
components and the process of contraction (reduction) is applied, 
the equation of motion of the one-particle reduction is obtained 
as well as an expression for the energy of the system, In the special 
case of the Hartree-Fock approximation the time-dependent wave 
equations for the one-particle orbitals are shown to satisfy the 
general equation of motion, suggesting that the energies of the 
individual orbitals need not be stationary. This approximation is 
characterized by the idempotent property of the one-particle 
reduced density matrix, This condition alone leads to a close 
restriction on the possible values of the charge and bond orders 
of a molecule. Specific formulas for the molecule butadiene show 
that these can be expressed in terms of two parameters only, in 


this case 


rhe problem of including the overlap between or 
bitals inside a molecule is important for the accuracy of 
many calculations. The author has introduced a method 
of incorporating this in the elementary linear combina- 
tion of atomic orbitals (LCAQ) treatment of molecules." 
The present paper is a generalization of this to systems 
containing N electrons and is, in particular, concerned 
with the part played by the density matrix. In this 
respect some of the results are the same as, or are 
closely related to, those obtained by Léwdin.' * He has 
also introduced a method of including the overlap 
integral’ in the elementary, one-particle systems, but 
his method does not seem to be so easily generalized 
as the method given here 

Briefly, the method here adopts the technique and 
some of the language from tensor analysis and par- 
ticularly makes extensive use of the summation con 
vention, in which the repeated index is understood to 
be summed over its complete range (which may some 
times be infinite). In this paper too the equations of 
motion are derived from the fundamental equation of 
motion in quantum mechanics and not by a variation 
principle. The latter, strictly, applies only to the deter 
mination of stationary states while the former may be 
applied to the evolution of any system. 


2. PROJECTION OPERATORS 


(Juantum mechanics uses linear operators to represent 
the dynamical variables of a system and vectors to 
represent the states of a system, the incompatibility 
of simultaneous observation of certain quantities being 
represented by the noncommutativity of the corre 
sponding operators. For practical purposes a frame of 


*C. A. Coulson and B. H. Chirgwin, Proc. Roy. Soc. (London) 
A201, 196 (1950) 
*P. O. Léwdin, J. Chem. Phys. 18, 365 (1950) 


“P.O. Léwdin, J. Chem. Phys. 21, 496 (1953) 
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reference is used so that the vectors are represented by 
wave functions (continuous representation) or by the 
set of coefficients in the expansion of the vector in 
terms of an enumerable basis (discrete representation). 
The physical information supplied by the theory is in 
the form of eigenvalues of an operator (e.g., energy, 
momentum), the transition probabilities between dif- 
ferent states, and the average values of operators in 
the various states of the system. 

The relation between two representations, where 
either or both may be discrete or continuous, has been 
given by von Neumann" and Dirac'?; the former gives 
a rigorous mathematical proof of the equivalence of the 
two representations. Both in von Neumann’s and in 
Temple’s presentations" of the theory, the possibility 
of representing states by means of projection operators 
in addition to, or instead of, vectors is pointed out. 

A projection operator X associated with a unit vector 
x satisfies the condition 


Xy=(x-y)x, 


where y is an arbitrary vector and (x-y) is the scalar 
product, It is also clear that X is idempotent: 
X’y = (x-y)Xx=(x-y)x=Xy, 
bok, 

Since states in quantum mechanics are associated with 
unit vectors, one can use the corresponding projection 
operators instead. The following results can be estab- 
lished (see Temple”) : 

(a) If X is the projection operator corresponding to 
an eigenstate of the (Hermitian) operator A, then 


AX=oaX, (1) 
where a is the eigenvalue. 
(b) The transition probability p between two states 
X and Y is given by 
XYX: px or 
(c) The average value (A) of A when the system is 
in a state corresponding to X is 


XAX=(A)X. (3) 


There are some advantages in working with the 
projection operators instead of with the wave functions. 


YXY=pY. (2) 


3. SYMBOLIC EQUATIONS OF MOTION 


Since a system is to be represented by a unit vector, 
its evolution with time must be given by the application 
of a unitary transformation 


r(d=Ur(o)U-. 


“J. von Neumann, The Mathematical Foundations of Quantum 
Theory, translated by R. T. Beyer (Princeton University Press, 
Princeton, 1955). 

2 P. A.M. Dirac, The Principles of Quantum Mechanics (Oxford 
University Press, New York, 1947), third edition. 

4G. Temple, The General Principles of Quantum Theory 
(Methuen and Company, Ltd., London, 1948), fourth edition. 
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If one takes H/h to be the corresponding infinitesimal 
operator, then 


U=exp(—iHt/h), 
and the equation of motion of I is obtained: 
dV /dt=—ih (Hr—WH). (4) 


The difference in sign between this and the Heisenberg 
equation of motion for an operator A should bé noted. 


dA/dt=ih(HA— AH). (5) 


4. OBLIQUE REPRESENTATION 


In elementary classical mechanics the general laws 
can be expressed by means of vectors in a form inde- 
pendent of any particular frame of reference, but in 
any problem it is necessary and convenient to use a 
special frame of reference appropriate to that problem. 
In quantum mechanics the same is true. 

A set of vectors spanning the space in which the 
state of the system is represented can be used as a basis. 
Dirac’s method is to use the eigenvectors of a complete 
commuting set of observables as the basis; this means, 
in general, that the basic vectors form an orthonormal 
set. This basis may be either continuous or discrete 
according to the operators which furnish the basis. 
However, the set of basic vectors need not be eigen- 
vectors of this nature, any set of linearly independent 
vectors which spans the space may be used. 

Suppose a system is represented in a space where the 
observable (or complete set of commuting observables) 
£ is diagonal : for illustration we shall assume that ¢ has 
a continuous spectrum of eigenvalues ¢’. The state of a 
system will then be represented by a wave function 
x(£’) or (£’|x), the letter « being a label to identify the 
vector. The complex conjugate wave function Z(&’) is 
in Dirac’s notation («| £’). A linear operator A will 
then be represented by the continuous matrix (’| A| £’’). 

A set of linearly independent vectors f,, which spans 
the space may be used as a basis. An arbitrary vector x 
is given by 


x= 7F,,, (6) 


where the summation convention applies (see Appendix 
II). If each of the basic vectors f,, is represented in the 
original basis by the wave function f,,(¢’) or (¢’|m), 
then the wave function for x is given by 


x(t’) =a™f,,(t’). 


The functions f,,(¢’) are just the transformation func- 
tions of Dirac’s theory. We shall assume that the 
vectors f,, are not mutually orthogonal and will denote 
their scalar products by 


(£..-£.)=Sas= a (7) 


the bar denoting complex conjugate. The components 
Smn form a Hermitian matrix. In terms of the continuous 
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basis, we have 


Sinn = f Sm(E!) fn(€/) de 


= ff socerveislerratenaerae, 


and (¢’’|.S| t’)=8(¢’—#’). This shows that the matrix 
S has 6 functions for its representatives in a continuous 
basis; and in a discrete orthogonal basis Sn would be a 
6-symbol bmn. 

The scalar product of two vectors x, y is 


X-y=2"y"Snnv, (8) 


and S,,, plays the part of the metric tensor in a 
Riemannian space. The author has introduced a repre- 
sentation of this sort in a method of systematically 
incorporating the overlap integral into molecular orbital 
theory.® 
We shall not give all the detailed derivations here 
but introduce just those results which are relevant to 
the topics under discussion. First, we introduce a co- 
variant component, x», of a vector x by 
Xm . = ah (9) 
A linear operator is represented by a matrix with 
elements A,” so that 
Ay=(An™y")fm. 
We also introduce the inverse of S,,, in the form S™" 
and can raise or lower indices in the same way as in 
Riemannian geometry. Thus 
Smao*” - bn” _ FS is 


The Hermitian character of an operator is shown by 
the interchange of indices by means of S, which gives 
the complex conjugate of the first element. Consider 
the product of A with arbitrary vectors x and y. Since 
A is Hermitian, 


(x-Ay) = (Ax-y) =£°S A .’y*. 


Also the complex conjugate of (Ax-y) is 


gm SS 5. 


(10) 


(y-Ax)=9*°S2A a?x*. 
Therefore, since x and y are arbitrary vectors, 
Sard P=S Aa’. (11) 
Operating with S*4 leads to 
Sard &S4= 8 nA 8 =5,4A b= Ast. 


Equation (9) also enables us to write scalar products 
in a more compact form: 


(12) 


(x-y)=Xmy™ (13) 
and 


(x-Ay) =A n™y”. (14) 


In this scheme it is quite easy to see that the pro- 
jection operator corresponding to a unit vector x is 


given by 


Xp" =A™Xy. 
The proof is straightforward. 


Xy - (X,"y")E,. . (x™xny") fn 


(xny") xf, = (K-y)xX. 
(X?) "=X PX, =x x02, = 4, BX 0", 


One has to use the transformation functions f,,(£’) 
and their complex conjugates with the double contra- 
variant form of an operator to obtain the continuous 
representative. Hence 

, \ 
(|x) =x(8/) =x™fn(€’), 
, WY / . ' 
(A 18") = fn) Am fn(”). 
Applying this to the projection operator, we see that 
its continuous representative is 


(¢’ Y ge” fin ( xm F “f, ( t’’) 


(15) 


x(t) E(t"). 


This is the outer product of the wave function with 
itself and is the density operator introduced by Dirac!? 
(see also Corson'®), In his papers Léwdin'* has used 
I’ to denote this operator and the symbol I'(£’|’’) to 
denote its continuous representative. On the whole it 
seems desirable to keep as closely as possible to Dirac’s 
established notation, so we shall use (¢’|I"| ’’) for the 
representative of I’ in a continuous basis. We shall use 
the notation I';* for the discrete bases, either orthogonal 
or oblique. 

The general results for operators can now be expressed 
in terms of the representatives as follows: 

(a) Eigenvalues. The relation AY =aYl leads to the 
usual set of linear equations 


An™x"4;=08"%, OF Ag”™x"=ax". (16) 


(b) Transition probabilities. The representative form 
of Eq. (2) leads to 
xX n "Vix Ve= PL" Xk, 
P, p=(x-y)(y-x) 


The same result will arise from the alternative form. 
(c) Average values. Since x is a normalized vector, 
the trace of I is 


rnyryix! \(x-y)|* (17) 


trl=7"2,,=1. 
The trace of Eq. (3) shows that 


tr(AI'T’) =tr(AP), 
(A) trl’ (A). 


tr(AP) 


Therefore 


(A) A n™I'm" = XmA n™a"=(x-Ax). (18) 


tr(AI') 


4 P. A.M. Dirac, Proc. Cambridge Phil. Soc. 27, 240 (1931) 
16. M. Corson, Perturbation Methods in Quantum Mechanics of 
n-Electron Systems (Blackie and Sons, Ltd., London, 1952) 
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These properties are all well known but the use of the 
projection operator or density matrix provides a useful 
tool for extension to systems containing many electrons. 


5. SYSTEMS WITH MANY ELECTRONS 


Atoms and molecules are treated, approximately, as 
systems consisting of a number of electrons which move 
in the field due to a fixed nuclear “core” together with 
their own mutual repulsions. Because the electrons are 
indistinguishable and have to satisfy Pauli’s exclusion 
principle, there are certain simplifications that can be 
made, 

If for a system containing one electron one uses a 
basis f,(1) (oblique or orthogonal), then one uses the 
product space of N such spaces to represent a system 
containing N identical particles, for which the products 
f,(1)---f,(N) form a basis. The exclusion principle 
states that the vectors representing possible states of 
the system must be antisymmetric in the labels 1, 2, 

N and must therefore lie in the antisymmetric sub- 
space of the complete product space. There are now two 


courses open. 


(a) Complete Product Space 


One may continue to use the complete product space 
f,(N), 


where w---p are all possible sets of N suffixes. Since pv 


whose basic vectors are the products f,(1)- 


is enumerable, the set u---p is enumerable too, The 
exclusion principle renders the representative of a vector 
antisymmetric in the indices. Hence, the representatives 
vanish whenever any two of the indices are the same 
and have the value x46“’, *, where A stands for some 
given ordered set on N numbers. 

The metric tensor for this space is the N-fold outer 
product of the matrix S,, with itself, and S,, is the 
scalar product [f,(1) -f,(1) }. Hence, 


Spa op’ . re ( 19) 


The operation of raising or lowering indices may be 
applied here too, giving, for example, 


Lap.ng= 2°" *SyoSivg ++ Soe. (20) 


It therefore appears that systems of N particles can 
be represented by th order tensors in the space for 
one particle. 

Since electrons are indistinguishable, a dynamical 
variable involving electron number r only cannot be 
observed. Suppose that n(r) stands for such a variable 
(e.g., momentum, coordinate) referring to electron r; 
then functions of all the n(r) which are symmetrical 
over r will be observable, the simplest of such functions 
being the sum 7=}>°,y(r), where r runs from 1 to NV 
Similar considerations apply to variables involving two 
electrons {(rs) and so on. 

In a single-particle system, (1) will be represented 
by a suitable matrix 9.*. In an N-particle system, n(r) 
will have a matrix element 

5aYbp”- «ne - Bg’, 


(21) 
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which has a 4-symbol in each place except the rth. A 
two-particle operator, {(rs), will have a matrix element 


5 a"b," « . £9, site 64’, (22) 


with 5-symbols in all except two places, the rth and the 
sth. 

The mean value of » will be the sum of (equal) con- 
tributions from elements such as (21), the sum being 
taken for all the possible positions of the term 7,*, of 


which there are N. In the case of ¢ there will be (7) 


such terms. Thus 
(n) = AT Y/. .. ABP be’ ‘4 Ne se 


_ r,9.", 


bo’, 
. (23) 
where 
y= NT ah (24) 
Similarly, 


f)=h s(rs) 


r>e 


where 


It will be seen that the formulation of the elements 
of I’ is simply the well-known tensor operation of con- 
traction together with a normalization by a numerical 
factor. This process of reduction of the full density 
matrix has been introduced by Lennard-Jones,® Léw- 
din,’~* and the author'® in one form or another. By 
means of it one obtains operators I',*, I’ ,',*, etc., which 
have the characteristics of the density matrix for one-, 
two-, etc., particle systems. This resembles the reduc- 
tion of the linear motion of a system in classical me- 
chanics to that of a single particle at the center of mass. 
Since the matrix element of I’ is antisymmetric in both 
sets of indices, the position of the uncontracted indices 
does not matter provided that they are both “in the 
same vertical.’”’ The general formula for the reduced 
density matrix for the p-particle representation is 


N 
ae ( yr af 
p 


where the last V —p indices a - - -@ have been contracted. 


(27) 


(b) Ordered Configuration Space 


We have seen above that x*”"* is completely anti- 
symmetrical in its indices. Therefore each numerical 
value is repeated NV! times and many other components 
are zero. These zeros and repetitions can be avoided 


168. H. Chirgwin, thesis, London University, 1955 (un 


published) 
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by using a basis of vectors which are Slater deter- 
minants made up of the one-particle basic vectors 


fu(1) 
f= (N}) 4] Jo(2) 


f,(1) 


f,(2) 


fait 
|, (28) 
| 


fu(N) — fa(N)-+-f,(N)| 


where / stands for the ordered set of numbers of which 
M, ¥, «- pis a permutation. The space spanned by these 
vectors is the antisymmetric subspace and has been 
called the “ordered configuration space” by Léwdin.' 
Each basic vector corresponds to a configuration made 
up of one-particle orbitals; two configurations differ if 
they contain different orbitals but not if they differ 
only in the order of the orbitals, which should therefore 
be taken in a prescribed (dictionary) order. 

In this space the component of the metric tensor 
referring to the configurations 1 (containing a, f, - - -) 
and m (containing yp, v, p) is the determinant 


‘Dap 
Sp 


San 


S pu 


De — 
Sim 
5 


) ou 5 oy . » op} 


A system is now represented by a vector x’, or in continu- 
ous representation by a wave function x(&1',£0’,- - -Ew’) 
=a! fi(t1',E9',---Ew’) where each f,(£1',f9',---&y’) is a 
Slater determinant. This is the assumption made in the 
“configuration interaction” method of treating mo- 
lecular orbitals. 

The representatives in the ordered configuration 
space, x‘, and the covariant x,, are related with those 
of the complete product space by: 
x78 (N!)—-hyl§e8, > ph (N!)—M ag! gxt?'@, 
Lyvesep = EFS a Spy: > -Sep= (N!)—%,,'. 21, 


x1 s 2" S3= (N!) ger, "Buyovege 


(30) 


The components of the density matrix are related by: 
la"g’...¢?= (N!)—'5"" 1% ap.ol'm', 


Dn! = 2 X—q, = (N!)— Bap’ gb”'m T,2,7.’.’.' 9%. 


ae ae 


(31) 


It should be noted that even if the vectors f, are nor- 
malized, the basic vectors of the ordered configuration 
space are normalized too only if all the f, are mutually 
orthogonal. 

The same two possibilities of using a complete 
product space or an ordered configuration space arise 
with the p-particle reduction of the density matrix. 
I',7,%.°.’.’¢* is completely antisymmetric in each set of 
indices and is a matrix in a complete product space for 
p particles whose basic vectors are the products 
f,(1)f,(2)---f(p). An ordered configuration space is 
related to this in a way exactly similar to that for NV 
particles; the chief difficulty is one of notation. 

Greek suffixes will always refer to complete product 
spaces either of N particles or a reduced number, the 


CONVENTION 1017 
number of particles in question being equal to the 
number of indices used. If this is not clear it will be 
indicated in some way. Italic letters /, m, 7,7, Rk, «~~ will 
denote ordered configurations of N_ particles. The 
ordered configurations of fewer particles will be de 
noted by a set of indices in parentheses, giving the 
basic orbitals which are present in the p-configuration, 
or by a single capital letter. The summation convention 
shall apply to greek suffixes and to italic ones, but 
summations over reduced configurations will be speci- 
fically denoted. No summation will be implied by re- 
peated indices which are in capitals. A few examples 
will make this clear. 

x78 (N indices) is the complete product repre- 
sentative of a vector. 

x" (p indices) is the complete product repre 
sentative of a vector. 

«' is the representative of a vector in the ordered 
N-configuration space. 

x») ig the representative of a vector in the ordered 
p-configuration space: the configurations referred to 
containing the basic orbitals 1, 2, p. 

5,»'., or 6“",'* is the 6 symbol referring to configuration 
l, It vanishes when yg, »v, p contains an index which 
is not that of an orbital of J. It vanishes if any two of 
u,v, ---p are equal, It is +1 if u,v, ---p form an even 
permutation of the ordered set / and —1 if they form an 
odd permutation. 


vere (1+++p) 


bi1...p) OF by,...¢ iS a similar 6 symbol referring to the 


wa 
reduced p configuration. 

Buy 8 Ode... ft UN 
over all ordered configurations / is implied. 

Bur! 0”'m = N 'b_'; a summation over all possible 


indices); a summation 


values of the indices y, v, p is implied. 


aperom (leeop 
t 


6 (1... p)6 ; no summation is implied. 


wooed 


See Appendix I for further properties of the 6 symbols. 


6. REDUCTION OF THE DENSITY MATRIX 


We can obtain explicit formulas for the reduced 
density matrices. The p-particle reduction is 


N 
p 


[(N—p) Ip! 9898p "865," pyccgl'm!’. (32) 
The result depends upon the contraction of the 6 
symbols, viz., 
678, . a iss ia 
Now each 6 symbol can be written as a determinant 
whose elements are the single 6 symbol. Therefore 


b,* sa 
bf 


a 


0,° 


Fe 
b,! 
|" 


b, 
. E 

$28 99°65 4 B(N). 
| 


|b, b,* 
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Suppose that the configurations /, m have ¢ orbitals in 
common (1,2,---t) and their remaining orbitals, 
(p,q,---7) in Ll and (u,v,---w) in m, differ. A typical 
element of the determinant is given by 


b,“=A,*+d,*, (33) 


where 


A,*= 6%, +696 ,2+ oe +5,%6,'= A(T),*, (34) 


in which the argument T will be omitted unless specific 


reference to it is required. The d elements are given by 


6%," + 6,6," + vache +6,%,”. (35) 


é,* 
These have the following properties : 
Ay"Ap*=Ap*, A,*=1, 


d,*d 4" =(0, d,* 0 A,2dg*=0=d,7Agz". (36) 


If we denote the indices of the determinant B(N) 
explicitly, we can contract it index by index using the 
properties (36). 

Expand B(N) into a sum of determinants of order NV: 
N 
>» G,” ’ 
ot 


B(N) 


| 


where G,” stands for the sum of all determinants of 
order N with r columns having A elements and the 
remaining columns containing d elements. A typical 
member of G;° is 


d,* 
d, 


A,* 
A)? 
Ay’ 
Aa* | 
Ay’ 


4,” 
Af 
dy” A,’ dy? 
é,* A," d,* 
a A, dd" 


dy* 
d,? 


A.* 
Af 
A,” 
A," 
A,’ 


|\dAdAA| = 


The other members are obtained by taking all the dif- 
ferent possible arrangements of dAdAA among them- 
selves. This determinant is expanded in terms of its 
last row and summed over the index \=o. By virtue 
of the properties (36) of the elements this gives 


| d,* A,* d;* A,* 

P d,P A,? d,? A? 

2) ay aly dy? A 
| 6," A,* d;* A.* 


If the last column had contained d elements the con- 
traction would have given zero, so that only those 
determinants will survive which will contribute to 
terms of the sum G;‘. This result is quite general so that 


N 
B(N) => G,*; 


rend) 


(37) 


one contraction gives 
1 


N 
B(N—1)= > (t—r)G,*™, 


re 
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two contractions give 


N-2 
B(N—2)= & (t—1)(t—1r-1)G,", 


red) 


f contractions give 


N-f 
B(N—f)= > (t—n)(t—r—1)- +: (t—1-—f4+ GA. 
rod) 

There are some special cases of this worth pointing 
out. 

(i) If t= N the two configurations are identical and 
d,*=0; then only the terms Gy, Gy*_~1', ---Gy*—/ 
which contain only A elements are different from zero. 
Therefore 


BIN) =GwN=|AA---Al, 
B(N—1)=1-Gy*_-'=|AA---Al, 


(order N) 
(order N—1) 


B(N—f)=f(f-1)---2-1Gw*_-f=f!|4d---Al, 
(order N—f) 


B(1) 


which is simply the usual formula for the reduction of 
the Kronecker 6 symbols. 

(ii) If ¢=0 the two configurations have no orbitals 
in common, there are no A elements, and everything 
vanishes on the first contraction. 

(iii) For other values of t, after / reductions the sum 
reduces to a single term 


=(N—1)!G!=(N—1)![4|, 


N—t 
B(N—t)= > (t—r)(t—r—1)- ++ (—r—-1)G,*-', 
so that, if r~0, all the coefficients vanish, each having 
one factor zero. Therefore 


B(N—0) =t(t—1)---2-1-Go"-t=1I|dd---d|. (38) 


All further reductions give zero. 

(iv) If t= N—2, the configurations / and m contain 
orbitals (1,2, ---N—2, p,g) and (1,2, ---N—2, u,v), re- 
spectively. Therefore 

d)*= p75 *+-5,76)°, 


and’ the two-particle reduction of B(N) is the de- 
terminant 
ht de 
(N—2)! 
|d,8 d,°| 


(39) 


the one-particle reduction being zero. ['This is a special 
case of (iii). ] 

(v) If t= N—1, the configurations /, m, contain orbi- 
tals (1,2,---N—1, p) and (1,2, ---N—1,), respec- 
tively, and 

N—1 
4,°= ys 6,6, ", 


r=l 


d,* =5,°5,". 
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The two-particle reduction is 


2 
B(2)=>> (N—r—1)(N—r—2): + -(—4 +2)G,2 
rend) 


=(N—1)(N—2)-+-2Ge-+(N —2)(N—3)-+-2-1-G? 
=(N—1)!|dd| +(N—2)!{ |dA|+|Ad]}, 


By%,8 = (N —1)!(dy2d,8—d,%d)*) 

+(N—2)!(dy2A,2—d,*A,2+A,2d,2—A, dy?) ; 

and the one-particle reduction is 
B(1)=(N—1)!Go' or B,*=(N—1)!d,*. 
But because d,* is the product of two terms it fol- 
lows that any determinant with more than one column 
of d elements is zero, the two columns being propor- 
tional. Hence only the last two terms Gy%_~/ and 


GwN_-/f_, have any nonzero determinants. In _par- 
ticular, the first term in B(2) vanishes and 


By*,2=(N—2)! 
x (d,7A,F— dyth P+ Ay%d,P— A,d)?) . 


(40) 


(41) 
7. RELATION TO LOWDIN’S RESULTS 


In this section we show the connection between these 
results and those given by Léwdin.'* 

The process of reduction used by Léwdin is the exact 
transformation of that used here. Consider a tensor 
A,*,4. To transform this to the continuous representa- 
tion, we use the double contravariant form™ A%#’* 
= A 7, SS, giving 


(Ey'E 2" | A | E1!Ea"”) = fa Ex’) fp (Ea) Af, (Er) fF, (E 2"). 


Now the reduction is performed by equating £2'’= &,’ 
and integrating over £2’, remembering that 


Sop fren pterae 
Therefore 
(E1’| A | &1’”) falér) h(E) A r% PS SHS op 
= faltr’) f(t") A 7 PSS 94 
= falts')f.(E)An%ehS™, 
which is exactly the transformation for the reduced 
operator 


(42) 


Aj)%= A %F. 
This shows that our process of contraction is exactly 
the same as Léwdin’s. 
The normalization is the same for, in the p-particle 
reduction 
trP=T.¢/.’.’.‘s" 
=[(N—p)!p! $7515.09". 42! am 
=N'[(N—p)!p! "2! = NIL(N — p)!p! 7. 
The coefficients Cx used by Léwdin for the expansion 
of a wave function in the ordered configuration space 
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are the same as our x’. In effect, Léwdin is using com- 

pletely contravariant components all the time. Con- 

sider, for example, the p-particle reduction of the 

density matrix 

P28... = [(N— p) lp! Pala by 89 bl. peneey 
[(N—p)!p! Pix BS pnb yh! Bue. peneeps 

But 

oe 


Shue -Peienp OD py ded . +S 7579, '** r 


therefore 


P,2,6.°.°.7=[(N—p)!p! a! B*SyySya 
> «Said Mad a ad ’. 


Sofa * “Bas 


, 


To obtain the double contravariant form of this, we 
raise the lower indices 
['28-- WAbeen rf... psa" rh. iD 
When this operation is performed on the right-hand 

side of the expression, we obtain 


[abet en f (N—p) pl} 


Kx! B*S,,: J S55, wae p GMs, ee 


The cofactor of the element in rows X, t, -- +7 and col- 


umns a, f, ---m in the determinant S,, is 


$,%8 Tp deroem =L(N—p)!] 1948-39: PRM WETS ae 


Therefore 


[°OB eee Aber me [p! } Leh BRS aber, eon 


which is exactly the formula given by Léwdin [see 
reference 1, Eq. (58) |. There is no need, in this method, 
to deal separately with density matrices and transition 
matrices; they are the diagonal and the off-diagonal 
terms associated with the double contravariant form, 
I'*!, which are all included in the above treatment. 

The diagonal terms of these matrices I'4%s*.’.’.'4* (no 
summation) are, as in Léwdin’s paper, all between 0 
and 1. The diagonal term 


Ph P= (Np) pl Patan P98 racongy 


and the corresponding term in the p-fold ordered con- 
figuration space is 


(1+++p) 


**p) aprerrd 
| (l+++p) 


(1. 
[p! Dryers a.’ .’.' 9B (1.009) 


Cw 


p)! } ‘vod l jas a Pag b 


(the brackets denote the orbitals in the ordered con- 
figuration). The summation over a---¢@ must include 
all the configurations’/ which contain the orbitals 
1, 2, ---pand the configuration m must be the same as 
l. Hence 


(levee p) p! 


Poop) 
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The summation here comprises only those configura- 
tions L which contain these orbitals. But 2x'x,;=1, 
where the /-summation implied is taken over all possible 
configurations; therefore 


14) 


This is true for all reductions, agreeing with Léwdin’s 
results [reference 1, Eq. (64) | although the diagonal 
terms of our mixed tensors are in general different from 
the diagonal terms of his contravariant form. The sum 
of (43) over all the possible p-fold configurations gives 


N 
the trace of I’ in this reduction. Now there are (’ 
ways of choosing the p indices of I’, and there are 

N ; aly ; 
therefore be configurations / containing any given 


p-fold ordered configuration. Hence a summation over 
all possible p-fold sets repeats the summation over the 


; i 
complete configurations, /, (’ times. Therefore 


iy A 
trI'(p) ¥ LD (tcoop) ( )etn ( ) 
ap p p 


8. COMPONENT EQUATIONS OF MOTION 


The equation of motion involves the Hamiltonian 
operator H which is the sum of one- and two-particle 
operators. The one-particle operator is n-= 7,+V, the 
sum of the kinetic and potential energies of electron 
number 7; the two-particle operator is e*/d,,, the energy 
of repulsion between particles s and ¢, These appear in 
H in the form of symmetrical functions, viz., the sums 


9=) el rt V,, (45 
t=) ,.,e/da (46 


he @ 
The product I'n is written down in the complete 
product representation and contracted over all indices 


exe ept one pair 


(I'n p A , - one’; 


where the summation has to be taken over all the 


possible positions of the dummy indices e¢,« in the 
Therefore 


same vertical 


(I'n) »* P29 + 2NOP 2 Fang’, (47 


where we have used the definitions (24) and (26) for 


the reduced forms of I’. Similarly 


(9I") 2 = No nol o-+ ZN’ T 20° (48 
Therefore 
(Mn—al),4= VAP, —meP,), (49 
which is expressed entirely in terms of the one-particle 
reductions 
Similarly the product If can be written down in the 


complete product space and contracted over all except 
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one pair of indices 
(TE), = Do yt t ee gt hY 


where the summation has to be taken over the (*) 


possible positions of the pairs ¢, x and yu, 6. Therefore 


N-1 
(Ty),* , ( — 
2 


N-1 


v rs Py 


(cp 


+ ek 


3N Tt nS 0%" +2N T°," 


Similarly 


(t1'),2=3A 4 Boyt DN «BP 


m 
$ pps 


1 
Cp*y" 


therefore 


(rt - ‘T),* 2A “Tart os" rid We (51 ) 

This shows that the equation of motion can be ex- 
pressed entirely in terms of the one- and two-particle 
matrix. This equation of 


reductions of the density 


motion is 


” 


(dI',*/dt)=ih™| (1',*%,*—m*I', 


2 (1% PC > 4H 


at eS 8 mPT og") |. (52) 


Cn ul p B 
The average value of the energy in this state of motion 
is, from (23) and (25), 


E=(H)= tr (TH) =P yea +1 7h ap". (53) 
The absence of the factor 2 in the expression for the 
energy should be noted: it appears before the two- 


particle terms in the equation of motion. 


9. EXCHANGE PROCESSES 


reduction of I 
‘The formula 
for the reduction of I’ includes a double summation over 
all the possible configurations of the .V-fold ordered 
configuration space; the three types of such terms that 
need consideration are (a) those from configurations 
which occur in both indices, /=m, (b) those from con 
figurations which differ in one orbital only, m=/+-1, 
and (c) those from configurations which differ in two 
orbitals, m=1+-2 

We temporarily suspend the summation convention 
over italic indices 1, m, 


6 for the 
show that there are three cases to consider. 


The results obtained in Sec. 
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(a) The term in «'x,; in the complete expression for 
I’ is 
(N!) oe aT la rere 
When this is contracted to the two-particle representa- 
tion, one obtains 


x'x,|A(D),* A(D,* 


; (54) 
A()),? 


2! |A(L),° 
where the symbol A(/),* is the Kronecker 6-symbol 
whose indices run only over the orbitals comprised in 
the configuration /. [These were first introduced in 
Eq. (35). ] The one-particle reduction is 


xx A (I i. 
This is substituted in to (51) for the commutator of ¢ 
and I’ leading to!’ 
NAD PE > gH eta ara 
(x!xp4,/2!)2N-L AJ,» 


bA,*K,> 


Jk 

K,*4,> i, (55) 
where the expression is now given as a commutator of 
the one-particle A(/),* ‘7 and two operators J (/),* '7 and 
K (L),“ "7, These are the Coulomb and exchange operators 
for the configuration /, defined by 


Js” J (12 6,%"A(L),P, 


Ky%= K(l)%#=fp"A(1),8. (56) 


(b) Consider now those terms in the reduction of I’ 
which arise from configurations which differ in one 
orbital. The configurations each include an ordered set 
of V—1 orbitals, L; one contains another orbital p, 
and the other contains an orbital u. The terms in the 
reduction of which arise from these sets are 


(N 1)“, 168%! g, 
for which the two-particle reduction is 


(aly, 1 2!) 6, %,"A(L ) P4+-A(L Po Pe 
5,%5,“A(L),P . A(L),%6 p75," |. 


Substitution into the commutator now leads to 


2N-MT, 4,8 4" 
x14 N65, "J (L) + A(L) 2S (pu), 


$e Wr d 
etre | e p*) 


5p%),"K(L),*—A(L)\'K (pu), ], (57) 


where, once more, J and K are Coulomb and exchange 
operators given by 

J(L)»=A(L) PS *9", J (pu), 
K(L),*=A(L),P¢p*.", K (pu) ,* 


~h wu 
Sp p's 


» 
Cp e- 


s As ur Aw 
Op Sp B . 
pegiey (58) 
Op Ou"S p” p* 
(c) The third type of term in the commutator arises 
from those configurations which differ in two orbitals. 


''The argument / has been omitted from A, J, K where it 
should occur in Eq. (55) 
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From (39) the two-particle reduction of I’ reduces to a 
determinant. The orbitals p,g and u#,» are those in 
which the two configurations differ. This leads to ex 
pressions in terms of Coulomb and exchange operators 
similar to those in case (a), 


xx oN »—Jy%d>—dy"K,+Ky"d,], (59) 


where the Coulomb and exchange operators are given by 


Be d,Pf * 5", 1 Pe d,% Pe ap (00) 


similar to the previous results. It will be noticed that 

all these formulas have a factor 1/.V which is removed 

eventually when the normalization factor .V, appro 

priate to a one-particle representation is introduced 
The equation of motion for PF is 


dV /dt ih '(HE—rH). 


The above results show that, when the N-particle 


representation is reduced to a one-particle representa 
tion it takes the form, symbolically, 


dV dt th{ (n+ J—K)U'—-T(ynt+J—K)], (61) 


where J and K are the one-particle operators defined 
above. I’ consists of a sum of terms and the appropriate 
form for J or K This 
equation of motion is strictly accurate, no approxima 


must be used with each term 


tions having been made at any stage 
The mean value of the energy is given by 


E=(H)=tr(PH)=trf (4+) 7—34K) |, (62 


where the symbolic 


J, Kk 


ack ording to the rules already worked out 


operators have to be used 

Hitherto the method of configuration interaction has 
used this expression for the energy which is minimized 
with respect to the coefficients x’. This, of course, de 
the of the The 


equation of motion we have developed applies to any 


termines stationary states system 
state of motion and incorporates no approximations: 
these will be necessary in evaluating the components of 
the various operators. 

We have seen that the one parth le Operator | Pa has 
contributions from terms referring to one configuration 


‘y,, and also from terms relerring to two con 


only, 4 
figurations differing in one orbital, x!x,,, (and a!*!x)), 
Now the components I’,” are just the charge and bond 
ult 


are “transition” bond and charge orders arising 


orders of a molecule, so that this res shows that 
there 
from such configurations which differ in one orbital 


This 


from 


suggestion was made by Chalvet eé al.’® but differs 
the expression given by Coulson, Daudel, and 
contribution 
the 


Robertson.’ The latter only include the 


v'x,, omitting the others. Our results confirm 


former suggestion 
' Chalvet, Daudel, chim 
phys. 49, 262 (1952 
9? Coulson, Daudel, and Robertson, Proc. Roy. Soc 


A207, 306 (1951) 


Roux, Sandorfy, and Vroelant, J 


(London) 
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10. SINGLE CONFIGURATIONS 


We shall conclude by applying the foregoing methods 
to the special case of a system which is a closed con- 
figuration of occupied orbitals, being represented by a 
single Slater determinant. 

First of all we adopt the orbitals constituting the 
single configuration as the first NV members of the basic 
one-particle orbitals; we may complete the set by a set 
of orbitals orthogonal to all of these but otherwise 
arbitrary. If we denote by A the ordered configuration 
containing just the occupied orbitals, then the repre- 
sentative of the system in the \-configuration space 
will be 

t= 8 4'(Saa) SallSaay 4. (63) 


and 2, 


With this choice of basic orbitals it follows that the S4, 
vanishes whenever / is different from A. The density 
matrix is therefore 


= (N1)-1§28 4°95,,4 


YF See - (64) 


which is a simple 6 symbol. Consequently from the 
properties of these symbols we see that all the reduc- 
tions of I are idempotent, for in the p-particle reduction 


,@@e°*g¢g 
rf... 


[(N 


p)\p! | 6°" 4 ed Our Lint 


V\(A l 
( ) poets (plete, (65 
pvereefe p') pwersehy >) 

p! 


p 


where the indices must all be chosen from the configura 
tion A. This shows that all the reductions of I’ are 
idempotent and can be expressed as determinants of 
the one-particle reduction. Both these latter relations 
are tensor relations and must hold in other bases. The 
basic vectors we have been using here are the ‘‘natural 
orbitals” (Léwdin') completed by an arbitrary set 
orthogonal to the natural orbitals. 

It is sometimes convenient to use a basic set of one- 
particle functions which are not the same as the set 
constituting the configurations. This is the procedure 
in the LCAO method. Let us denote the occupied 
orbitals by the one-particle vectors a, b, ---h. Thus 


a=af,, b=b4,, ---h=/4,, 


in terms of an arbitrary basis f,. The a“, 6“, --- are the 
coefficients in the expansion of the orbital functions. 
The configuration is represented by the Slater de- 
terminant 


(66) 


la(1)---a(N)| 
cvs] BQ) BOW). 
h(1)---h(V) 


This has representatives in the complete configuration 
space 
a” =a” ++ +a? 


gnome be = - - - 


(N!)-4] (67) 


he hv +h, | 


CHIRGWIN 


giving the contravariant form: the covariant form is 
the same except for having the indices in the lower 
position. The full density matrix has the components 


A,* A,*: 5 oF «Ps 


Ao A,B +A, 8 


r,4,8.'",¢= (NI (68) 


A, A,*---A,9| 
where 


= 0%, + bbb: +hthy. 


Because of the assumed orthogonality of the orbitals, 
the element A,* has the same properties (36) as the 
A,* (with t=) of that section and the reduction of I is 
given in Sec. (61). This shows that all other reduc- 
tions can be expressed as determinants of I’,*; in 
particular, I',*=A,* and 


DyA= (2700 PT, T,?). 


(69) 


(70) 


It is, of course, also true that all the reductions of I’ are 
idempotent. 
We now use these forms for I’ in the equation of 
motion and obtain 
(dI',*/dt) = th uf (1')%n,*—°T',) 
+2 (T\*Pf,%97— $707 sa”) | 
=th-(T)°H,—H,T, ], (71) 


where the operator 3C is the one-particle Hamiltonian 
including the Coulomb and exchange operators 


J,°= 5,°T'9’, 


K,*=0,°+ J ,°—K,*. 


and K,*=£,°,T,’, (72) 


(73) 


We can obtain from this the equation of motion for the 
separate coefficients a”, b, ---h*. We have 


; (dI',*/dt)=> ,(a%d,+4d%a,), 


and 
5,” —H)T,* = > (aa), —H)%aa, hs 
> (a%G, + 4%,) = th ¥ .(a%a,K,*—H%a4,), 


> at" (G,— th", ay) = — Yo (G*+-1h Ky 20)a,. (74) 


A solution of this is clearly given by 


and d* 


(75) 


with similar equation for b,, b“, «+ +A,, A“. But if one of 
these is satisfied, the other is also, for they are the 
covariant and contravariant forms of the same equation. 

These equations, when expressed in a continuous 
basis are the time-dependent Schrédinger equations 
corresponding to the Hartree-Fock equations for sta- 
tionary states developed by many authors.!-*%° Our 
result shows that, if the state of the system at any time 
may be regarded as made up of orbitals, which are not 
necessarily stationary, the Hartree-Fock equations still 
govern the changes which take place and all the usual 


Gy=th"K,,ay —th“"3,%a, 


*” J. Lennard-Jones, Proc. Roy. Soc. (London) A198, 1 and 14 
(1949). 
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methods of one-particle perturbation theory may be 
used. 

Dirac has shown that when the one-particle ',* has 
the form (69) the expression (62) for the energy is sta- 
tionary. The proof turns upon the fact that J and K 
vary with I’ and that 


(dJ ,*/db)T "= J,*(dl'."/db), 
(dK ,°/db)l g*=K,*(dl'44/dt). 


Then it immediately follows that dE/di=0. These 
properties arise solely from the assumption of a closed 
configuration of occupied orbitals, and the result is 
quite independent of the orbital coefficients a”, «+ -A*. 
Thus, any such configuration is a stationary state 
although the orbitals need not be so and in fact their 
energies may vary, subject to the total energy remain- 
ing stationary. The Hartree-Fock equations are derived 
(see, for example, Léwdin,!-* Lennard-Jones”) by a 
variation method in which the total energy is stationary 
for first order variations in the orbitals: our results 
show that the time-dependent equations remain true 
for larger variations. 

Expressions for orbital energies and the total energy 
given by Mulliken are exact.”! The total energy is given 
in the form of his “additive partition” while the orbital 
energies correspond to a one-particle Hamiltonian 
operator linked with his ‘subtractive partition” of the 
total energy. 


11. APPLICATION OF THE IDEMPOTENT 
CONDITION 


Léwdin! has shown that the necessary and sufficient 
conditions for a system to be a single configuration are 


rwryv=0,2, Pet=N. (76) 
The author'® has shown that a matrix satisfying those 
conditions must have the form (69) being obtained by a 
unitary transformation of basis from the matrix having 
N elements unity along the diagonal, the remaining 
elements being zero. (The “natural spin-orbitals” of 
Léwdin being the basis for the latter.) Most practical 
applications of LCAO theory use real atomic orbitals 
as a basis and the matrices are consequently symmetri- 
cal. There is a theorem which states that any orthogonal 
matrix can be written (Ferrar”) 


O= J(I-—T)/(I+T), (77) 


where T is an arbitrary skew-symmetric matrix and J 
a matrix with +1 along the diagonal and zero else- 
where. Suppose that O stands for the one-particle 
density matrix (bond and charge order matrix) for a 
molecule of NV electrons which is a closed configuration. 
It can therefore be expressed in terms of 4N(NV—1) 
independent parameters at the most. The idempotent 


21 R. Mulliken, J. chim. phys. 46, 497 and 675 (1949) 
2W.L. Ferrar, Algebra (Oxford University Press, New York, 
1940), p. 164. 
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condition further reduces the possible values of the 
elements of the matrix so that the charges and bond 
orders of such a molecule are very closely determined 
by these conditions. Any symmetry in the molecule 
further reduces the possible values. 

This is well illustrated by the molecule butadiene, 
whose z-electron charges and bond orders can thus be 
reduced to functions of two parameters. We assume that 
the matrix corresponds to two doubly occupied orbitals 
and that, ignoring spin functions, the matrix has to 
satisfy the conditions 


y’=y and try=2. (78) 


We assume, because of the symmetry of the molecule 
that 


p s 
| 


These lead to the equations 


a=a+p+r+s*, and a+6=1, 
b=P+h+eP+r, 

p=ap+ pb+gqr+rs, 

r=ar+ pqt+br-+ ps, 

s=2(as+ pr), 


q=2(bg+ pr). 

These reduce to 
ab= p’+r+ ¢, g=s', 
r(q+s)=0= p(qt+s), 


s=2(as+ pr), q= 2(bq+ pr). 


After rejecting solutions which cannot correspond to 

the actual molecule, we can express the whole matrix 
in terms of two arbitrary parameters 0, ¢, 

a=4(cos*0+cos’p), 6 

q=4(—cos’0+-cos*) = 

p=4(sind cos6— sing cos), r= 4 (sind cos#+ sind cos). 


}(sin’0+ sin’), 


-$, (82) 


When these values are substituted into (79), this 
matrix appears as the outer product of two orthogonal 
vectors, 


Xyi= (AyV2)~[ cos@, sind, sind, cosé }, (3 
, ; ) 
Xy2> (AzVv2) | cosd, — sing, sind, — cos? |, 
and the corresponding covariant (column) vectors, 
x"= (d,/V2){cos#, sind, sin8, cosd}, 
x2"= (A2/V2){cos, — sing, sing, 


(84) 
COS}. 


The factors A; and A, are normalization factors which 
are determined by the value of the overlap integral. 
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12. CONCLUSION 


A method of including the overlap integrals in ele- 
mentary LCAO theory involving one-particle functions 
is to use contravariant and covariant components and 
to express bond orders and charges in terms of these. 
The language and technique of tensor analysis lends 
itself naturally to this and the method has been suitably 
generalized to include systems of N electrons. The 
density matrix falls naturally into the scheme and the 
process of reduction to give the various one-, two-, or 
more-particle properties of a system is simply the 
well-known tensor operation of contraction. The various 
forms taken by the density matrix have been derived 
and the Coulomb and exchange operators appear 
naturally in the development. 

The operations involved in this scheme are none of 
them approximate, and consequently the results and 
expressions obtained are as accurate as the original 
assumptions can make them. In particular the exact 
equation of motion for the complete system has been 
reduced to give the exact equation of motion for the 
one-particle reduction. This enables the former approxi- 
mations, e.g., the elementary LCAO theory, to be seen 
in its correct setting, its limitations seen, and its ac- 
curacies explained. In his series of papers, Léwdin'~* 
also embarks on the process of determining the best 
approximation by means of appropriate projection 
operators. 

The density operator, in the extended representation, 
is a projection operator but it ceases to be one in any 
of its contractions except in the Hartree-Fock approxi- 
mation. This distinction is not always clear in Léwdin’s 
papers, where in the latter case? he replaces I’ by the 
corresponding projection operator. The projection 
operator is determined by the representation being 
used and it is I that is determined by the system, hence 
it seems desirable to maintain the distinction. But it 
is this close connection with projection operators, which 
figure in von Neumann’s work, that helps to put all 
this on a firm theoretical basis. 


APPENDIX I. THE KRONECKER 6 SYMBOLS 


The single symbol 6,* is well known, where the in- 
dices may take any values. 

We suppose here that all indices may take values 
from 1 to N, and that all summations implied by the 
repetition of an index run from 1 to V. The complete, 
alternating 6 symbol is 6,%/%.".”.’,* having V upper and 
V lower indices, and has the properties listed below 
(see also the end of Sec. 5). 

(a) It vanishes if any two or more upper or any two 
or more lower indices are the same. 

(b) It is +1 if uw, v--+pis an even (or odd) permuta- 
tion of the numbers a, B, «+ -@. 

By a process of contraction, a series of N—1 other 
similar symbols is built up. If one contracts r indices, 
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one obtains 
By P i (Hl) er g®, 


where the right-hand side has been contracted over the 
r indices €---. By giving r values from 0 to VN—1 one 
obtains the complete family of 6 symbols. The con- 
tracted symbol has the following properties: 

(a) It vanishes if any two or more upper or any two 
or more lower indices are the same. 

(b) It is +1 if yw, v, «++ is an even (or odd) permu- 
tation of the numbers a, f, «- «7. 

(c) It vanishes if u,v, ---¢ is a permutation of a 
different set of numbers from a, B, -- «7. 

The contracted symbol with r= V—1 is the familiar 
5,2. 

All the higher order symbols can be written as 
determinants of appropriate order having 6, as their 
elements 


|6,% 6, o of pf 


5,7 5,7° + br 


"| 
- 5,F 6,F--- "| 
"| 


In the text of the paper summations over repeated 
indices have not been restricted to values from 1 to N 
as here. However, in the symbols 6%,-*, etc., the 
suffix / stands for an ordered set of numbers and the 
6-symbol vanishes unless a, f, ---¢ is a permutation of 
this set. This therefore restricts the effective sum to 
those numbers contained in the set / instead of the set 
lto N. 


APPENDIX II. TYPICAL FORMULAS WITH 
THE SUMMATION CONVENTION 


1. Raising and lowering indices of a vector: 
Sm ™ B°S em, 2n™ SneX*, 
y= o"Z., Z™= Le5™. 


2. Raising and lowering the indices of a tensor: 


Am" S"*A é. 


1 mn Smo 1 n° A m “Se ny A oo 

A am? A n*Sam= SmaA a*: Baw 

showing the Hermitian character of the double co- 

variant form. The corresponding formulas for the 
extended space are 

Santir’* 


A heh S088 98... 


Ae.’ SypSev** 


Didi ae ‘Af... 


Aas per 


3. Reduction formulas for I, (a) from N indices to 
N—p. 


‘ Br: 
Pe ae 


NiCpun—p) IPP ee pee 


the p indices ¢---@ being contracted. 
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(b) Reduction from p+q to p indices. 


ee ty 


(p+ 9)\(N—p—g! 


(N—p)!p! 
(N—p—q)!(p+q)! 


Dts. 


where the q indices y- - -A have been contracted. Putting 
p=1 and g=1 gives the relation between the one 
particle and two-particle reductions 


(V-—1)! 


“(N—2)!2! 


L,%g8 rya=4(N—DP,*. 


APPENDIX III. INVERSION OF AN 
INFINITE MATRIX 


Since we have contemplated the possibility of the 
summations implied ranging over an infinite set, there 
will be questions of convergence arising in theory, 
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although in practice the infinite sums will always be 
replaced by finite sums. The chief point requring atten- 
tion is the existence of the matrix S*’ inverse to Sy». 

Cooke® (Theorems XIV and XV of Sec. 9.3) shows 
that an orthonormal base can be constructed for every 
set of vectors of o2 (Hilbert space) which defines the 
same closed linear manifold, even if the manifold is the 
same as the whole space. 

If y; is the orthonormal base corresponding to the 
set of vectors /,, then 


Dd lf, 


— 


yi 


and ¢“ is an infinite matrix which has a_ two-sided 


reciprocal C,', which is unique, such that 


f,=> Cyn. 


Hence 


wai ¥ €,C,' and S#”=)> ct,’. 


This justifies our assumption of the existence of the 
inverse S*” even in the case of an infinite basis. 


*R. G. Cooke, Infinite Matrices and Sequence Spaces (Mac 
millan and Company, Ltd., London, 1950) 


NUMBER 4 


Relation of the Deuteron Photodisintegration Cross Section to 
the Neutron-Proton Force* 


Rocer G, NEWTON 
Indiana University, Bloomington, Indiana 


(Received May 2, 1957) 


It is shown that for a very general class of neutron-proton triplet S-phase shifts, given as functions of 
the energy, the experimental deuteron photodisintegration cross section singles out the neutron-proton 
central triplet potential with the shortest exponential tail. It is therefore powerful evidence for a short 
decay length of this potential, evidence which is unobtainable from the low-energy scattering data and the 


binding energy alone 


HE author recently pointed out! that the experi- 
mental cross section for the scattering of electrons 
by deuterons? can be explained without any additional 
assumptions by the use of one of the potentials first 
given by Bargmann.’ The point at issue was that the 
deuteron binding energy and the low-energy neutron- 
proton scattering data by themselves do not allow any 
inference concerning the rms radius of the deuteron or 
other effects of its “spread.” Without any change in 
the neutron-proton triplet S-phase shift and the deu- 
teron binding energy, the form factor for electron- 
deuteron scattering can be made to vary between the 
most extreme possible limits. 
* Supported in part by the National Science Foundation 
'R. G. Newton, Phys. Rev. 105, 763 (1957). 
2]. A. McIntyre, Phys. Rev. 103, 1464 (1956), and J. A 
McIntyre and S. Dhar, Phys. Rev. 106, 1074 (1957). 
4V. Bargmann, Revs. Modern Phys. 21, 488 (1949), and 
unpublished. 


As a specific application, the experimental cross 
section curve has now been fitted by use of the potential 
given in reference 1, with the parameter c= 1.38. Both 
the potential and the square of the normalized deuteron 
wave function u,, also given in reference 1, are shown 
in Fig. 1. The rms radius of the deuteron with this 
potential is 2.05 10~" cm. 

It will be noted that the potential, although perhaps 
reasonable in its general aspect, has a relatively long 
tail, i.e., it falls off somewhat slowly in the region above 
2X10-" cm. As a result, the wave function does not 
become equal to its exponential asymptotic value until 
about 8X10~" cm. On theoretical grounds, such a 
potential is not very palatable, since it is generally 
argued from meson theory that beyond a region of the 
order of magnitude of a meson Compton wavelength, 
the nucleon-nucleon potential should fall off exponen- 
tially with a decay length equal to the meson Compton 
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Fic. 1, Central triplet neutron-proton potential and squared 
deuteron wave function with its asymptotic value, as given in 
reference 1, with c= 1.38. 


wavelength. Meson theory being, however, in as uncer- 
tain a general state as it is, such arguments may not be 
quite as powerful as one could wish. It is therefore 
relevant to see if there is any good experimental evidence 
against such a relatively long-tailed central neutron- 
proton force. 

Such evidence indeed exists in the photodisintegration 
cross section of the deuteron. It is well known that the 
latter gives valuable information on the neutron-proton 
force; the point that requires investigation is whether 
it really is iron-clad evidence for a short tail, or whether 
all inferences from it beyond the effective range depend 
on special potentials customarily used in the interpre- 
tation, 

In the case of the special potentials of reference 1, 
the asymptotic form of the wave function is 


(1) 


u.(r)~Ne*’, 


-(< “) ‘( 2K ) 
4 = — }, 
c\o-—K c\1—Kro 

K'=h(QpE,)4, 


A) To T1 +-(1 - 2r oa 1\s f 
a K " hry K?, 


where 


ro being the effective range, K~' the “size of the deu- 
teron,” Ex the deuteron binding energy, a the scattering 
length, and c an arbitrary positive parameter. If in the 
evaluation of the dipole matrix element one replaces 
the wave functions by their “outside” values, which 
for reasonable potentials is presumably an excellent 
approximation, then the electric dipole photodisinte- 
gration cross section of the deuteron as a function of 
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the wave number k becomes‘ 


4a k 32 q 
~4te) 
3 \R+K*7 c\1—Kmro 


after the above value (2) of N? is used. There is good 
experimental agreement with the cross section derived 
by an effective-range approximation, in which the 
factor 2/c in (3) is absent. Therefore, there is good 
experimental evidence that, among the potentials of 
reference 1, one must choose the one with c= 2.® 

The value c=2 has special significance. It gives the 
so-called “unique” potential, i.e., the one potential,’ 
for the given S-phase shift and binding energy, which 
asymptotically decays faster than e*“", The experi- 
mental deuteron photodisintegration cross section 
therefore selects the unique value. 

One may then raise the general question: If we take 
it for granted that the neutron-proton triplet S-phase 
shift and the deuteron binding energy allow the 
existence of a potential which decays faster than e~**’, 
does the experimental deuteron photodisintegration 
cross section necessarily select the “‘unique”’ potential ? 
In other words, is (2) a general result, or is it true 
only for the special potential of reference 1? 

We can give the answer to that question within the 
very large class of Bargmann potentials. If we assume 
one bound state of energy — K*, and an S-phase shift 


given by 
k—ia k+iB\ k+ik 
e4=11(—)n(—) —, 
a \k+ia/ 6 \k—iB/ k—-ik 


where the na’s and the (n—1) §’s are positive numbers,* 
then the central potentials that produce (4) are® 


(3) 


(4) 


(5) 


d 
V(r) =2— >> ba(r), 
dr 8 


where the m functions bg(r) are determined by the n 


‘See J. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 610-612. 

* See D. H. Wilkinson, Phys. Rev. 86, 373 1952), 

* Levinger and Rustgi have independently come to the same 
conclusion on the same grounds; see J. S. Levinger and M. L. 
Rustgi, Phys. Rev. 106, 607 (1957). 

7It is a general theorem that if, for a given bound state of 
energy —K* and scattering phase shift for all energies, there exists 
one potential of asymptotic decay faster than e**', then it is 
unique; if there is one that decays more slowly than e*%", then 
all do. See R. Jost and W. Kohn, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 9 (1953), and R. G. Newton, Phys. Rev. 
101, 1588 (1956). 

*Or they may be complex; in that case they must occur in 
— pairs and have —- real parts. 

* The details of solving the Gel’fand-Levitan equation, or of 
verifying the solutions given, are left to the reader. In the much 
more — case of the presence of the tensor force, they 
are given by T. Fulton and R. G. Newton, Nuovo cimento 3, 677 
(1956) and applied to the neutron-proton case by the same 
authors in a paper in this issue. 
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equations 


> bs(a? —6*) (a+8 cothfr) =1, 
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> 5K) K e-*r—ccoshKr 
i ) ( ) 
r B 


e-*'+ccoshKr 


+-8 cothSr | =1. 


The normalized bound-state wave function is 


A 4 
sels) = (=) CE bp(r)(K2— 68)" 
cK B 
X (K+ 8 coth6r)—1], 
A=]](@— K*)/|] (a?— K®), 
B a 


where 


and the sign of ¢ is the same as that of A. 

It is clear from (6) that, in general, the asymptotic 
exponential decay of V.(r) is determined either by the 
smallest @, if there is one smaller than K; or by K if 
all 8 exceed it. In the first instance the decay is slower 
than e~**" and the same for all'® c; in the last instance 
it is e~** for all values of c except one. For c=2 the 
asymptotic decay is then determined by the smallest 8; 
that is the “unique” potential.’ We shall assume that 
all 8>K so that such a unique potential exists. 

The asymptotic value of u, is given by (1), with 


A 
w= (=) bs(~)(K—B)“—1 FP. (8) 
cK p 


The equations for bg(~ ), 
L bs(~)(a—B)*=1, 


are readily solved: 


ba(~) = —[[] (8—a)/ II (8—8’)](K+8), 
a p'#B 


DL bs(~)(K+8)1= —1, 


and (8) becomes 


4K B+K a—K 
oa )0(8) 
c 2B B-—K a \a+K 


=2c" lim (K—ik)e?*"*. (9) 


k->—iK 


We now assume that the effective-range approxi- 
mation, 
k coté= — a! +-4rok?+----, 


1 This is an illustration of the theorem stated in reference 7. 
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is still good for k= —iK so that" 
K=a-+4roK?. (10) 


The validity of (10) may be regarded as an experi- 
mental fact. We can then write 


d 
(k cotéd) 
dk 


rok } “ee 
and 


lim (K—ik)e** 
. 


ki 


k coté—ik 2K 


= lim (K—1k) a ; 
os kcoté+ik 1—roK 
so that we again obtain (2). 

This means that among the Bargmann potentials it 
follows from the approximate validity of (10), the use 
of the asymptotic wave functions in the dipole matrix 
elements, and the experimental agreement of the deu- 
teron electric dipole disintegration cross section derived 
by means of an effective-range approximation,‘ that 
the neutron-proton central triplet potential must be 
of the “unique” kind (if such exists for the given phase 
shift). In view of the large size of this class of potentials 
[any reasonable phase shift can be approximated by 
one of the form (4) |, one may expect that this statement 
is correct in general. In that sense, then, the photo- 
disintegration cross section is very powerful evidence 
for a short-ranged neutron-proton force. 

Since the foregoing evidence forces us to the value 
c=2, the potential of Fig. 1 cannot be used in reality. 
The resulting potential of reference 1 leads to disagree- 
ment with the experimental electron-deuteron scatter- 
ing cross section, and presumably none of the “unique” 
potentials can give the right form factor, since they are 
too short-ranged. One is therefore forced to other 
explanations, of which by far the most likely is the finite 
size of the proton. (See also reference 2.) As already 
mentioned in reference 1, that effect should be taken 
into account in any case and a value of ¢ obtained 
without it cannot be considered reliable. If the proton 
is given a radius of about 0.8X10~" cm, the value 
obtained in Hofstadter’s experiments,” then the po- 
tential of reference 1 with c=2 leads approximately to 
the right form factor. 

The author is indebted to Dr. D. G. Ravenhall for 
a stimulating discussion. 


1 This involves, in addition to the smallness of the binding 
energy, an assumption of a pole of the S-matrix in the complex 
plane at k= —ik. For the Bargmann potentials the latter is 
necessarily satisfied if all the a’s differ from K. 

2. E. Chambers and R. Hofstadter, Phys. Rev 
(1956). 
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Interaction of a Nucleon with the Nucleus 
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The importance of nucleon-nucleon correlations and the Pauli principle in the excited states of nuclei is 
tudied, It is shown that the polarized wave functions defined in an earlier paper by Vogt describe: (a) the 
correlated motion appropriate to a pair of nucleons whenever the pair is in close proximity, and (b) the 
motion of a single nucleon, when averaged over the positions of the nucleons to which it is correlated, as 
that given by the shell model. By use of the second moment of the strength function the polarized states are 
shown to solve the Schrédinger equation approximately. Previous calculations on the second moment are 
extended to show that when the correlations are neglected the second moment is not only large but also 
strongly dependent on the form of the internucleon potential—particularly when this potential contains 
strong repulsion at small distances. The large result obtained for the second moment in each case is reduced 
to a reasonably small value—less than (10 Mev)*—by introducing the nucleon-nucleon correlations com 
bined with the Pauli principle 


I, INTRODUCTION The correlations between nucleons will be considered 
by using the “polarized” nuclear wave functions de- 
fined by Vogt (reference 7, hereafter referred to as 1) 
system of strongly interacting particles exhibits many who considered the same problem. ‘The present paper is 
“ehell-model” features in its behavior. The shell- ® mu h more general and complete treatment of the 
model features manifest themselves not only in the problem considered in I. The properties of the “polar- 
properties of the ground state and the low excited ized” wave functions of I are discussed most simply in 
states,' but also in the average behavior of the states ‘¢™™S of the second moment of the strength function, 
at somewhat higher energy as observed in the average and consequently many of the calculations of the 
; present paper will involve the second moment. 

The extent to which the states with correlations 
solve the Schrédinger equation for the whole nucleus 
is discussed in Sec. Il. The second moment of the 
strength function is shown to play an important role 
in the construction of an approximate solution of the 
Schrédinger equation. Section IIT gives an approxima- 
tion method for evaluating the second moment in 
terms of the potential acting between nucleons. There 
are two principal approximations in this method, and 
correlations. However, the complicated wave functions both are shown to be physically reasonable. The first 
which take the correlations into consideration stil] Concerns the assumption that only two nucleons at a 
possess many of the important features of the simpler time are interacting strongly with each other and thus 
shell-model wave functions. It is the purpose of this 80res those events which are caused by three or more 


paper not only to demonstrate that this is so, but also 


to show in detail the role played by the nucleon 
nucleon correlations and the Pauli principle in explain and a residual nucleus can be calculated by treating in 


( NE of the principal problems in the theory of the 


nucleus concerns the understanding of why a 


total neutron cross sections.? The latter were described 
with considerable success by the cloudy-crystal-ball 
model of Feshbach, Porter, and Weisskopf.* 

It has been suggested recently by a variety of 
workers* 7? that the success of the shell model can be 
explained if the correlations in position between the 
strongly interacting nucleons are considered and if the 
Pauli principle is used in conjunction with these corre 
lations.‘ That is, a satisfactory nuclear wave function 
requires a detailed description of the nucleon-nucleon 


nucleons in mutual proximity. As a consequence of this 


assumption, the interaction between a single nucleon 


ing the validity of the shell model. detail only the forces between the single nucleon and 


the nucleons of the residual nucleus, ignoring mean 

'M. G. Mayer and J. H. D. Jensen, Elementary Theory of the 
Nuclear Shell Model (John Wiley and Sons, Inc., New York, 1955 F 
2H. H. Barschall, Phys. Rev. 86, 431 (1952), and subsequent nucleons themselves. In this sense the present paper 


while the detailed interactions between the residual! 


papers ; oe : aid, sea: Reaniaitaiaal Te fun 
* Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). concerns the nucleon-nucleus interaction. The first of 


“H. A. Bethe, Phys. Rev. 103, 1353 (1956) our two chief approximations, together with a suitable 
*K. A. Brueckner and C, A, Levinson, Phys. Rev. 97, 1344 
(1955). K. A. Brueckner, Phys. Rev. 97, 1353 (1955). Brueckner, 
Levinson, and Mahmoud, Phys. Rev. 95, 217 (1954). Brueckner, lations, yields the second moment in terms of two 
Eden, and Francis, Phys. Rev. 99, 76 (1955); 100, 891 (1955 
K. A. Brueckner, Phys. Rev. 100, 36 (1955). R. J. Eden and ; 2 ‘ 
N. C. Francis, Phys. Rev. 97, 1366 (1955). R. J. Eden, Proc The second consists of a simple method for extracting 
Roy. Soc. (London) A235, 408 (1956) — 
* Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955 ; : : 
7 E. Vogt, Phys. Rev. 101, 1792 (1956). integrals. This method is essentially the same as that 
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perturbation calculation for the nucleon-nucleon corre 


nucleon matrix elements of the internucleon potential. 


numerical answers from the multitude of two-nucleon 
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used in I, although a number of approximations made 
in I are avoided in the present paper. 

Section 1V concerns results for the second moment 
obtained for a variety of two-nucleon potentials, in 
cluding some potentials which are strongly repulsive at 
small distances. Even with the latter the wave functions 
with correlations may solve the Schrédinger equation 
approximately. In Sec. V the role played by the nucleon- 
nucleon correlations and the Pauli principle in the 
second-moment calculation is explained. 


I]. APPROXIMATE SOLUTION OF THE 
SCHRODINGER EQUATION 


In describing the interaction between a nucleon J, 
and a residual nucleus, we shall use products of two 
wave functions, V,(X1,°°*,X4;Xw)#,(Xy). The residual 
nucleus wave function, V,, is assumed to contain corre 
lations in position between the residual nucleons and 
the nucleon N—that is, the residual nucleus is polarized 
by the nucleon N. W, also contains correlations between 
the residual nucleons themselves, but as pointed out in 
the preceding section we shall not consider the latter 
correlations. The VW, and u, which we shall use were 
defined in I. They satisfy the equations: 


A A A 
Ce —(h/2mA+dD LY 0(xi,x;) 


vel tel jeritl 
A 

+B > v(xi,Xw) We(x1,° + *4XA5 XW) 
1 


€-(xw)W-(X1,°°°,X4;Xm), (1) 


and 


[ —(h?/2m)Aw+ (1—B)V (xw)+e-(xw) —F up (xy) 


bpUy(Xn). (2) 


In (1) @ is an adjustable parameter whose value lies 
between 0 and 1; A; is the Laplacian with respect to 
the coordinates of the ith nucleon. In (2) F, is the 
energy of the residual nucleus in the absence of the Vth 
nucleon. V(xy) is an average of > .2)4 v(x,,xw) with 
regard to the ground-state (c=0), unpolarized (8=0), 
residual-nucleus wave function. That is, 


A 


V(xy)= | IW |? & v(x,,xw)dz, (3) 


. vel 


dx,:--dx,. The superscript (0) on the wave 
0 for this 


where dr 
function in the integrand indicates that 6 
function. 

The potential 630.14 v(x;,xv) in (1) will influence 
the wave function ¥, only when one of the nucleons in 
the residual nucleus is in the neighborhood of the nu 
cleon N. The average of the interaction B>- \\4 v(x,,xw) 
on any one of the residual nucleons will be approxi- 
mately 28/A times smaller than the average of the 
interaction > i214 >> j1414 v(x,,x,) exerted on it by the 
other residual nucleons. If the nucleus is heavy, one 
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may think of the nucleon NV as immersed into a sea 
of nuclear matter and of its interaction 8). i214 0(x),xw) 
with the residual nucleus as constituting a perturbation 
of this sea. he meaning of 8 will be discussed in Sec. \ 
It may be pointed out here that the case B=1 corre 
sponds to what is commonly called the adiabati 
approximation, 

At first sight it would seem that both uw, and 6, 
should depend on c. However, at least approximately, 
these quantities are not c-dependent. The energy of the 
sea into which the nucleon N is immersed will be the 
same no matter where the perturbation B>- i214 v(x,,Xy) 
is located as long as it is farther from the nuclear surface 
than the range of nuclear forces. ‘Therefore ¢€.(xy) will 
behave like a well potential: it will be constant over 
most of the nucleus and change (increase) only near 
the surface of the nucleus. The 6,, as far as their 
dependence on p is concerned, are characteristic values 
of a single-particle equation in which the potential 
«.(Xv) ~F,.+ (1—B)V (xy) is of the usual well type. 

By the choice of boundary conditions (see below) 
and normalization factors the products ¥.u, can be 
made into a complete orthonormal set of functions in 


the space of all the A+1 nucleons. That is, 


| VW Ui ptty*drdxy DecO pp’, (4) 


where the integral extends over the coordinates of all 
the nucleons. In proving (4) we must integrate over 
the coordinates of the residual nucleus first. The wave 
functions VW, contain coordinates of the nucleon A 
parametrically, inasmuch as no derivatives with regard 
to the coordinates of this nucleon occur in the detini 
tion of V,. Therefore, for every value of xy, the set of 
functions VW, can be made orthonormal with regard to 
the coordinates of the residual nucleons 

The wave function VW, contains detailed correlations 
between the motions of the residual nucleons and the 
but in a certain sense the nucleon WN still 
’ that 


nucleon JN, 
moves about independently. It is shown in Sec. \ 
whenever one of the residual nucleons is close to N, 
then V, contains a factor describing the relative motion 
of the pair of nucleons in close interaction. However, 
if we average the probability density |W,«,|* over the 
positions of the residual nucleons which are correlated 
to N, then the remaining probability density for the 
nucleon N is (u,)*. Thus, when the correlations in 
WV u,\* are averaged out, the motion of the nucleon N 
is still given by the single-particle wave function u, 
If we wish to evaluate, for example, the expectation 
value of any single-particle operator containing only 
the coordinates of N or depending linearly on the 
momentum of N, we can average first over the positions 
of the other nucleons: the expectation value is then 
exactly that given by the strict single-particle picture 
Since we are free to choose both NV and uy, the product: 
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Vu, describe one (but only one) nucleon at a time 
moving independently of the others in this average 
sense. Therefore, if the products V4, can be shown to 
solve the Schrédinger equation approximately, the 
picture of a single nucleon moving independently of 
the others should be approximately valid. 

The decision as to whether or not the products Vu, 
are approximate characteristic functions of the total 
Hamiltonian is complicated by the fact that the prod- 
ucts V4, are not exact characteristic functions of any 
operator in the space of all the A+1 nucleons, even 
though they constitute a complete orthonormal set of 
functions in that space. Consequently the standard 
techniques of perturbation theory are not applicable to 
the decision, ‘To see that Vu, may be an approximate 
solution of the Schrédinger equation, we define the 
operator Hl’ by 

H'=H—E.—&,, (5) 
where H is the total Hamiltonian for all the nucleons. 
If H’'V.u, were equal to zero everywhere, then V.u, 
would be a characteristic function of the total Hamil- 
tonian with the characteristic value Z.+6,. From (5), 
(1), and (2), we obtain 
V)V uy 


H'Y u,=(1—B)(V 


h? h 
2 ) whe Wate UpVnVe, (6) 


2m 2m 

where V is >. ~:4 0(x,,xw). We shall show, in the follow- 
ing sections, that the mean value of H’, taken in the 
state W.u,, is quite small. Then we shall minimize 
the root-mean-square value of 7’, Qualitatively it would 
seem that, if the root-mean-square value of H’ (for the 
state V.u,) were made small enough, then ¥.4, would 
be a good approximate characteristic function of the 
total Hamiltonian. To make a quantitative estimate, 
we need to discuss the second moment of the strength 
function. 

The stationary solutions, X,, of the Schrédinger 
equation which are used in the formal theory of reso- 
nances® satisfy 

HX,=E\X), (7) 
where the arbitrary real boundary conditions charac- 
teristic of the Wigner-Eisenbud theory are imposed on 
the states X, at the surface of the nucleus. Since both 
the set of functions X, and the set ¥.u, are complete 
and orthonormal, we have the real orthogonal trans- 
formation 

Xi =Doa p Cireg¥ ctty, 
with 
5 


> rv( h; ep hye’ p’ 


= bceDpp’s 
and 
D009 ChregOniep Bay’. 
L. Eisenbud and E. P. Wigner, Phys. Rev. 72, 29 (1947) 


AND 
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Let us see how the coefficients C,;.p behave, on the 
average, as functions of \ for a given cp. We denote by 
(Cy, en?) the average of C);-y’ over a group of states 
whose energies, Ey, lie in an energy interval which is 
large compared to the spacing of the states A. For a 
heavy nucleus at an energy above the ground state 
equal to the neutron binding energy (~7 Mev), the 
spacing of the states A is usually of the order of 10 ev. 
Because of the orthogonality condition (9), (Cy; cp?)av 
must have a finite maximum value which we assume 
to be unique. If this maximum is very sharp, then it 
should occur near the first moment, M,, of these 
coefficients, where M, is defined to be: 


M, >a Cy: 9". 
M, may be calculated by using the inverse of the real 


orthogonal transformation (8) to compute the expecta- 
tion value of H, taken in the state V.“,, 


M,= (WV uy, HV u,) 
bet 8y+-F cy; cy. (12) 


(11) 


H' .»:ep 1S an energy whose value will be shown to be 
negligibly small compared, say, to the spacing of the 
states p. The sharpness of the maximum in (C\;cp”)m 
may be discussed in terms of the second moment, M.. 
If we define the vth moment, M,, to be 


M, = Fa Ch; cp? 4.—M;)’, v>1, (13) 
we can compute M, by taking the expectation value of 


(H—M,)’ in the state V.u,, 


M,= (Vet, (HM) ty). (14) 


In particular we find 


M.= (H")ep,ep— (Hl epsep)?. (15) 


That is, the second moment of the coefficient C,;.,” is 
just the variance of H’, taken in the state cp. In the 
following sections we will show that (H1’-»,¢p)? is always 
negligible compared to the mean-square value of H’, 
that is, (H’*)-».ep. The second moment will be shown 
to have a wide range of values depending on the 
parameter 8 in our wave functions and on the form of 
the two-nucleon potential. 

It is shown in Appendix A that any bounded func- 
tion possessing a well-defined full width at half-maxi- 
mum, W, has a second moment which satisfies 


M,> (W/4)?. (16) 


Consequently the energy interval, W, over which 
(C\; ep’) can be large must be smaller than or equal to 
4(M,)'. As is shown in Appendix A, the function for 
which the equality sign holds in (16) is rather un- 
physical—its first derivative is not continuous. Usually 
one would expect (M2)! to be of the order of 4W or 
larger (see Table II and Fig. 7, Appendix A). 


(M2)'23W. (16a) 
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The interesting property of the coefficients C),,,? is 
the width W and not the second moment. W is related 
to experiment and is pertinent to the validity of the 
shell model and the intermediate model for nuclear 
reactions proposed by Lane, Thomas, and Wigner.® 
If W is smaller than the spacing, d, of the single-particle 
levels p, then the squared coefficients C),.,’, for a given 
c as p functions of A, can be separated into groups, each 
group corresponding to one value of p. Lane, Thomas, 
and Wigner showed that, when this was so, then the 
reduced widths y,.2 for the decay of the compound state 
\ into a channel consisting of the nucleon N and the 
residual nucleus in state ¢ is proportional to C),,,?. In 
this case also, (C),-,*)a is, apart from a constant, equal 
to the strength function (the average reduced width 
divided by the average level spacing). Since d, for low 
nucleon energies, is of the order of 10 Mev, W should be 
smaller than 10 Mev in order that the intermediate 
model of Lane, Thomas, and Wigner be valid. 

For heavy nuclei the shell model seems to be ap- 
proximately valid for states which lie close to the ground 
state. Consequently we would require that W, for 
energies close to the ground-state energy, be less than 
the spacing D of levels of the same spin and parity in 
order that we may justify the validity of the shell 
model with our wave functions. D, at this energy is very 
roughly of the order of magnitude of a Mev. 

A more quantitative estimate of W can be obtained 
from the cloudy-crystal-ball model of Feshbach, Porter, 
and Weisskopf.’ In their work the average total neutron 
cross sections were calculated in terms of the inter- 
action of a single neutron with a complex potential 
well, Vo+}iW». Thomas® showed that the use of the 
cloudy-crystal-ball model for the description of average 
total neutron cross sections was equivalent to the use 
of a particular strength function, s(#,), in the inter- 
mediate model, namely 


s(Ey) => s) (Fy) 
Pp 


_#R,(a) 
p mmWy \1+[(4,—6,—F.)/}Wo P 


where R,(a) is the pth radial wave function in the real 
part of the complex potential well, evaluated at the 
nuclear radius a and &, is the position of the pth single- 
particle level in Vo. The strength function (see equation 
above) of the cloudy-crystal-ball model has a full width 
at half-maximum of Wo. The form of the strength func- 
tion (for a given half-width) can be varied considerably 
without changing the total cross sections by a great 
amount.” We may therefore require that, at an energy 
above the ground state equal to the neutron binding 
energy, the width W of our coefficients (C\,.;”)m should 

*R. G. Thomas, Phys. Rev. 96, 224 (1955). 

FE. Vogt, Ph.D. thesis, Princeton University, 1955 (un 
published). 
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be roughly equal to twice the complex part, 4Wo, of the 
potential used by Feshbach, Porter, and Weisskopf. 
They found Wo to be approximately 4 Mev. This esti- 
mate of W is not in disagreement with the very rough 
estimate of the width required to make the shell model 
valid for the ground state and the first few excited states. 
The complex part of the cloudy-crystal-ball model in 
creases with energy,'' and therefore the width of the 
distribution of (C\, ¢p*)s4 should also increase with energy 

The which is calculated in the 


second moment, 


following sections, is of interest because it may provide 
a rough measure of the width. First of all, if (A7,)! has 
a value of 1 to 2 Mev, the inequality (16a) tells us that 
the width cannot be more than 4 Mev, which is the 
observed value of the width at the neutron binding 
energy. The minimum value (6 Mev) of (M2)! obtained 


in the following sections with the polarized wave fun 

tions V.u, is somewhat larger than the 1 to 2 Mev 
required to prove that the width belonging to these 
wave functions is as small as the observed width. How 
ever, the disparity between 4(M,)!—or 2(M,)*—and 
the observed width is considerably less than the corre 
sponding disparity obtained with unpolarized wave 
functions. 

It is plausible that wave functions whose second 
moments differ by large factors also have widths differ 
ing by large factors and that therefore the square root 
of the second moment gives an order-of-magnitude 
estimate of the width. For the wave functions con 
sidered in this paper, the second moment, as a function 
of 8, may vary continuously from (200 Mev)’ to 
(6 Mev)*. If (M,)! is much larger than W, this implies 
that, at distances from the maximum, F,.+6,, which 
are larger than W/2 and smaller than (M2)!, (Cy. 6p") av 
is proportional to 1/(#,—F,.— &,)*. At distances larger 
than (M»)*, (Cyc; 5) must decay more quickly. If the 
width does not increase with (M,)!, then, as we vary #, 
the form of (Cy;cp*)a must change continuously from a 
rapidly decaying function [for the minimum value of 
(M,)'] to one which varies, over large energy intervals, 
as 1/(£,—F,.—&,)*. It seems much more likely that 
large increases in the second moment are accompanied 
by large increases in the width rather than that the 
functional form of (C),.;”)« always varies in this special 
way. The unpolarized (9=0) wave functions will be 
shown to have large second moments, and we shall 
regard these wave functions as having large widths or, 
equivalently, as constituting unsatisfactory approxi 
mate solutions of the Schrédinger equation. In general 
we expect that a the second 
belonging to a wave function “improves” the 
function (that is, decreases W)——at when the 
reduction of M, concerns orders of magnitude. 

In view of the connection between (M,)! and W, a 


reduction of moment 
wave 


least 


study of the role played by nucleon-nucleon correlations, 
the Pauli principle, and the form of the two-nucleon 


" Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956) 
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potential in large-scale reductions of the second moment 
should tell us how these effects help to make the shell 
model a valid picture of nuclear behavior. These effects 


will be discussed in the following sections. 


III. CALCULATION OF THE SECOND MOMENT 


The second moment, M,, was shown in the preceding 
section to be the variance of H’ taken in the state V1,. 
If we use (6) and (15) and neglect (/1’,,, -,)*, we obtain 


h 
UM, fio B)(V—V)¥ .u, UpAnwY 
2m 


h , 
2 jew Vu, drdxy (17) 
2m 


Of the three terms in the square root of the integrand 
of (17), the first involves those potentials in the total 
Hamiltonian which were not employed in the definition 
of the states V, and u,. This term (1—8)(V—V)., 
will be referred to as the potential-energy term. It 
is shown in Sec. V that the second term becomes large 
whenever one of the residual nucleons is near to the 
nucleon N and that, in this case, — (h?/2m)(AwV,)u, is 
proportional to the kinetic energy of the pair of nu 
cleons in close proximity. Hence the second term will 
be called the kinetic-energy term. Similarly the third 
term will be referred to as the momentum term 

In calculating the integral on the right side of (17), 
we integrate first over all the coordinates of the residual 
nucleons. Each of the operators multiplying the residual 
nucleus wave function W, in (17) involves the nucleon 
N, and the potential-energy, kinetic-energy, 


momentum terms are large only when at least one of 


and 
the residual nucleons is close to N. Since we assume 
that only one of the residual nucleons at a time is close 
to AN 


residual nucleons with themselves in detail. 


we do not need to treat the interaction of the 


For the 


purposes of the present calculation the potential 


A 
> v(x,,x,) 


+l 


A 

L 

im] j 
in Eq. (1) defining V, can be considered as an average 
interaction for each of the residual nucleons. 

The potential B>> i214 0(x,,xwv), which correlates the 
motion of the residual nucleons to the motion of the 
nucleon N, will be treated as a perturbation. An un 
perturbed wave function w,(x) for any one of the resid 
ual nucleons is defined by the Laplacian of this nucleon, 
its average interaction with the other residual nucleons, 
and the imposed boundary condition at the surface of 
the nucleus. The boundary condition also determines 
the energy &, of the state w,;. The perturbed wave func 


J. LASCOUX 


tion w,(x,xw) of the same nucleon is, up to first order, 


w (XX) = w(x) +a; (x,xw) 


wi(x) +85." w(x), (18) 
i &;— 


with 


f r.(x)0(a,xy)m,(x)d. (19) 


‘The wave function W, of all the residual nucleons is 
antisymmetrized with regard to the coordinates of the 
residual nucleons. In doing this we are using the Pauli 
principle as far as the residual nucleons are concerned 
but ignoring the Pauli principle in dealing with the 
nucleon N. It is shown in Sec. V that it is necessary 
to use the Pauli principle to this limited extent. This 
use of the Pauli principle precludes, among other things, 
the use of exchange forces in the two-nucleon potential 
v(x,xv). The wave function W, is thus a determinant 
of the perturbed single-particle functions w,;(x,xv) with 
the rows and column labeled respectively by the sub- 
script 7 and by the number referring to the particular 
residual nucleon used in the argument x of the single- 
particle wave function. 

By expanding each of the single-particle wave func- 
tions w,(xX,Xw) in a perturbation series, as in (18), one 
obtains a corresponding perturbation expansion for W,, 


Y.=V.4+Y,-4 (20) 


The value of the square integral, \,’, of the first-order 
wave function WV,“ (with W, normalized to unity) was 


computed, in e to be 


(21) 


in which the sum with regard to the index 7 extends 
over the occupied states of the residual nucleus and 
extends over all the unoccupied states. The numerical 
value of NV? for various forms of the internucleon poten- 
tials —including potentials which are strongly repulsive 
small distances—and for the ground state of the 
residual nucleus are given in column 2 of Table I. 
As these results indicate, ¥,"’, for the potentials we 
shall consider, is usually at least an order of magnitude 


al 


less than W,. 

The perturbation expansion for V, diverges, of course, 
when the internucleon potential contains a rigid core. 
The rigid core would have to be treated exactly in 
constructing W.. In the present paper we shall employ 
only internucleon potentials for which the perturbation 
expansion (20) converges rapidly--even when the 
potential is strongly repulsive at small distances. 

The calculation for Mz is made using the perturba- 
tion expansion (20) for the ground-state (c=0) residual- 
nucleus wave function Wo. Wo is the lowest order 


wave function occurring in the potential-energy terms, 





INTERACTION OF 


NUCLEON 


WITH NUCLEUS 1033 


TABLE I. Calculations of the second moment, Eq (26) and various related quantities from several internucleon potentials. The latter 
and the equations defining them are listed in the first column; the second column gives the square integral, Eq. (21) of the first order 
wave function in terms of the amount of polarization 8. The part of M, arising from the momentum terms is given by the fourth column 


The next column gives the result for 1/2 obtained by a Fermi-Gas Calculation for 8=0 


correlation energy. 


’ Second moment, M2 
Potential 2 Eq. (26))] Mev? 


vy bre 4 
m1 LEq. (29) 
v1 | Eq. (30) 
VIV Eq (31 ) 
vy LEq. (32) | 
vvt LEq. (33)] 


500(1- 
35 50001 
4700(1 

200(1— 

17 OSO(— 
2850(1 


0.0548? 
0.0188? 
0.0198? 
0.0566? 
0.0228? 
0.0328? 


28 )?+-3008? 
28 24 1504? 


whereas VW," is the lowest order wave function in the 
kinetic-energy and momentum terms. Following the 
calculation made in I, we evaluate M2 using only these 
lowest order terms. The result is 


h* \ (Anvij)Uy 
B)VijUp—B 
2m t;—¢ 


h® \ Unrij: Vnty|? 
- 28 dxy, 
2m £;—&; 


where the three terms in the square root of each term 


A L 
M,= pw > i(1- 


1 j= Atl 
(22) 
in the sum are again, respectively, the potential-energy, 


kinetic-energy, and momentum terms. As indicated, the 
sum with regard to i extends over the occupied states, 


whereas j extends only over the unoccupied states 
If the wave function of the residual nucleus had not been 


antisymmetrized, the sum with regard to 7 would have 
included the occupied states (other than 7) as well 
The integral over the coordinates of the nucleon JN, 
in (22), will be evaluated by an approximate method 
The quantities in (22) which depend on xy are the wave 
function u,, the matrix element 2,;,;, and the derivatives 
of these. The approximation method to be employed 
here is based on a physical picture which is the same 
as that used in the preceding section to describe the 
behavior of ¢€.(xw). The picture is the following. When 
the nucleon N enters a heavy target nucleus, or rather 
a “sea” of nucleons, the density of this sea is slightly 
increased at the position of the incoming nucleon, but 
this increase in density is independent of the actual 
position of the nucleon NV. Surface effects are ignored 
This picture implies that all quantities involving the 
polarized wave function V,, when integrated over the 
coordinates of the target (residual) nucleons, should be 
independent of xy. As far as the second moment (22 
is concerned, this means that the sums over 7 and 7 of 
either 2,,;, the derivatives of o,;, or the products of 
these should be independent of xy even though the 
individual v;; are not. We can evaluate the matrix ele 
ments 0; and the derivatives of these at a single point 
thus 


say the center of the nucleus, |xv|=0—and 


28)? +-588(1-—-8)+279p? 
28 )?— 3608 (1—B)+-1084,? 
28? + 35(1—B8)+ 1408? 
28 )?+-628(1—B)+157p° 


rhe results of the sixth column are related to the 


Momentum M, Fermi-gas 
term { calculation Hop. oy 
M. Mev? Mev? Eq. (46)] Me 


580 
$4 000 
378? 4700 
1188? 270 
728? 17 700 
4p" 2900 


+ 0.18? 
+ 1.08" 
+ 0.18? 
+ 0.08? 
+ 0.58" 
+ 0.08 


7.08(1 
13.4801—{ 
tO8(1—{ 
O88(1—f 
11.06(1— 8) 
1og(1 p 


1258? 
71s? 


obtain 


L o hi? Anti; \* 
M ps > ( ( DP); p ( ) 
im] jm A+l 2m { 


t 
si S$) 


h? (Ant; 
< f by 2dx x 13 (1 P)va; p ( ) 
lm\ §;—¢t 


41 =) 


h’ VNU; h 3 
x ( ) [wenn ylrs t us( ) 
2m\ §i—£t . 2m 


$) 


VNnrisVnrj | 
x V vp V nu, dxn | 
(t 2 - 


(23) 


where the colon denotes the double scalar product of 
two dyadics, The first term in the curly brackets con 
tains the square of the difference between the potential 


the | 


energy term and the kinetic-energy term; second 
gives the cross product of the momentum term with 
this difference; the last term contains the square of 
the momentum terms. Equation (23) differs from the 
similar result in I in that the momentum terms are not 
neglected in the present calculation, Since the wave 
functions “, are properly normalized, the first integral 
in (23) is identically unity. The integral f'u,Ayu,dx» 
of the cross-product term in (23) vanishes identically 
if uv, is an s-wave function. For higher angular momenta 
the integral depends on the boundary condition im 
posed on the functions u, at the surface of the nucleus 
lor s waves the only component of the dyadic ¥V yu,V wu, 
that does not vanish identically is (du,/drw)*. ‘This 
component may be integrated partially to yield 


OU» OU y 
) dxy =4ary' ty 
or N or N TN 
1 ra] Ou p 
fu, rn’ Jax, (24 
. tn’ ON Ory 


As pointed out by Teichmann and Wigner,” the bound 


"'T, Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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ary condition which the wave functions u, must satisfy 
is the same as the real arbitrary boundary condition 
imposed on the stationary states X, of the formal reso- 
nance theory.* The logarithmic derivative of u, must 
be a real arbitrary constant, b. Hence (24) may be 
written 


Ou,’ 2m 
I( ) ay bu,*(a)+ - (&,+V»), 


or 


(25) 


where we have used the wave equation (2) for u, [with 
the potential well, (1- B)V+ éc-—F,, set equal to a 
square well of depth Vo | in evaluating (1/ry*)(0/drw) 
X[ry?(du,/drw) | for s waves. If the arbitrary constant 
b is set equal to zero—as is frequently done in the formal 
theory of resonances—then(h?/2m) f (du,/dr)*dxw is 
just equal to the energy of the nucleon N measured from 
the bottom of the average potential well V. Therefore 
we obtain, finally, for the second moment of an s-wave 
nucleon, 


A wo h? sAnri; |? 
M:=>, > it B)vj—-B ( ) 
1 jr Atl 2m §,- fj 


h? 
A (6, + 0.) 


2m bi— §; 


(8v4;/ rw)? | 


+43? |? (26) 


where all the matrix elements »,; and their derivatives 
are to be evaluated at a single point, |x| =0. 


IV. RESULTS FOR THE SECOND MOMENT 


The two-nucleon potential » used in previous calcula- 
tions®:’ of the second moment was 


eo nlte- an | 
v(x,,xw) = —4(14+Pw)Ce +T, 
X;—Xy| 


(27) 


with the constants given by Feshbach and Schwinger 
and Hall and Powell," that is, C=40 and x= 2.5mce*/e’. 
As in I and in the calculation of Lane, Thomas, and 
Wigner,® we shall use this potential neglecting the 
tensor force T and the Majorana exchange operator 
Piv. With these approximations the potential (27) 
reduces to a central force which is half as strong as 
that involved in the neutron-proton system at low 
energies, namely 
gy «| Ri EN 
Ce p 
|x, - Xv | 


(28) 


where the subscript I distinguishes this potential from 
others that we shall use. 

The two-nucleon potential is believed to be strongly 
repulsive at small distances.“ The effect of this strong 
repulsion on the second moment can be studied 


4H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951); 
H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953) 
“R. Jastrow, Phys. Rev. 81, 165 (1951) 
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within the scope of our perturbation calculation—by 
adding to (28) a very short-range repulsive Yukawa 
potential whose strength is just sufficient to make 
the total two-nucleon potential vanish at 0.4K 10~% cm. 
For ranges of the repulsive force of (10x)! and (7x)~', 
the total two-nucleon potentials are, respectively,'® 


é «| Z¢-XN| € 10«| xi—-N | 


n= — ice a"; ae 
|x;—xy| |x;—xw| 


, (29) 


and 
eel tian | eel xian 


un = —43Ce ——_ -— 8,40— “ 
|X;— Xn | |x;—xw| 


|. (30) 


To see how the form of the attractive part of the 
two-nucleon potential affects the second moment, we 
shall calculate M, using an exponential potential having 
the same intrinsic range and depth as »y, that is, 


= = 1,201 Cee t 610741 2x20, 


VIV (31) 
By “cutting off” this attractive potential with the two 
repulsive potentials used above—with the total poten- 
tial again vanishing at 0.4X10~" cm—we obtain, 
respectively, 


vy=— ice 2.40254 1.6707«]x1—M| 


e 10«| Xi-EN| 


—16.37— 
IX, 


, (32) 


| 
-Xy| 


and 


vvI= ~1ce| 2.4025«e 1.6707 «| x5—aN| 


e 7«x| xi—-2N| 


— 5.65 -- 
|x;—xw| 


. (33) 


The potentials 2, v1, and vy; are shown on Fig. 1. 
v11 is very similar to 2; except at very small distances, 
where v1; is approximately three times smaller than 
v1. Vy and vy; are very similar to vy at distances larger 
than 0.4X10~-" cm, and at smaller distances they be- 
come strongly repulsive like vy; and 2411. 

The average potential V (xv) was defined by (3). 
For a constant nuclear density p, (3) may be written 


Pixw)=Ap f (x,x)dx, (34) 


with the integral extending over the volume of the 
residual nucleus. The evaluation of (34) for a Yukawa 
potential was given by Lane, Thomas, and Wigner.® 
For an exponential potential (34) may be integrated 
simply. The results obtained for V;, Vis, and Viy are 


16 Instead of simply adding the repulsive potential to the usual 
attractive potential we should, at the same time, increase the 
depth of the attractive potential in order that the total potential 
fit the two-nucleon"scattering’data. This has not*been done here 
and would cause only a slight modification in the results obtained. 
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Fic. 1. A few of the two-nucleon potentials, (7), used in the 
text as a function of the distance r. Curves I, I], and IV are, 
respectively, the potentials v1, 11, and vy given by (28), (29), 
and (31). 


shown in Fig. 2. Even with the strong repulsion which 
we have considered, the average potential obtained 
with each of the two-nucleon potentials, vy to vyz, is 
attractive and, in fact, close in magnitude to V;. 

The unpolarized single-particle wave functions w,(x) 
to be used in the evaluation of the matrix elements 2,; 
are products of spherical Bessel functions with spherical 
harmonics, 

(35) 


Wrtm(X) =Cnijt(Rnt) V im(8,), 


where the residual nuclei have been regarded as spherical 
and the average interaction between one nucleon and 
the other residual nucleons has been taken to be a 
square-well potential. The coefficient c,; is a normalizing 
constant. The momentum k,, of the residual nucleon 
is determined by the boundary condition at the surface 
of the nucleus with which the states w,,,, are defined. 
In the present paper the functions Wyrm, are chosen to 
vanish at the nuclear surface.’ The number of states 
that are occupied depends, celeris paribus, on the radius 
of the residual nucleus. For convenience we have chosen 
the 1s, 2s, 1p, 2p, 1d, 1/, and 1g shells to be filled so 
that we are considering a nucleus of atomic weight 
A=116 containing an equal number of protons and 
neutrons. The number of filled shells is consistent with 
the average potentials shown on Fig. 2. The results for 
the second moment are not expected to depend strongly 
on the detailed behavior of the filled states, and con- 


‘6 This boundary condition differs from the one we used pre- 
viously for uw, in the evaluation of (25). There is no need to make 
the boundary condition for the states Waim differ from the bound- 
ary condition of the states u, or, furthermore, to distinguish be- 
tween these sets of states in any manner. We have found it 
convenient to have the waim vanish at the nuclear surface, but 
this should not affect the results obtained. The distinction in 
notation between the sets of functions is made to emphasize that 
the sets need not be identical. 
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Fic. 2. The average po 
tential D of (34) for the 
nucleon N as a function of 
the distance r from the 
center of the nucleus, in 
uhits of B= —3AC8/2*a* 

40 Mev, where a=14 
xX10°%A! is the nuclear 
radius, x! = 0.4e?/mce? is the 
range of the internucleon 
force, C=40 is the corre- 
sponding strength, and A 
is the mass number. Curves 
I, II, and 1V correspond to 
the potentials vy, v1, and 
vy given by (28), (29), 
and (31) 


9 
u 











sequently they have been chosen to be very simple. 
Since the nucleon N is placed at the center of the 
residual nucleus, it might seem, at first sight, that only 
the 1s and 2s 
This approximation was made in I, but it can lead to 


residual nucleons need be considered. 


incorrect results.'” In the present paper all the residual 
nucleons will be considered. 

According to (19) and (35), the matrix element ; 
may be written: 


Vnlm; nlm’ cata f julbnt) jv beer 


X 0(x,xw) V im(O,0) V vm: (0,b)dx (36) 

If we let ry=0, we can extend the integration range 
of r over the interval 0 to . Using the simple attrac- 
tive Yukawa potential, (28), in (36), we obtain" 


L (‘2 
pCE*CniCw 


2k nikw 


K | kav t Raw 
x0, Jin mL, WV, 
2kniknv 


where Q, is a Legendre polynomial of the second kind. 
By changing the range and the strength of the potential 
and inserting these in (37), we obtain the matrix ele 
ments for the repulsive potentials which we are con 
sidering. The matrix element for the exponential poten 
tial is obtained from (37) by differentiating (37) with 


(01) nim; n'l'm’ 


(37) 


respect to x and suitably changing the range and the 
strength. 

The derivatives of v,; to be used in My», (26), are 
00;;/Orn and Ayy;. For the Yukawa potential », 


17 The authors are indebted to Dr. L. Verlet and Dr. A. M. Lane 
for pointing this out 

1* P.M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1575 
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Fic. 3. The square root of the second moment, (26), in terms of 
the amount of polarization # of the residual-nucleus wave func 
tion by the nucleon N. Curves I to VI correspond, respectively, to 
the potentials » to vy; of the text. The latter are given by (28 
to (33), 


Aw(v)i; was shown, in I, to be 


Aw(?y);; (38) 


K*(U) ast drCeru i(Xy)W;j(Xn) 


The corresponding expressions for the other Yukawa 


potentials in 1%; to vy; are obtained from (38) by suit 


ably changing C and x’. For the exponential potential, 
vy, the Laplacian is 


(1.6707K)* (ory); 


ee VIV 
2(1.6707K) 
x XN 


term involves the matrix element of a 


An (vyi)ij 


) , (39) 


J 


where the last 
Yukawa potential. The quantity (00,; 
lated in Appendix B. 

The second moments corresponding to the six two- 


Ory)*® is caleu 


nucleon potentials are given in the third column of 
Table I. The square root of each second moment, as a 
function of the amount of polarization 8, is given in 
Vig. 3. Each of the second moments has a sharp mini 


mum in the vicinity of 6 = 4. For the case of no polariza 


tion, 8=0, the second moments corresponding to those 
potentials which contain strong repulsion are extremely 
high. In contradistinction we note that the average 
potentials, V, were not affected much by the repulsive 
part of the two-nucleon potential. In the language of 
Sec. I], this means that the variance of the repulsive 
potentials is large even though the mean value is small. 
lor p 
other. 

The contribution of the 
puted in Appendix B) to the various second moments 
this contribu- 


} all of the second moments are close to each 


momentum terms (com- 
vanishes for no polarization, but for 8 
tion is an important part of the second moment 


usually about half of the total second moment. The 
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value of this contribution for each of the six potentials 
is given in the fourth column of Table I. 

As was mentioned in the preceding section, the anti 
symmetry of the residual nucleus restricted the sum 
in (26), with regard to the index j, to the unoccupied 
states. The second moments obtained when this anti- 
symmetry was neglected are shown in Fig. 4. The effect 
of the Pauli principle in changing the results of Fig. 4 
to those of Fig. 3 is, principally, a large reduction of the 
second moment near 8=4, This behavior is explained 
in the next section 


V. ROLE PLAYED BY NUCLEON-NUCLEON CORRE- 
LATIONS AND THE PAULI PRINCIPLE IN THE 
SECOND-MOMENT CALCULATION 


The potential-energy term in the second moment is 
large whenever one of the residual nucleons is close to 
the nucleon N. It 
moment has a large value at 8 


is for this reason that the second 
0. However, the kinetic 
energy term becomes large also when a residual nucleon 
is in proximity to N. The proof of this and the proof 
for the fact that the optimum cancelation between the 
kinetic-energy and potential-energy terms occurs at 
B=} lie essentially in a center-of-mass argument. 

We consider the behavior of ¥. when the ith nucleon 
and only the ith nucleon is close to the nucleon N, 
We rewrite Eq. (1), defining ¥, as 


( h 
2m 


+ J] ( 


A 
Ja, + >>’ 0(x,,x;) +80(xi,Xn) 
pel 


» 


pel, 7A 


V)+2, v(x;,Xv) We=eW., (40) 


where H/(—i, —N) is that part of the total Hamiltonian 
which does not depend on either x; or xy. Since the 
nucleon ¢ is assumed to be the only one close to N, 
80(x;,Xv) may be much larger than 


A 


v(X;,Xn). 
ji 


We neglect the latter. If 6 is not too small and |x,;—xy 
not too large, then 6v(x;,xv) may also be much larger 
than 
A 
s 


pel, ji 


v(x,,X;), 


and we again neglect the latter term. As was pointed 
out in Sec. IH, €-(xv) depends on xy only inasmuch as 
it has a sudden increase at the boundary of the nucleus. 
Therefore the only operators in (40) that depend on the 
variable x; or the parameter xy are (h?/2m)A; and 
Bv(x,,xy). The latter depends, of course, only on the 
radius in the relative coordinates of the two nucleons. 
Since xy is only a parameter in (40), we can change A, 
to the corresponding Laplacian Ajy in the relative 
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coordinates of 1 and N. Consequently W, will depend on 
x; and xy only through their relative coordinates. 
Therefore Ay¥, is equal to AW,, and from (40) 


h? h* h 
AWN, Ain. 
2m 2m 2m 


AwY .Bv(x;,Xn)V., (41) 


where m is the nucleon mass, not the reduced mass. 
Using (41) in the second moment, (17), we obtain 


M fa 2B)? | W -tty|?v"(x,,xy)dtdxy+Me', (42) 


which defines M,’. ‘The point is that M,’ contains only 
the momentum terms and terms which do not depend 
on the pair of nucleons in close proximity. The momen 
tum term of the pair of nucleons in proximity is ex 
pected to be smaller than the kinetic-energy term be 
cause the ratio of these terms is essentially the fixed 
momentum of the nucleon N in the state «, divided by 
the large momentum of the nucleon 7 which ts close to 
N. ‘Therefore the integrand of M.’ should have none of 
the large fluctuations that occur in v*(x;,xv) in the first 
integral on the right-hand side of (42). The latter 
integral vanishes for 8=4, and this accounts for the 
}. This 


minimum is not a zero because the momentum terms 


minima in the various second moments at 8 


cannot be neglected and the presence of the other 
nucleons cannot be ignored. 

The reason why 6= 4 gives the “best” wave function 
lies in a center-of-mass argument. When the nucleon 1 
and the nucleon N are in close proximity the actual 
nuclear wave function should contain as a factor a wave 
function @(x;v) depending only on the relative coordi 
nates, Xin, of 7 and N and defined by the equation 


Ein ge (Xin (43) 


where p=m/2 is the reduced mass of the pair of nucleons 
and FE,y is their energy 
actual wave function should not depend on the relative 
Irom (41) it is evident that the 


The remaining factors of the 


coordinates of i and \ 
product W.1«, does indeed contain such a factor ¢ for 
8=} and that this value of 8 changes the actual mass 
into the required reduced mass. For other values of 6 
the wave function V.«, would contain a factor similar 
490 ¢ but the mass would be wrong. If the ‘“‘best”’ value 
of 8 turned out to be different from 4 this could mean, 
according to (41), that the internucleon potential inside 
the nucleus was different from the free internucleon 
potential. 

The result (26) for 
two-nucleon potential may be regarded as the sum of 


the second moment in terms of the 


transition probabilities of the residual nucleons from the 
occupied states, labeled by the index i, to the unoccu 
pied states, labeled 7. We write the transition prob 


NUCLEON WITH 


4 


hic. 4. The square root of the second moment in terms of the 


amount of polarization 8, calculated without using the Pauli 
principle to make the residual-nucleus wave function antisym 
metric. These curves are obtained from (26) by extending the sum 
with respect to the index 7 over all the occupied states other than i 
as well as over all the unoccupied states. Curves I to VI corre 
spond, respectively, to the internucleon potentials 0; to vy; of the 


text. [These are given by (28) to (33). ] 


ability w,; per unit time (to first order) as 


(2r/h)M,“), (44) 


where M is the 77 term in the double sum (26). To 
illustrate the behavior of the transition probabilities, 
we consider the transitions from the 2s occupied states 
to other s-wave states. In our approximation method 
these are usually the most important transitions be 
cause the s-wave functions are the only wave functions 
which are large near the center of the nucleus. ‘To change 
W,,. Into a smooth function giving the average transi 
tion probability per unit energy interval, between / and 
E+dE, we multiply it by the density of final states 
(that is, lor the square well which we 
are considering, the density of final s-wave states per 
Mev is approximately 0.24 £~}, where E is the energy, 
in Mev, measured from the bottom of the wjuare well 


S-wave states) 


from the 2s 


Ld IS ap 


Therefore the transition probability w.,(/ 
state to final states between Eo and FE 
proximately 
0.487 
22,(F) KM ,29(E) (45) 
h 

where M.@")(E) is the sum of My" over the s’ lying 
between Ie and k t dk 
in Fig. 5 for the potentials v;, 24, and vy and for B=0 
and pg It should be noted that for 6 
probability does not decrease very quickly with energy 
Mev 
which contain a strong repulsive term. For 


The quantity wy,(/2) is shown 


0 the transition 
above 30 This is particularly evident for the 
potential] 
these the transition probability has a maximum at an 


energy of (h?/2m)(10x)*, where (10x)~' is the range of 
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Fic. 5, The transition probability, we.(2), of (45) for the excita 
tion of any 2s nucleon in the residual nucleus to the excited states 
in a unit energy interval at an energy /. The transitions are caused 
by the polarizing nucleon N. The quantity wz,(/) is given in units 
of Mev™ sec”! for two values of the polarization, 8=0 and B= 4, 
and for three of the internucleon potentials, 2, 94;, and ry. The 
latter are given by (28), (29), and a ). As indicated on the figure, 
the transitions to states below 30 Mev are removed by the Pauli 
principle 


the repulsive potential. This energy is approximately 
1 Bev. 

For B= 4, the high-energy transition probabilities are 
all very small. This fact follows from the discussion at 
the beginning of this section, The high-energy transi- 
tions arise from the strong forces which act between 
two nuclei in close proximity, but when such proximity 
occurs we showed that the important terms in the second 
moment canceled each other for B=}. 

The importance of the Pauli principle in conjunction 
with polarization is also evident from Fig. 5. The Pauli 
principle removes all those transitions which take a 
nucleon to an occupied state (below ~30 Mev). These 
low-energy transitions—unlike the transitions to high- 
are not greatly affected by polarization, 
4, the inclusion of these transitions 


energy states 
and thus, for p 
causes a much larger relative increase in M, than for 
8=0. This explains the difference between Figs. 3 and 4. 

A numerical test was made of the validity of evaluat- 
ing all of the matrix elements 2,; and their derivatives 
for xv =0. The test was made using 27, (28), and neglect- 
ing the momentum terms in Mo». The other terms in M, 
were evaluated both for xy=0 and |xwy| approximately 
halfway between the center and the surface of the 
nucleus. The results for M, evaluated at these two points 
are given in Fig. 6. The broken curve of Fig. 6, xv=0, 
is obtained from the corresponding curve, I, of Fig. 3 
by subtracting the momentum terms (Table 1) from 
the latter. The matrix elements 2,; as well as Ayo; 
were calculated numerically for the other value of xy. 
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For ry=0 most of the second moment arises from the 
s- and p-wave residual nucleons whereas for ry/a=0.5 
the d-wave contribution is the largest. The two results 
of Fig. 6 are in fairly good agreement, show that the 
approximation which places N at the center of the 
residual nucleus may be approximately valid. 

For B=0 the second moments can be calculated by 
considering the nucleus as a degenerate Fermi gas as 
was done by Lane, Thomas, and Wigner.® The results 
obtained for My, in such a calculation are given in 
column 5 of Table I. These results should be com- 
pared with the coefficient of (1— 2)? in the third column 
of the same table. In each case the second moments of 
the degenerate Fermi-gas calculation agree to within 
5% with the second moments (8=0) obtained with our 
approximation method. 

The quantity H’p»,0p, is easily calculated to be 


4 2 (0,3)? 
H'oy.0p=2, > {28(1—8) 
§; se fj 


h? \ v4jAnr5; 
2) 
2m/ (§;—£;)? 


t1 jm A+l1 


| . (46) 
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Fic. 6. The square root of the second moment as a function of 
the amount of polarization 8 for two positions of the nucleon N 
in the nucleus. The momentum terms of the second moment were 
neglected in the results shown on this figure. The solid curve 
corresponds to rvy/a*0.5; the other curve to ry=0. 
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The value of H’op,0p, in Mev, is given in column 6 of 
Table I. The coefficients of 8(1—8) and # on the right 
side of (46) are, respectively, the second order con- 
tributions of the potential and the kinetic energy to 
the correlation energy. For each of the six potentials 
H'oy:0p vanishes for 8=0 and for B=1, and even for 
other values of 8, H’o,.0p is quite small. This ensures 
that the maxima in the strength function fall near to 
&>+F, and shows that the neglect of (H’op,0,)? in the 
second-moment calculation was valid. 

The present calculation shows that the exact value 
of the second moment depends on the form of the two- 
nucleon potential—both at small distances and at dis- 
tances comparable to the range of nuclear forces—and 
illustrates in some detail the role played by nucleon- 
nucleon correlations and the Pauli principle in the 
behavior of nuclear wave functions. As pointed out in 
Sec. II, the lowest value of (Mz)! is still somewhat 
larger than the observed width of the strength function 
at neutron binding energies. The difference is small, 
however, compared to the gross variations of M, 
which have been studied in the preceding sections. The 
reason for the difference could easily lie in the indetermi- 
nateness of the relation between M, and the observed 
width. It could also lie in the crudity of the present 
calculation. 

The calculation of this paper could be improved by 
using totally antisymmetric wave functions and ex- 
change forces. At first sight it would seem that anti- 
symmetrizing the nucleon N with the residual nucleons 
would multiply by three quarters the transition prob- 
ability to the state occupied by the nucleon N and that 
therefore this effect would not reduce M2 by more than 
25%. A completely antisymmetric wave function is 
necessary to include the effect of exchange forces. 
With complete antisymmetry it would also be simple to 
calculate the energy dependence of M>. 


ACKNOWLEDGMENTS 


The authors are grateful to Professor E. P. Wigner, 
Professor R. E. Peierls, Dr. A. M. Lane, and Dr. H. 
McManus for many helpful suggestions. Many parts of 
this paper have benefitted from discussions with our 
colleagues at the University of Birmingham and at 
Atomic Energy of Canada Limited, Chalk River. One 
of us (E. V.) would like to acknowledge a postdoctoral 
fellowship from the Canadian National Research 
Council which was held while a part of this work was 
done. 


APPENDIX A. RELATION BETWEEN THE WIDTH 
AND THE SECOND MOMENT OF THE 
STRENGTH FUNCTION 


Let us assume that the strength function s‘?) (4) is 
defined everywhere on the real axis and has a maximum 
at E,=F.4+6, with a well-defined full width at half- 
maximum, W. For convenience we assume that s‘”) (Ey) 
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Fic. 7. The various strength functions s‘”, whose second mo 
ments are compared in Table II, as a function of x=2h)/W, 
where W is the full width at half-maximum of s‘”, The solid 
curve is the strengrh function for which the ratio ,/W? has its 
minimum value of 1/16 


is normalized so that 


f sP) (fy )dEy=W/2., 


® 


(Al) 


The normalization (A1) differs by a constant from the 
usual normalization of s‘. The usual normalization 
(given in I) is a consequence of a sum rule" obeyed by 
the reduced widths or, in the language of the present 
paper, of the orthogonality condition satisfied by the 
coefficients C),.,’. We choose the energy scale so that 
&,+F.=0. 


The second moment of the strength function is 
simply 
2 a 
M, f s) (Fy) hd Ey 
W J_« 


Changing the variable of integration to 4 
have 


(A2) 


2h,/W, we 


4M./W? f° ds 


It is obvious from (A3) and (A1) that for any s‘” which 
vanishes for |x| >1, 4M,/W? is smaller than unity. 
Therefore the second moment of an arbitrary strength 
function can be decreased by making the function 


(A3) 


vanish for |x| >1. 

Let us denote the minimum value of 4M./W? by y’ 
and the corresponding strength function by s,‘”’. If 
Sy’? is not equal to its maximum value for all | 
smaller than y, we can always obtain a lower value of 
4M,/W? by defining a new function which differs from 
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Tape II. The strength functions of Fig. 7 and the 
corresponding values of 4M,/W? 


Strength function s)(2E,/W) 4M:/W? 


step function (A4) 0.250 


1, { GRIW ) 


In2 . 
exp 
Va 


2(v2 ( 1 
: 14 (V2-1)QER,/W 


4 


1.000 


(1n2)(2E,/W ))] 1.4448 


'( l 
w\1+ TW) 


sy” only by being larger than s,‘”) for some value of 
x! which is smaller than y. The function s,‘”) must 
approach the value it has at | 1 for all |x| larger 


than y. In the limit s,‘” must be a step function: 
( if |x| < 

[ : (A4) 
0 

where ¢ The half-width of the function 


(A4) appears to be indefinite, but we need only re 
member that (A4) is the limit of a set of functions for 


Is a constant 


each of which W is well defined. To determine ¢ and y 


we use (A4) in (A3) and (A1), yielding, respectively, 


1M,/W=y* (AS) 


icy’ +c(4 by) 
and 
(A6) 


2cy+c(1—y)=1, 


which may be solved to obtain y=} and c= 4 


Therefore M, and W must satisfy the inequality 


M2 (W/4)* (Aj 


The strength function corresponding to the equality 
sign in (A7) is given by the solid curve of Fig. 7 
The strength function (A4) is not continuous. ‘Table 
I] gives the value of 4M,/W? for a variety of continuous 
strength functions. These functions are compared on 
Fig. 7. 
APPENDIX B. CALCULATION OF THE 
MOMENTUM TERMS 


‘The momentum terms of the second moment are 
given in terms of the two-nucleon potential by the last 
term in the curly brackets of (26). We shall show, in 
the terms may be 


this Appendix, how momentum 
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calculated simply using the approximation method out- 
lined in the text—that is, placing the nucleon N at the 
center of the residual nucleus. 

For each of the potentials which we are considering 


an d|x—xy| 
‘ ) | ( | ) ; 
Orn Orn ij 


ij 
where v’ is the first derivative of » with respect to its 
xv|. It is easily shown that 


Ov; 
; (B1) 


Orn 


argument, |X 


O|\X—Xyn 


Orn xv =0 
4 
V1, (9,0) V1, u* (Onn). 


- (B2) 

3 M=1 
\s stated in the text, we are assuming that the sum 
over i and j of all the momentum terms in (26) is 
independent of the coordinates of the Nth nucleon even 
though (B2) and (B1) clearly indicate that the indi- 
vidual terms depend on @y and @y. Consequently we 
can average (0v;;/Orn)* over the angular coordinates 
of the nucleon N, obtaining thus 


(—“) 
Orn Irn =0 
We can perform the angular integrations in (v'V,, a); 


and sum (B3) at the same time over the azimuthal 
quantum numbers of both the occupied and unoccupied 


4dr 1 
D Lv’Vi mis l. 
1 


Q Me= 


(B3) 


states to yield: 


OU nim; n’ Um! “ (21 +1 ) (21 +1) 
. ( ) | 
mm’ or N rN =0 9 


XLV; O)cnPen i? CGilRar), V jv (Rar), (B4) 


where c(1,l’,1; 00) is a Clebsch-Gordan coefficient. The 
coefficient c(1l’,1;00) vanishes unless /=/l/—1. or 
l=1'+-1 so that, within our method of approximation, 
the momentum terms in M2 connect only those nucleon 
states which differ by one unit of orbital angular mo- 
mentum. The energy denominators in the momentum 
terms of (26) imply that only the first few unoccupied 
states contribute to this part of the second moment. 
For these states the radial integrals of (B4) are easily 
obtained numerically. The results obtained for the 
momentum terms of M, with the potentials v7 to vy; 
are given in the fourth column of Table T. 
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Decay of Molybdenum-91 
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A study has been made of the radioactivity of Mo” and Mo” 


, produced by x-irradiation of natural 


molybdenum, in order to clarify the decay scheme of this isotope. The gamma-ray spectrum was measured 


using scintillation spectrometers and coincidence circuits. Three gamma rays which had a half-life of 64 
seconds were found at 1.50, 1.20, and 0.65 Mev. The first two were in coincidence with positrons but not 
with each other, while the 0.65-Mev gamma ray was not in coincidence with positrons or with the two other 


gamma rays. The intensities of the gamma rays were in the ratios 1.5 Mev:1.2 Mev:0.05 Mev = 39: 39: 100 
By using a plastic scintillator, positrons from the ground state of Mo” (15 minute half-life) were found to 


have an end-point energy of 3.3 Mev while two positron groups from the isomeric state were 


energies differing by 0.240.1 Mev. 


found with 


On the available evidence a decay scheme is suggested 


HE decay scheme of Mo" has been studied by a 

number of authors. The ground state, which has 
athalf-life of 15 minutes, emits positrons, and an 
isomeric state which has a half-life of about 70 seconds 
decays either by gamma-ray de-excitation to the ground 
state or by positron emission, At the University of 
Illinois, Axel, Fox, and Parker! measured the branching 
ratio of the decay of the isomeric state, gamma/ positron, 
and found it to be 2.4:1. This group found three gamma 
rays, of energies 0.67, 1.22, and 1.55 Mev, which were 
associated, by decay period, with the isomeric-state 
decay, and suggested that higher energy ones of low 
intensity might be present. 

Katz, Baker, and Montalbetti? measured the maxi- 
mum energy of the ground-state positrons and found it 
to be 3.340.1 Mev. 

A complete list of these and other earlier references 
has been compiled by Way et al.’ 

More recently, and since the present work was 
commenced, an account has been published of a more 
detailed investigation at the University of Illinois by 
Smith, Gove, Henry, and Becker,‘ and a complete 
decay scheme has been drawn up by these authors. The 
results of the present work are in almost complete 
agreement with those of the Illinois group, but as the 
methods employed were in some ways different, and as 
the results provide an independent confirmation of the 
decay scheme suggested by the Illinois group, it is felt 
that a short account of the Glasgow work and results is 
of value. 

In the present work we have had two objectives: 
(1) to study the spectrum of the gamma rays from this 
isotope in order to find their relative intensities and to 
discover, if possible, the higher energy gamma rays 
suggested by Axel ef al.'; (2) to clarify the decay 


! Axel, Fox, and Parker, Phys. Rev. 97, 975 (1955) 

* Katz, Baker, and Montalbetti, Can. J. Phys. 31, 250 (1953) 

‘Nuclear Level Schemes, A=40-+A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U.S. Government Printing Office, Washington, 
1955). 


‘ Smith, Gove, Henry, and Becker, Phys. Rev. 104, 706 (1956) 


gamma-gamma and 
the 


scheme by an investigation of 


positron-gamma coincidences, and by a study of 


positrons emitted by Mo” and Mo"”™ 


APPARATUS AND PROCEDURE 


Mo” was produced by the reaction Mo”(y,n) Mo" by 
the irradiation of natural molybdenum in the x-ray 
beam of a 23-Mev synchrotron. 

lor examining the @ and y spectra of the Mo", 
plastic and 2-in. thick Nal scintillators were used in 
conjunction with DuMont 6292 photomultipliers, con 
ventional circuits, and a 100-channel pulse height 
analyzer 

In the y-y and y-8* coincidence work, there was in 
2-in. thick Nal 


crystal spectrometer used with a single-channel pulse 


addition to the above apparatus a 


height analyzer. The output from this analyzer could 
operate a gate in the input of the 100-channel pulse 
height analyzer. By using this equipment, the beta and 
gamma spectra in coincidence with pulses from the total 
energy peak (‘‘photopeak”’) from a particular gamma 
line could be determined. Corrections were made, if 
necessary, for the fact that Compton recoils due to 
higher energy gamma rays could operate the gate a 
well as photoelectrons from the desired gamma line. In 
addition, corrections were made for the effects of longer 


lived activities induced in the other molybdenum 


isotopes. 


GAMMA-RAY MEASUREMENTS 
A typical gamma-ray spectrum of Mo” and Mo™ 
hig. J 
trum shows the presence of lines at 0.51 
1.20+0.02, and 1.50+0.02 Mev. The 0 


rays were identified as positron annihilation quanta. In 


obtained in this work is shown in 


The Sper 
0.654+-0.02 


51-Mev gamma 


some of 
Mev 
to the addition of 0.51 
0.51 


by measurements taken 


the runs weak peaks were also present at 1.7 
and 2.0 Mev, but these were thought to be duc 
with 1.20-Mev 


with 1.50-Mev gamma rays. This wa 


yamma rays and 


confirmed 
with the 


source at varying 
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Fic, 1, The gamma spectrum of Mo" on a semilogarithmic plot 
The energy scale was calibrated by using Na® and Cs’. 


distances from the crystal. No other evidence was 
found for lines other than the four first given above. 
By using the gamma spectra obtained in a number of 


runs, and knowing the relative efficiency of the crystal 
for the different,’gamma-ray energies, the relative 
strengths of the 0.65-, 1.20- and 1.50-Mev lines were 
computed, It was found that the intensities of the rays 
were in the ratios 

0.65 Mev: 1.20 Mev: 1.50 Mev 


It will be seen that the two higher energy lines are of 
approximately equal intensity. 

By using the single-channel pulse-height analyzer, set 
to accept pulses from the photopeaks of the three lines, 
measurements were made of the half-lives of the three 
gamma rays. All three had the same half-life to within 
the experimental accuracy, the average value being 
64+1 seconds. 


100: 39: 39. 


y-y COINCIDENCE MEASUREMENTS 


With the single-channel pulse-height analyzer set on 
the photopeaks of the 0.51-, 1.20- and 1.50-Mev lines, 
respectively, determinations were made of the spectra 
of gamma rays in coincidence with these three lines. 
These gamma-gamma coincidence results are presented 
graphically in Figs. 2(a), (b), (c), and are summarized 
below. The range of energy investigated in each case is 
given in parentheses. 

(a) In coincidence 
(0.2<E<1.8 Mev) 
gamma rays. 

(b) With 1.20-and 1.5-Mev gamma rays (0.3 << E<2.0 
Mev)—0.51-Mev gamma rays. 


with 0.51-Mev gamma rays 
0.51 Mev, 1.20- and 1.50-Mev 


ASD Sse 


McNEILL 


(c) With 1.20-Mev gamma rays (0.1<E<0.7 Mev) 

().51-Mev gamma rays. 

Thus while the 1.20- and 1.50-Mev lines are associated 
with a positron decay of the isomeric state, the 0.65- 
Mev line is not. Moreover, the 1.2-Mev and 1.5-Mev 
rays are not in coincidence, even though this is suggested 
by their having equal intensities. A special search was 
made for a 0.3-Mev gamma ray which might be expected 
to be in coincidence with the 1.20-Mev line (1.5-Mev 
minus 1.2 Mev) but no such line was found [ Fig. 2(c) }. 
The large number of counts between 0.1 and 0.3 Mev 
is due to scattering of the 0.5-Mev annihilation 
quanta, and is relatively high because of the thickness 
of the source being used. This explanation was con- 
firmed by using a thick Cu™ positron source. 


POSITRON ENERGY MEASUREMENTS 
1. 15-Minute Decay 


A 0.01-inch-thick Mo sheet was irradiated in the 
x-ray beam for 30 minutes, and then placed before a 


--300 


+200 


Counts per Channe! 








° 


Counts per Channel 














0.25 
Energy In Mev 


Fic. 2. The spectra of gamma rays in coincidence with (a) 0.51-, 
(b) 1.2- and 1.5-, and (c) 1.2-Mev gamma rays. The energy scale 
was calibrated by using Na™. 
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1-inch-thick plastic scintillator, the spectrum from 
which was displayed on a 100-channel pulse-height 
analyzer. After allowing time for the isomeric-state 
activity to die away, the positron spectrum of the 15- 
minute activity was determined. The average of several! 
runs gave an end-point energy of 3.3+0.2 Mev, in 
agreement with previous measurements of this energy 
by Katz, Baker, and Montalbetti.? 


2. 64-Second Decay 


Immediately after x-ray irradiation a sheet of Mo was 
placed between a plastic scintillator and a 2-in. thick 
Nal crystal. As described in a previous paragraph, the 
output from the plastic scintillator went to the 100 
channel pulse-height analyzer, while pulses from the 
Nal crystal spectrometer were fed to a single-channel 
pulse-height analyzer which in turn operated the coin- 
cidence gate in the 100-channel pulse-height analyzer 
circuit. By a proper setting of the single-channel 
analyzer, the spectra of positrons in coincidence with 
either 1.5- or 1.2-Mev gamma rays could thus be 
obtained. 

Although low counting rates made an absolute 
measurement of the end points of the positron energies 
untrustworthy, a comparison of the curves obtained in 
coincidence with the 1.20-Mev and 1.50-Mev lines, 
respectively, showed that the former had an end-point 
energy 0.2+0.1 Mev higher than the latter. It is there- 
fore concluded that positron decay of the isomeric state 
takes place by two branches to two excited states of 
Nb”, one of which de-excites by means of a 1.20-Mev 
gamma ray, and the other by a 1.50-Mev gamma ray. 

DISCUSSION 

A decay scheme for molybdenum can now be drawn 
up using the results obtained in this work and previous 
results obtained by other authors.* 

The ground state (15 minutes) and isomeric state 
(64 seconds) of Mo” have been assigned spins and 
parities of 9/2+ and }~, respectively, and the same 
assignment has been made to the ground state and to 
the 0.1-Mev isomeric state of Nb”. 

Relative to the ground state of Mo", the energy of 
the ground state of Nb” is fixed by the measurement of 
the 3.3-Mev 15-minute positron decay of molybdenum. 
The Mo" isomeric state is shown to be 0.65 Mev above 
its ground state by the energy of the gamma ray which 
is not associated with positron decay of the isomeric 
State. 


Fic. 3. The proposed decay 
scheme of Mo", 
1.6 
1.3 


0.1 
0.0 


The positrons from the }~ isomeric state have allowed 
ft values, and it is therefore most probable that the 
gamma rays emitted after the positron decay go to the 


}~ isomeric state of Nb rather than to the 9/2* ground 
state. It is therefore possible to fix the positions of the 
two states from which these two gamma rays come at 
0.1+1.2 Mev and 0.1+1.5 Mev above the Nb” ground 
state. The possibility of the two gamma rays starting 
from the same level and de-exciting to two lower levels 
is excluded by the lack of 0.3-Mev gamma rays and by 
the fact that the coincidence positrons are of different 
energies. 

Knowing the positions of these two excited levels 
and that of the isomeric state of Mo”, one may calculate 
the energies of the positrons in coincidence with the 
1.2- and 1.5-Mev gamma rays, and these energies are 
found to be 2.65 Mev and 2.35 Mev, respectively. ‘The 
values are consistent with the shapes of the positron 
spectra found experimentally, and the energy differ 
0.3 Mev, is in that found 
experimentally, 

The proposed decay scheme is illustrated in Fig. 3 

It will be seen that even if there is no direct positron 
decay to the 0.1-Mev level of Nb”, the relative prob 
abilities of decay of the isomeric state of Mo” via 


ence, agreement with 


gamma de-excitation as against positron emission is 
100: (2 39), or 1.28:1. This is not in agreement with 
the value of 2.4:1 for this ratio found by Axel, Fox, and 
Parker, but agrees with the later Illinois value.‘ 

‘To summarize: (1) No gamma rays of energy higher 
than 1.50 Mev have been found in the decay of Mo”, 
and the relative probabilities of decay of the isomeri: 
state via gamma de-excitation as against positron 
emission is at the most 1.28:1. (2) By coincidence and 
energy measurements, a decay scheme for Mo” has 
been established. This decay scheme, as stated before, is 
almost identical with that independently proposed by 
Smith, Gove, Henry, and Becker‘ and the agreement of 
the results from the two laboratories is strong evidence 
for the truth of this picture. 
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Delayed Neutrons from Fissionable Isotopes of Uranium, Plutonium, and Thorium* 
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The periods, relative abundances, and absolute yields of delayed neutrons from “fast” fission of six nuclides 
(U™, U™ U™ Pu Pu”, and Th™) and thermal fission of three nuclides (U®, U™, and Pu) have been 
measured, “Godiva,” the bare U™* metal assembly at Los Alamos, was the neutron source. Six exponential 
periods were found necessary and sufficient for optimum least-squares fit to the data, Despite evident 
perturbations, general agreement among delayed-neutron periods was obtained for all nuclides. The absolute 
total delayed-neutron yield for each nuclide has been measured for fast and thermal fission; a spectral effect 
was not observed, Representative of general delayed-neutron periods (half-lives) and abundances are the 
U™* fast-fission data 


Half-life (sec) 
54.514-0.94 


21.84+4-0.54 
6.004-0.17 


Rel. abundance 
0.407 +0.007 
0.128 +0.008 
0.0264-0.003 


Rel. abundance 
0.038 4-0.003 
0.2134-0.005 
0.188+0.016 


Half-life (sec) 
2.23 +0.06 

0.4964-0.029 
0.1794-0.017 


These data have been corroborated in detail by independent period-vs-reactivity measurements on the bare 


U™* assembly. A comparison of the present results with a phenomenological theory of delayed-neutron 
emission has been made. This treatment has led to the prediction of several new short-period delayed-neu 


tron precursors 


I, INTRODUCTION 


S°°" after the discovery of delayed neutrons in 
\J 1939 by Roberts ef al.' the Bohr-Wheeler liquid- 
drop nuclear model was advanced,’ thus providing a 
plausible mechanism for the experimental fact of 
delayed-neutron emission. Since the original work of 
Roberts, many investigations have been made on the 
characteristics of delayed neutrons; both accelerators 
and reactors have been used as neutron sources, with 
main interest in thermal fission of U™* and Pu, For a 
résumé of previous investigations, reference is made to a 
recent review® summarizing all delayed-neutron work 
prior to 1956. A preliminary report on status of the 
comprehensive delayed-neutron program at Los Alamos 
was presented at the Geneva Conference, August, 
1955.4 


Il. EXPERIMENTAL ARRANGEMENT AND 
MEASUREMENT TECHNIQUES 


The complex decay of delayed-neutron activity is 
capable of most direct and accurate analysis when the 
irradiation time of the fissile material is (a) “‘instan- 
taneous”; i.e., short compared to the shortest delayed- 
neutron period, or (b) “‘infinite’’; i.e., long compared to 
the longest delayed-neutron period. To minimize neu- 


* This document is based on work performed under the auspices 
of the U. S. Atomic Energy Commission. 

! Roberts, Meyer, and Wang, Phys. Rev. 55, 510 (1939); 
Roberts, Meyer, Hafstad, and Wang, Phys. Rev. 55, 664 (1939). 

*N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). See 
also J. Frenkel, J. Phys. U.S.S.R. 1, 125 (1939) 

4G. R. Keepin, Progress in Nuclear Energy I (Pergamon Press, 
London, 1956). For recent work on delayed neutron energies, see 
also R. Batchelor and H. R. McK. Hyder, J. Nuclear Energy 3, 
7 (1956) 

*G. R. Keepin and T. F. Wimett, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1955), Paper 831, Vol. IV, p. 162. 


tron multiplication within the sample, only a small 
amount (a few grams) of fissile material should be 
irradiated ; this, in turn, implies the use of extremely 
high-intensity irradiations to provide adequate count- 
ing statistics. The bare U*® metal assembly at Los 
Alamos—‘‘Godiva’”*®—is well suited to these require- 
ments. With this assembly appropriately modified, 
both “infinite” and “instantaneous” irradiations, each 
consisting of ~ 10'* total fissions, are used to emphasize 
the longer- and shorter-period contributions, respec- 
tively.® In addition, the insantaneous irradiations pro- 
vide an independent method of determining absolute 
total yield of delayed neutrons from the different fissile 
elements (see Sec. III-C). 

Measurements have been made on the delayed 
neutrons from fast fission of six nuclides: U**, U*, 
U#*, Pu”, Pu, and Th and from thermal fission of 
three nuclides: U**, U™, and Pu”. The Godiva central 
spectrum (for ‘“fast’’-neutron irradiations) is a slightly 
degraded fission-neutron spectrum’; the ‘“thermal”- 
neutron spectrum is obtained within an 8-in. cubic 
polyethylene block, Cd shielded and mounted near 

® R. E. Peterson and G. A. Newby, Nuclear Sci. and Eng. 1, 112 
(1956). 

*“Infinite” irradiations refer to delayed-critical operation; 
“instantaneous” irradiations are super-prompt-critical radiation 
bursts of <}4-millisecond duration. Characteristics of these 
bursts are discussed in references 3 and 8. The initial delayed 
neutron activity is proportional to a,\; following an instantaneous 
irradiation, and proportional to a; for an infinite irradiation. 
(a; and dy are the abundance and decay constant, respectively, 
of the ith delayed-neutron group.) This effective weighting of 
initial activity by the factor \; for an instantaneous irradiation is 
clearly advantageous in studying the short-period delayed 
neutron groups. a 

7L. Rosen, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1955), Paper 582 (15A). See also Cranberg, Day, 
Rosen, Taschek, and Walt, Progress in Nuclear Energy I (Perga 
mon Press, London, 1956). 
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Fic. 1. Schematic diagram of the experimental arrangement for delayed-neutron studies at Los Alamos 


Godiva. The cadmium ratio of this moderator geometry 
was measured by U*-foil activation as ~75, thus 
assuring a high preponderance of thermal fissions. 

A schematic diagram of the general experimental ar- 
rangement for fast irradiations is shown in Fig. 1. 
The Godiva assembly, sample transfer system, and 
detection equipment are located in an assembly building 
(“Kiva”) which is remotely operated from a control 
center } mile distant.* A pneumatic system transfers a 
2-5 g sample of fissile material from the point of irradia- 
tion to a 4m-shielded counting geometry in ~50 msec, 
Ni-coated samples (Pu and U* with high specific 
a-activity) are protected from shock and abrasion by 
enclosure in thin titanium cans. A simple phototube 
arrangement ensures reproducible positioning of the 
sample within the center of Godiva (or polyethylene 
geometry) during irradiation. For instantaneous irradia- 
tions, the output of a scintillation detector is used to 
generate (at radiation level) a “trigger” 
pulse which initiates sample transfer and counting. 


a preset 


*H. C. Paxton, Nucleonics 13, No. 10, 48 (1955). 


After the irradiated slug is counted for 500 sec, it is 
returned to Godiva by a remote-control vacuum system, 
thus completing an irradiation cycle. 

The neutron detector used in the present work is a 
4-inch-diameter BF, proportional counter in “long” 
geometry, modified to give “flat” response within 5% 
from ~ 23 kev to~1.5 Mev. 

The decay of delayed-neutron activity (corrected for 
detector dead-time ~1 ysec) is monitored by a multi 
channel recording time-delay analyzer’ with 0.001-, 
0.01-, 0.1-, 1-, and 10-sec channel widths following in 
automatic sequence; the number of channels of each 
width is variable, thus permitting selection of the most 
suitable channel-width distribution for a given decay 
curve. Two identical analyzers were built and operated 
in parallel, providing a continuous check on proper 
operation of the two independent systems. Accurate 
time-delay analysis is thus assured through independent 
checks on time-channel width, correct counts in each 
channel, and correct total counts. 


* Koontz, Johnstone, Keepin, and Gallagher, Rev. Sci. Instr 


26, 546 (1955) 
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II]. ANALYSIS OF DATA, AND RESULTS 
A. Analysis of Delayed-Neutron Data 


It may be assumed that the decay of delayed-neutron 
activity with time can be represented by a linear super- 
position of exponential decay periods. The general 
exponential decay problem was linearized (by Taylor’s 
series expansion) and coded for iterative least-squares 
analysis on the IBM 704 computer at Los Alamos. The 
number of periods required was nol an initial constraint ; 
six exponential periods were determined to be necessary 
and sufficient for optimum least-squares fit to the data. 
When one uses five (or fewer) periods, satisfactory 
convergence is not obtained and the indicated errors 
are very large. When an arbitrary seventh period is 
introduced, the calculated abundance of this group is 
not significantly different (within two standard devia- 
tions) from zero. (See note added in proof). 

Two approaches to analysis of delayed-neutron decay 
data have been investigated. The first is a simultaneous 
solution of all periods and abundances (1212 matrix) 
from prompt-burst (instantaneous) irradiation data. 
The second is a determination of the four long-period 
groups from long-irradiation data and determination of 
the four shorter-period groups from burst-irradiation 
data; the two sets of yields are then normalized at an 
appropriate point. The latter method was found to give 
more accurate values of a; and \,; (smallest calculated 
errors) and has been used throughout the program. That 
the final period and abundance values are unique has 
been demonstrated convincingly by varying these values 
(as much as a few hundred percent) and then repeating 
the least-squares analysis. The iteration invariably con- 
verges on the unique (“best fit’) values of period and 
abundance. 

Concurrently with the primary computation, stand- 
ard deviations for both period and abundance values are 
computed from the inverse of the matrix which occurs 
in the solution of the normal least-squares equation. 
These calculated errors indicate (as expected) that the 
two longer half-lives 7; and 7, are determined more 
accurately from long irradiations, while 7; to 7 are 
better determined from prompt-burst irradiations. It is 
believed that the computer least-squares calculation 
completely eliminates subjective errors in decay-curve 
analysis. Accepting the least-squares criterion for curve 
fitting, the computer gives unique period and abundance 
values which are by definition the “best fit” to a given 
set of experimental data. 


B. Group Periods and Relative 
Abundance Values 


A summary of the results for high-energy (“‘fast’’) 
fission is given in Table I. Relative abundance values 
include correction (<3°%) for energy variation of the 
BF, detector response. Values of 7), 7, and the 
abundance ratio a;/a_, are taken from final long- 
irradiation data; all other values are obtained from 


WIMETT, AND 


ZEIGLER 


prompt-burst irradiation results. Data were accumu- 
lated and analyzed in groups of 10 irradiations each to 
give the most direct indication of experimental spread 
in the data. With few exceptions, the observed experi- 


TaBLe I. Fast-fission delayed-neutron data.*~* 
Absolute group 
Relative abundance, yield (%) 
Half-life, Ti ai/a (for pure isotope) 
U% (99.9% 235; 
n/F = 0.01654-0.0005 ) 


Group 
index 


54.51 +0.94 
21.84 +0.54 
6.00 +0.17 
2.23 +0.06 
0.496+0.029 
0.179+0.017 


U™* (99.98% 238; 
n/F =0.0412+-0.0017) 


52.38 +1.29 
21.58 +0.39 
5.00 +0.19 
1.93 +0.07 
0.490+0.023 
0.1724+0.009 


U% (100% 233; 
n/F =0.0070-4-0.0004) 


55.11 +1.86 
20.74 +0.86 
5.30 +0.19 
2.29 +0.01 
0.546+0.108 
0).221+0.042 


Pu (99. 8% 239; 
n/F =0.0063 40.0003 ) 


53.75 +0.95 
22.29 +0.36 
5.19 +0.12 
2.09 +0.08 
0.549+0.049 
0.21640.017 


Pu (81.5% 240; 
n/P = 0.0088 +0.0006) 


53.56 +1.21 
22.14 +0.38 
5.14 +042 
2.08 +0.19 
0.51140.077 
0.172+0.033 


Th* (100% 232; 
n/F =0.04964-0.0020) 


56.03 +0.95 
20.75 +0.66 
5.74 +0.24 
2.16 +0.08 
0.57140.042 
0.21140.019 


0.038+0.003 
0.21340.005 
0.188+-0.016 
0.407 +0.007 
0.128+0.008 
0.0264-0.003 


0.013+0.001 
0.137 +0.002 
0.162+0.020 
0.388+0.012 
0.225+0.013 
0.0754-0.005 


0.086+-0.003 
0.274+0.005 
0.227+0.035 
0.317+0.011 
0.073+0.014 
0.023+-0.007 


0.038+0.003 
6.280-+0.004 
0.216+0.018 
0.328+0.010 
0.103+-0.009 
0.0354-0.005 


0.028+0.003 
0.2734+0.004 
0.192+0.053 
0.350+0.020 
0.128+0.018 
0.0294-0.006 


0.034+-0,002 
0.150+0.005 
0.155+0.021 
0.446+0.015 
0.172+0.013 
0,043 4-0.006 


0.063 +0.005 
0.35140.011 
0.31040.028 
0.672+0.023 
0.211+0.015 
0.043 +0.005 


0.054+0.005 
0.5644+0.025 
0.667 +0.087 
1.599+-0.081 
0.927 +0.060 
0.309+-0.024 


0.0604+-0.003 
0.192+-0.009 
0.159+0.025 
0.222+-0.012 
0.051+0.010 
0.016+0.005 


0.024+40.002 
0.176+0.009 
0.1364+0.013 
0.207 +0.012 
0.065+-0.007 
0.022 +0.003 


0.022 +0.003 
0.2384-0.016 
0.162-+0,044 
0.31540.027 
0.119+0.018 
0.024-+0.005 


0.1694-0.012 
0.744+0.037 
0.769+0.108 
2.212+0.110 
0.85340.073 
0.2134-0.031 


* Total data for each nuclide were obtained from 40 prompt-burst ir 
radiations and 40 long irradiations with the exception of the U™* fast 
fission data which were obtained from 80 prompt-burst irradiations and 80 
long irradiations, 

» Indicated for each nuclide (in parentheses) are: (1) isotopic purity of 
sample used for period and abundance measurements, and (2) n/F «total 
absolute yield in delayed neutrons per fission; note that n/F values (and 


Sec 


absolute group yields) have been corrected to 100° isotopic purity; see 
I.-C 


© Uncertainties indicated are calculated probable errors (from 1BM-704 


computer). 
4 


1, Ts, and the ratio ai/a: are taken from final long-irradiation data 


(see Sec, III-B) 


© Yai =a =n/F «total delayed neutrons per fission. Abundance values 


reported include correction (<3%) for detector response. 





DELAYED NEUTRONS 
mental spread between corresponding group parameters 
for a given fissile nuclide lies within the calculated 
probable errors for these parameters. The final results 
given in Table I are obtained from a separate least- 
squares fit to all data—mnot an average of individual 
data groups. 

Thermal fission results are summarized in Table II. 
The analysis of these data is identical with that for 
fast fission. 

Figure 2 shows the agreement between the experi- 
mental data for fast fission of U%*® and a curve calcu- 
lated from the periods and abundances reported for 
J*®§ in Table I. Agreement of this kind was obtained 
for the delayed-neutron decay curve fo each fissile nu- 
clide studied. 


C. Absolute Delayed-Neutron Yields 


Absolute delayed-neutron yields may be measured by 
using either prompt bursts or infinite (delayed-critical) 
irradiations. The former method is considerably more 
accurate since in this case the yield is determined from 
neutron total counts following a burst, whereas in the 
second method the yield can be determined only from 
initial (¢t=0 extrapolation) neutron counting rate follow- 
ing a saturation irradiation. 

The basic data for determining absolute yield by the 
prompt-burst method are (1) ZYwc=total neutron 


TABLE IT. Thermal-fission delayed-neutron data.*~* 


Absolute group 
yield (%) 


Relative abundance, 
Half-life, Ts ai/a 


U6 (99.9% 235; 
n/F =0.0158+0.0005) 


Group 
index 


FROM 


6 


* Total data for each nuclide were obtained from 40 prompt-burst ir 


55.72 +1.28 
22.72 +0.71 
6.22 +0.23 
2.30 +0.09 
0.610+0.083 
0.230+0.025 


Pu®® (99.8% 239; 
n/F = 0.0061 40.0003) 
54.28 +2.34 
23.04 +1.67 
5.60 +040 
2.13 +0.24 
0.618+0.213 
0.257 +0.045 


U8 (100% 233; 
n/F =0.0066+4-0.0003 ) 
55.00 +0.54 
20.57 +0.38 
5.00 +0.21 
2.13 +0.20 
0.6154+0.242 
0.277 +0.047 


0,033+0.003 
0.219+-0.009 
0.196+-0.022 
0.395+0.011 
0.115+0.009 
0.042 +0.008 


0.035+-0.009 
0.298+-0.035 
0.211+0.048 
0.326+0.033 
0.086+0.029 
0.0444-0.016 


0.08640.003 
().299+-0.004 
0.2524+0.040 
0).278+4-0.020 
0.05140.024 
0.034+0.014 


radiations and 40 long irradiations 


+ Indicated for each nuclide (in parentheses) are 


0.0524-0.005 
0.346+0.018 
0.310+0.036 
0.624+0.026 
0.182+4-0.015 
0.066+-0.008 


0.021 +-0.006 
0.182+0.023 
0.129+-0.030 
0.199+-0.022 
0.052+0.018 
0.027 4-0.010 


0.057 +0.003 
0.197 +0.009 
0.166+-0.027 
0.184+0.016 
0.034+0.016 
0.0224-0.009 


(1) isotopic purity of 


sample used for period and abundance measurements, and (2) n/F total 
absolute yield in delayed neutrons per fission; note that n/F values (and 
absolute group yields) have been corrected to 100% isotopic purity; see 
Sec “wl 

* Uncertainties indicated are calculated probable errors (from 1BM-704 
computer). 

471, T2, and the ratio ai/a2 are taken from final long-irradiation data 
(see Sec. III-B) 

© Yai =a =n/F mtotal delayed neutrons per fission. Abundance values 
reported include correction (<3%) for detector response. 
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TABLE ITI. Absolute total yields of delayed neutrons 


Absolute yield 


Fissile (delayed neutrons/fission for pure isotope) 


nuclide Thermal fission 


Fast fission 


0.0061 40.0003 
0.0066 +0.0003 


Pu 0.0063 40.0003 
Us 0.0070+0,0004 
Pu” 0.0088 + 0.0006 
Us 0.0165+-0.0005 
Us 0.0412+0.0017 
Th 0.0496+-0.0020 


0.0158+-0.0005 


counts (corrected for detector loss and background) 
following an instantaneous irradiation, (2) e=absolute 
efficiency of the neutron detector, and (3) F,= total 
fissions in the sample irradiated. Total fissions are 
determined by standard counting of the 67-hour 
B-activity from Mo” which has been chemically sepa- 
rated from the irradiated sample. Measured £-yield 
is then converted to number of fissions which occurred 
in the sample by an appropriate ‘‘K-factor.”” K-factors 
for the various fissionable materials are determined 
from a primary calibration of number of fissions in a 
thin fissile foil of known weight against Mo” f-yield 
from a thick foil also of known weight; both foils are 
irradiated in the same neutron flux. Thus, for an in- 
stantaneous irradiation, 


« 6 


6 
Lvc=F ye a a,v\,e*"'dl 
ed | 


Fie > a, (1) 


0 tel 


where ¢ is measured from the time of the burst, 
a,;=abundance of ith group in delayed neutrons per 
fission, A,= decay constant of ith group, and Za;=n/F 
=absolute yield in total delayed neutrons per fission. 
Therefore'” 

DNe FP ye. 


absolute yield = (n/I’) 


A small correction (order of 1%) must be applied to 
n/F values as obtained above, due to the self-multipli- 
cation of the sample irradiated. Final values of absolute 
total yields, corrected to 100%, isotopic purity, are 
presented in Table IIT. 

Within the error of these measurements, no “spectral 
effect” (dependence on energy of neutron inducing 
fission) was observed for the absolute yields of U™®, 
UU or Pu. The values given in Table III are tabu- 
lated in order of increasing yield to emphasize two 
interesting regularities: (1) total yield increases with 
mass number for a given element and (2) total yield 
generally decreases with atomic number [except in 


extreme cases where (1) predominates over (2), €.g., 
Pu vs U8 ]. 

The yield n/F (U**) =0.0165+-0.0005 from Table ITI 
may be compared with the value n/P (U™*) =0.0164 
+ 0.0006 determined from independent measurements"! 


the de 
(n/F), 


0 Absolute total yields are sometimes reported as f (or / 
layed-neutron fraction of total neutrons from fission. [f= V 
where V is the average number of neutrons emitted per fission. } 


Data from H. C. Paxton, Los Alamos 
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Fic, 2. Delayed-neutron decay following instantaneous irradiations of U%*® (fast-fission). Cumulative data (@) from 80 prompt-burst 


irradiations of 3-gram sample of 99.9% U™*; the curve is ¢ 


of the mass increment between delayed and prompt 
critical conditions for the bare U™* assembly. 


IV. DISCUSSION OF RESULTS 


In summary Tables I and II, the individual group 
periods for the various nuclides studied are seen to be 
in general agreement. A comparison of individual 
delayed-neutron groups among the various nuclides 
shows that (1) variation among group yields is much 
greater than variation among group periods, and (2) 
the increase of total yield with mass number is due 
mainly to greater contribution from the shorter-period 
groups. 

The period and abundance values for U**® have been 
corroborated in detail by independent period-vs-reac- 
tivity measurements on the “Godiva” assembly.” The 
excellent agreement between experiment and theory 
(“inhour equation” of reactor kinetics) in the reactivity 
region of prompt critical provides (1) a sensitive check 
on accuracy of short-period delayed-neutron data, and 
(2) good evidence against the existence of a seventh, 
shorter delayed-neutron period of appreciable abun- 
dance (i.e., less than ~510~%% yield in U®® fission). 

” Similar measurements (at lower reactivity) have been made on 
a bare Pu™® metal assembly as a check on delayed-neutron data for 
Pu™, Period-vs-reactivity measurements will also be made on a 
bare U™ assembly soon to be installed at the LASL critical 
assemblies laboratory. 


alculated from the U*® periods and abundances of Table I 


Further experimental evidence in support of short- 
period (especially sixth-group) values is given by recent 
studies on the detailed shape of super-prompt-critical 
radiation bursts from the bare U¥* assembly.* 

General agreement will be noted among the measured 
periods and abundances for thermal fission in Table I 
and corresponding data for fast fission in Table I. 
Small spectral differences (especially for fifth- and 
sixth-group values) could, of course, result from the 
variation in fission mass-distribution with incident 
neutron energy. It will be recalled (Table III) that no 
spectral effect is observed for absolute total delayed- 
neutron yields. 

A comparison of U™® data with the earlier work of 
Hughes ef al. has been made.* Notable differences 
(mainly in third- and fourth-group periods) were 
attributed largely (1) to different amounts of data in 
the appropriate time interval—5 to 40 sec and (2) to 
the different methods of analysis—least-squares fit 
vs the more subjective graphical “exponential peeling” 
method. 

Despite the general agreement among group periods, 
there do exist mechanisms whereby real differences 
can arise (I) between measured delayed-neutron periods 

4 Wimett, Graves, and Orndoff, Nuclear Sci. and Eng. (to be 


published) 
4 Hughes, Dabbs, Cahn, and Hall, Phys. Rev. 73, 111 (1948) 
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and their corresponding precursor 6-decay periods and 
(II) between corresponding delayed-neutron periods 
for the different fissile nuclides. Delayed-neutron 
precursors can be formed either directly as primary 
fission products or by cascade 8 decay. In the 
latter case, precursor activity (and hence delayed- 
neutron activity) would exhibit a growth-decay char- 
acteristic with time which could lengthen the observed 
precursor period, depending on the 8 periods involved. 

The differences in corresponding delayed-neutron 
periods for the six fissile nuclides (difference II above) 
arise basically from variations in independent nuclide 
yield. For a given nuclide this yield is determined by 
the appropriate yield-mass and charge distributions. 
Both of these quantities are in turn dependent on the 
indentity of the fissile nuclide and the energy of the 
neutrons inducing fission. It follows that differences in 
observed periods (and abundances) could be intro- 
duced (a) by changes in the growth-decay character- 
istics of a fission chain “feeding” a given precursor 
and/or (b) by the small differential contributions of 
minor delayed-neutron precursors (i.e., other than the 


six main precursors). 

Heretofore it has been generally supposed’ !*-"? that 
delayed-neutron precursors of appreciable yield should 
exhibit even neutron numbers slightly above the 50 
or 82 stable-shell configuration. These precursors then 
decay by 8 emission to excited states in odd-neutron- 


numbered nuclides which, having particularly low 
binding energies for the last neutron, exhibit the great- 
est probability for neutron emission. This is an ener- 
getics argument based solely on the difference between 
Qs, the total 6-decay energy of the precursor, and B,, 
the neutron binding energy of the emitter. However, 
if one considers odd-N (and odd-Z to maximize Qs) 
precursors, decaying to shell-plus-2,4, etc. emitters, it 
is found that the energy excess, Vg—B,, is still ap- 
preciable in many cases.'*'* Thus prospective delayed- 
neutron precursors (major and minor contributors) 
may be sought among fission products having either odd 
or even neutron numbers. 

Effects due to these and other smaller perturbations 
are, of course, assimilated in the least-squares analysis, 
thus perturbing slightly the final period and abundance 
values. Nevertheless, since the decay of delayed-neutron 
activity from the various fissile nuclides can be satis- 
factorily fitted by six periods having approximately the 

'®M. G. Mayer, Phys. Rev. 74, 235 (1948) 

‘6A. C, Pappas, Massachusetts Institute of Technology 
Laboratory for Nuclear Science Report No. 63, 1953 (unpublished). 

17 Glendenin, Coryell, and Edwards, Paper 52, National Nuclear 
Energy Series Div. IV, Vol. 9 (1952). (McGraw-Hill Book Com- 
pany, Inc., New York, 1951) 

'8Qg for odd-Z, odd-N precursors exceeds that for odd-Z, 
even-N precursors by the difference 54—e,4*2 Mev," which 
largely compensates for the increased binding energy of even-N 
emitters. For example, in the case of 16-sec Br** and 5.8-sec I'*, 
the calculated values are 0g(Br**) =9.8 Mev, B,(Kr**)=7.4 Mev, 
Qa (T'*) =8.4 Mev, and B,(Xe'*) = 5.6 Mev. Similar comparisons 
can be made for other odd-N, odd-Z prospective delayed-neutron 
contributors. 


%C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 305 


NEUTRONS FROM 


FISSIONABLE ISOTOPES 1049 
same values, it is reasonable to conclude that six main 
precursors do predominate despite evident “per 
turbations.”’ 

In contrast to the relative constancy of delayed 
neutron periods, the observed variations in both 
relative and total yields among the different fissile 
nuclides are large indeed (see Tables I and II). The 
essential problem then is to explain individual group 
yield values—these being the product of relative group 
yields and total absolute yields. Calculations of pre 
cursor yields for the various fissionable nuclides have 
been made in terms of appropriate mass- and charge 
distributions, including shell effects. Comparison of 
precursor yields thus calculated with measured delayed 
neutron yields for the various nuclides then gives neu 
tron-to-8 branching ratios (“P, values’) which may 
be related to theoretical branching ratios. This treat 
ment provides criteria which have proved useful in 
predicting probable precursor(s) associated with a 
given delayed-neutron group. The predictions resulting 
from preliminary calculations have been given.”® Re 
fined calculations, now in progress, of theoretical /?,, 
values are expected to narrow further the choice of 
possible precursors for each delayed-neutron group .”' 


Nole added in proof. —Br** has recently been identi 
fied radiochemically as a second-group delayed neutron 
contributor by Perlow and Stehney [to be published ; 
see also Bull. Am. Phys. Soc. Ser. II, 2, 16 (1957) | 
They have measured the half-life of Br°* as 15.5-+-0.4 
sec and have redetermined the half-life of I’ as 
24.2+0.2 sec. We have made several attempts to dis 
tinguish a 15.5 sec delayed neutron contributor in 
neutron-decay-curve analysis. Initial abundance coeffi 
and 1/2 of the total 
second-group abundance; in no case could a 15.5 se 
contribution be detected using either graphical analysis 
or the iterative least squares method. ‘Thus it appears 
difficult if not impossible to distinguish the 15.5 se 
Br** and the (dominant) 24.2 sec I’ components of the 
second delayed neutron group without the aid of 
chemical separation (e.g., isolation of fission product 
bromine as performed by Perlow and Stehney). 

A considerably more detailed account of the measure 


cients were varied between 1/7 


ments, analysis method, and results reported here 
(together with associated reactor-kinetics studies) is 
being published (Keepin, Wimett, and 
Zeigler, J. Nuclear Energy in press). 


elsewhere 
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Interactions of 28-Mev Protons with Helium-4t* 


Artuur F. WickersHaM, Jr.t 
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(Received March 25, 1957) 


When Het is bombarded with 28-Mevy protons the dominant reaction is elastic scattering, exhibiting a 
strong peak in the forward direction and a slight rise in the backward direction. The dominant inelastic 
reaction is the inverse Butler or pickup deuteron process 

The two remaining inelastic reactions observed, He*(p,2p)H* and He‘(p,pn)He*, have cross sections of 
8.94+1.0 and 4.841.3 mb, respectively. These are an order of magnitude or more smaller than the cross 
sections of the dominant processes. 

Of the remaining possible reactions—(p,pd), (pn2p), (p,py)—only the Jast was energetically possible at 
the beam energy used. It was not observed. This indicates a lack of evidence for an excited level that decays 
principally by y-ray emission; it also indicates that the inverse photodisintegration process, suggested by 
Flowers and Mandl, has too small a cross section to contribute in this energy region. 

The rest-frame momentum spectrum of protons from the He*(p,2p)H® reaction shows no evidence of an 


excited level in He‘ in the energy region explored 


I, INTRODUCTION 


HE possibility of an excited level in the helium 

nucleus has been discussed in the literature at 
farious times for two decades. Feenberg! in 1936 pre- 
dicted at least one stable excited state for He‘. His work 
was reviewed and the problem further discussed by 
Bethe and Bacher* in the same year. On the basis of 
what was then known about nuclear forces they pre- 
dicted three possible levels, two of which were supposed 
stable at 16 Mev and 10 Mev. Bethe and Bacher had 
available the experimental work of Crane ef al.,’ a 
study of the reaction of protons on Li’ in which a 
16-Mev y ray had been detected. One of the possible 
interpretations suggested by the experimenters was 


p+ Li’->Het+ He*—He't+ He'+7, 


rather than the present-day interpretation Li’(p,y) Be’. 
Subsequent knowledge, in particular the discovery of 
other than ordinary forces, invalidated the early 
theoretical predictions. 

In 1949 several experimenters,® using thermal 
neutrons, observed the reaction n+He*—He*. King 
and Goldstein,‘ at Los Alamos, found no evidence of an 
excited state in He‘ in the energy region close to 20.5 
Mev. Their work was extended in 1950 by Taschek 


t An abridgement of a thesis in partial fulfillment of the require 
ments for the Ph.D. degree 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission 

t Now at Sylvania Electronic Defense Laboratory, Mountain 
View, California 

1 E. Feenberg, Phys. Rev. 49, 328 (1936). 

7H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 147 
(1936) 

*Crane, Delsasso, Fowler, and Lauritsen, Phys. Rev. 48, 100, 
102, 125 (1935) 

‘L. D. P. King and L. Goldstein, Phys. Rev. 75, 1366 (1949). 

* J. H. Coon and R. A. Nobles, Phys. Rev. 75, 1358 (1949) 

* Batchelor, Epstein, Flowers, and Whittaker, Nature 163, 211 
(1949), 


et al.,’** who used protons up to 2.5 Mev and observed 
the reaction H*(p,y)He*. They detected a group of 
rays, showed that £,>17.5 Mev, and concluded that 
the y-ray yield indicated an excited state in He‘ at about 
21.6 Mev with a half-width of 1 Mev. 

The publication of these results was followed by a 
theoretical paper by Flowers and Mandl in England.* 
Flowers and Mandl calculated the inverse process—the 
photodisintegration of He*, A phase-space inversion was 
used to compare their theory with the Los Alamos data. 
The results indicated that the observed y rays could 
have been part of an electric dipole emission spectrum ; 
thus, the introduction of He* excited state was possible, 
but not demanded. 

In 1952 a comprehensive search for an excited state 
was completed by Benveniste and Cork,' who used a 
counter telescope to detect protons and deuterons 
scattered from a 31.5-Mev linear accelerator proton 
beam by a helium target. They found no evidence of 
excited states in the energy region they were able to 
to investigate. Because of the energy cutoff limit 
required by the counter telescope, they would not have 
been able to detect a small group of protons having a 
range less than 50 mg/cm* (5 Mev). Since this brings 
the energy cutoff point in their experiment rather close 
to the region in which the Los Alamos workers observed 
an excited level, it was deemed desirable to use a cloud 
chamber to confirm and extend their results. 

Shortly after the present work was started, a theo- 
retical paper was published by Trainor." On the basis of 
symmetry arguments Trainor concluded that the exist- 
ence of an excited state at 21.6 Mev with a strong 
dipole-moment transition to the ground state would 


7 Argo, Gittings, Hemmindinger, Jarvis, and Taschek, Phys. 
Rev. 78, 691 (1950) 

§ Jarvis, Hemmindinger, Argo, and Taschek, Phys. Rev. 79, 
929 (1950) 

* B. H. Flowers and F. Mandl, Proc. Roy. Soc. (London) A206, 
131 (1951). 

” J. Benveniste and B. Cork, Phys. Rev. 89, 422 (1953). 

4 L. E. H. Trainor, Phys. Rev. 85, 962 (1952). 
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Fic. 1. Plan view of the experimental geometry. 


imply the existence of a bound excited state in He‘. His 
paper included a summary of the experimental work 
done at that time. 

In the present experiment the use of a cloud chamber 
made it possible to detect inelastic protons having a 
range greater than 1.8 cm (0.6 Mev), which should per- 
mit observation of an excited state below 22 Mev; in 
addition, the cloud-chamber technique was capable of 
of associating the inelastic protons with the various 
types of reactions that produced them since particle 
momentum of charged particles, and the 
per event could be 


ionization, 
number of charged particles 
determined. 

The experiment was performed by admitting the 
linear accelerator proton beam directly into a cloud 
chamber filled with helium. The cloud chamber was 
mounted between a pair of pulse-operated Helmholtz 
coils that produced a magnetic field transverse to the 
beam. A plan view of the experimental arrangement, 
including some of the details of collimation, is shown in 
Fig. Additional details of the technique and the 
accuracy of measurements are discussed in Secs. III, 


IV, and V. 
II. RESULTS 


In this experiment four interactions could occur when 
helium: (a) elastic proton- 
helium scattering; (b) pickup deuteron processes; 

) He‘(p,2p)H? collisions; (d) He*(p,pn)He’ collisions. 
They are listed here in order of decreasing abundance. 
More complicated processes were not possible at the 


protons were scattered 


energy available in this experiment. 


A. Elastic Proton-Helium Scattering 


The center-of-mass proton distribution resulting from 
elastic proton-helium scattering events is given by the 
circles in Fig. 2. Vertical lines on all cloud-chamber 
results indicate probable errors. Crosses represent the 
results obtained by Cork,” who used a counter telescope. 
The cloud-chamber results indicate that a minimum 
occurs at a c.m. angle of about 115 degrees. No attempt 


2B. Cork, University of California Radiation Laboratory 
Report UCRL-1673, February, 1952 (unpublished). 
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Fic. 2. Center 
of-mass differential 
cross section for elas 
tic scattering of pro 
tons on helium. The 
counter telescope 
data (at 31.6-Mev 
laboratory system) 
are taken from Cork 
(reference 12) 
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was made to subtract Coulomb scattering from the 
forward peak. 27.9 Mev 
achieved by interpolation between Cork’s results at 
31.6 Mev and at 19.5 Mev. 

Normalization to Cork’s results permitted the assign 


The normalization at was 


ment of absolute cross sections to cloud-chamber data 
The normalization - tor obtained and used in the 
construction of Fig. 2 is da/dQ=0.1643N, where da/dQ 
is in millibarns per steradian and \V is the number of 
events seen in the cloud chamber in a 10° interval of 
scattering angle @ azimuthal range of 
45° << +45°. From this result one can compute the 
normalization factor for total cross section, 


and in an 


a =0,0901 (6) )n 


where o is in millibarns, m is the cloud-chamber event 
count, and the factors ® and © (given in Table I) are 
inserted to correct for the limited visibility in azimuth 
angle @ and polar angle 8. 


B. Pickup Deuteron Process | He‘(p,d)He? | 


The c.m. angular distribution for pickup deuterons, 
He‘(p,d) He’, 
triangular marks represent the results of Benveniste and 
Cork," and the solid line is given by Butler’s theory for 
31.6-Mev bombarding protons.’ Because the spin of 
He‘ is known the results are primarily only of interest in 
checking the reliability of the cloud-chamber technique. 
For the cloud-chamber data the vertical scale indicates 
differential cross section, obtained by normalization to 
the elastic p—a scattering results. 


is given by the circles of Fig. 3. The 


4S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951) 
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TABLE I. Results of various reactions of 28-Mev protons with helium-4 

5 7 
Column §, 

corrected for 


polar-angle 
visibility 


3 4 
Azimuthal 
Number visibility 
observed, (per event) 
@|<45 (%)" 


Column 3, 

corrected for 
azimuthal 
visibility 


Total cross 
section @ 
(millibarns) 


Polar angle 


lype of event Number observed isibility (@)~ 


4250 a 
334 ° 
0.527+0.032 53.1434.9 4.8+1,3¢ 
0.813+0.036 98.44+11.4 8.9+1.0 
0.234 


Elastic pa 2125 
He'(p,d)He 185 167 
Het(p,pn)He* 9 7 28 
Het(p,2p)H* 58 40 80 
He*( p, py) Het Not observed 


* Differential cross section given in Fig. 2 

» Differential cross section given in Fig. 3 

¢ All errors are probable errors unless otherwise stated 
were seen that could not be identified 

4 The value 0.23 mb is the median of the a posteriors distribution of the cross section, which has the density function (0.693/0.23) exp( —0.6930/0.23) 
per mb 


In computing the errors shown here no attempt was made to include the fact that four events 


this reaction gives the result 


C. He‘(p,2p)H? Collisions 


A differential cross section in @ cannot be given for the Po N 
(p,2p) event because of the several ways in which it can V= vf P’(pi— p*)'dp= 
be observed : as two protons; one proton and one triton; 6 1 
two protons and one triton. A total cross section is given 
in Table I. In only 10 out of the 58 of these events 
observed were all three particles visible. 

The c.m, proton momentum distribution of the (p,2p) 
events (Fig. 4) shows a peak at Bp=1.8X10° gauss 
centimeters, or about 1.6 Mev. This observed proton 
spectrum is interpreted as arising from the bombard 
ment of a He‘ nucleus in which there are no energy 
levels, i.e., from a process in which the transition matrix 
is independent, or a slowly varying function, of the final 
momentum of the beam proton. 

The resultant momentum distribution of such tran 


aa 
pot, 
6 


where py is the maximum proton momentum possible 
(determined to be 2.05105 gauss cm from the beam 
energy) and NV isa constant. V was chosen by equating 
the phase volume to the area under the momentum 
histogram representing the experimental results. A plot 
of the integrand is the differential proton momentum 
distribution in momentum space to be expected when 
the transition matrix is nearly constant. The maximum 
value of the integrand is 


Pinax= (4/4) po= 1.67 X 10° gauss cm. 


sition is dependent not only on the nature of the tran 
sition matrix but also on the density of energy levels, or 
phase volume, in the final state. ‘The computation of the 
unrestricted phase volume available to a proton from 
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Fic. 3. Angular distribution (in the center-of-mass system) of 
deuterons from H*(p,d)He*®. The counter telescope data at 31.6 
Mev are taken from Benveniste and Cork (reference 10). The solid 
curve is given by Butler’s theory (reference 13); the normalization 
of the curve is that of Benveniste and Cork 


A plot of the integrand is shown in Fig. 5. The curve 
agreed well enough with the experimental points to 
encourage correcting it for the photographic visibility 
limitations of the cloud chamber 

To study the effects of the scattering angle and 
momentum limitations, regions of limited visibility were 
mapped on p—@ planes, where p is momentum in the 
laboratory system and @ is the laboratory scattering 
angle, by geometrically reconstructing and computing 
the visibility of the protons and tritons in the cloud 
chamber. From the results of such plots it was seen that 
the size of the limited visibility region in 6 and p was a 
very slowly varying function of @, the azimuthal angle. 
The region for @<55° was then transformed into the 
c.m. system and plotted on a (p’)?—2vs—cos6’ plane, 
where primes indicate quantities referred to the c.m. 
system. Since d(p”) and d(cos6’) are elements of phase 
volume for one of the particles, the size of this region 
compared with the entire plane below the kinematical 
limit was now a measure of the region of limited 
visibility. From such graphs it was found that for (p,2p) 
protons the volume of limited visibility was only 10.5% 
of the total volume available, and it appreciably affected 
the momentum distribution only in the region of 
0.3 10° gauss cm. A similar computation for the tritons 
showed that only 5.6% of the triton space was excluded. 
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From these results it was concluded that no significant 
differences between the observed spectrum and the 
phase spectrum would arise because of the regions in @ 
and p excluded by the presence of the beam. 

The azimuthal angle limitation, —45°<@< 45°, can- 
not be so dismissed. It is large—half of the available 
geometric volume—and may have strong correlations 
with momentum. An as example of such correlation, 
consider that two prongs of a three-prong event are 
seen. Conservation of momentum then implies that 
frequently the azimuthal plane of the third prong will be 
perpendicular to the mean plane of the first two, and 
thus there is a high probability that the prong will be in 
an azimuthally excluded region. 

Since such correlations could significantly affect the 
final momentum distribution, it was necessary to in- 
troduce functions representing the azimuthal limitations 
and recalculate the phase-volume integral. When suit- 
able approximations were made the result was expressi- 
ble in terms of elliptic integrals, which when evaluated 
gave the function shown as a solid line in Fig. 4. 

This resultant corrected phase-volume curve agrees 
with the observed distribution in shape and in position 
of maximum. There is nothing in the observed spectrum 
to suggest a resonance, or energy level. Had there been 
a resonance one would have expected to see, in the c.m. 
system, a peak due to the bombarding proton and an 
additional broader peak consisting of decay protons. 


D. He‘(p,pn)He’ Collisions 


Only nine He‘(p,pn)He*® events were seen and 
identified. This did not imply a cross section small 
compared with that for He*(p,2p)H*®. When appropriate 
allowance was made for the fact that the neutron could 
not be seen in the cloud chamber, the cross sections were 
found to be of the same order of magnitude. Seven of the 
events had azimuthal angles less than 45°, and only 
these were counted for comparing the yield with that of 
other types of events. Because of the small number of 
observations no angular distribution is given; however, 
the total number is used for the calculation of an ab- 
solute cross section (Table I). 

No other events were observed. The fact that no 
positively identifiable He*(p,py)He* events were seen is 
discussed in the section on analysis. This result places 
an upper limit on the cross section for He‘(p,py)Het 
events (Table I) and the process suggested by Flowers 
and Mandl.’ 

Table I summarizes the yields of the various re 
actions. Column 3 lists the number of events seen, 
identified, and satisfying the condition |@| <45 degrees. 
Column 4 shows the factors that correspond to azi- 
muthal visibility probability for the various events, and 
Column 6 those factors arising from the scatter-angle 
limitations on visibility. By normalization of the 
elastic proton-helium events to Cork’s results,” total 
cross-section values are assigned to the different re- 
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Fic, 4. Center-of-mass momentum distribution of protons from 
He‘(p,2p)H®. The solid curve represents available momentum 
volume corrected for cloud chamber visibility limitations 


actions in Column 8. These total cross-section values 
are obtained by assuming an isotropic ¢.m. angular 
distribution for the inelastic three-body reactions, an 
assumption borne out by experimental evidence ob 
tained from the (p,2p) reaction. Column 2 lists the total 
number of each type of event seen when azimuthal 
angle @ is unrestricted. 

Notice that in Table I the polar angle corrections and 
the azimuthal angle corrections were handled as sep- 
arate factors; i.e., possible correlations between the two 
effects were ignored. This was justified by simultane 
ously introducing both the azimuthal and polar-angle 
correction terms into the phase-volume integral and 
carrying out the integration graphically. ‘This was done 
for the He*(p,pn) He’ type of event, an event for which 
the correction factors were largest. The result so ob 
tained agreed to within 3% with the result obtained by 
considering the polar-angle correction as a separate 
and independent factor; consequently, it was assumed 
that the separate-factor correction procedure was also 


allowable for He‘(p,2p)H?* events. 


Ill. EXPERIMENTAL PROCEDURE 


The beam of protons from the linear accelerator, 
shown in Fig. 1, was bent through a 15° angle by steer 
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Fic. 5. Rest-frame momentum volume available to He*(p,2p)H?. 
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ing magnet C and passed through the 100-mil-diameter 
carbon collimator D. Fifteen feet from the magnet there 
was a }-in.-diameter collimator shadowing a #,-in.- 
diameter collimator a foot beyond at F. The beam then 
passed through a thin window G, through a monitor 
ionization chamber /, and through an iron tube placed 
between the coils of magnet J. The iron tube provided 
shielding from the magnetic field. The beam entered 
the cloud chamber J in a field of 7000 gauss. 

The sensitive volume of the cylindrical cloud chamber 
was 16 in. in diameter and 6 in. deep, and it contained 
14 atmospheres of helium with water vapor. Pictures 
were taken every 2 minutes. 


IV. ANALYSIS 

Elastic events were easily recognized by their co- 
planarity and the low ionization of the protons. More 
than 2000 elastic scattering events were rapidly sep- 
arated from the residual data. 

The number of proton-proton scattering events was 
found to be consistent with the amount of water vapor 
in the chamber. The 23 oxygen events observed were 
obvious and easily discarded. Some 286 inelastic 
reactions remained to be analyzed. 

The inverse Butler or pickup-deuteron process 
He‘(p,d)He*® is the only coplanar inelastic reaction 
observed. It is the most abundant inelastic reaction, 
accounting for 185 of the inelastic events. A calibration 
of the energy of the proton beam was made by use of 
such events. Since 18.3 Mev is needed to produce the 
two fragments, the beam-energy determination was 
relatively accurate: half the determinations fell within 
+0.36 Mev of the mean (27.88 Mev). A measurement 
of the curvature of the proton beam gave an energy of 
28.24-0.5 Mev, but the former value was used in the 
reduction of the data. 

The remaining 101 events could consist of only the 
following three reactions in He‘: (p,2p), (p,pn), and 
(p,py). There was not enough beam energy to produce 
reactions more intricate than these. 

The first two reactions were difficult to distinguish 
from each other chiefly because one of the prongs in the 
(p,2p) reaction frequently was obscured by the proton 
beam. The identification technique involved the use of 
transverse and longitudinal momentum conservation ; 
energy conservation; estimation of relative ionization ; 
and, frequently, the identification of fragments from 
curvature and range measurements. When only two of 
the three prongs were observed, the measured energy 
and momentum balance had to be such that it would 
direct the unseen particle into a region of space in which 
particles could not be seen. Of course this criterion did 
not apply in the case in which the third fragment was 
the nonionizing neutron, but it was sometimes useful in 
separating the triton and He’ reactions by elimination of 
the triton possibility. 

This procedure resolved the remaining data into 58 
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He‘(p,2p)H’*; 9 He*(p,pn)He*; and no He‘(p,py)Het 
reactions; and a final residuum of 34 events analyzed 
as follows: 23 events which probably were inelastic 
collisions of protons with oxygen; 7 elastic proton- 
helium collisions of slightly degraded energy (20 to 
25 Mev); and 4 unidentifiable reactions. 

The work of Argo and others at Los Alamos indicated 
that the reaction H*(p,y)He* existed, and suggested 
the possibility of a level in helium in the region of 21 to 
23 Mev.’:* Because 28-Mev protons can supply enough 
energy to the c.m. system to produce an excited state of 
He‘ in this energy range, a search was made for the 
reaction He‘(p,py)Het, but no events were found 
that could be identified as such. Since the reaction 
He‘(p,d)He* can imitate the approximate coplanarity 
of the gamma-ray reaction and can also imitate it in 
relative ionization, an additional study of all (p,d) 
events was made. 

The momenta of all the deuterons were transformed 
to the c.m. system, where their values were found to 
group around 3.1 10° gauss centimeters. Now if there 
were a level in the 21- to 23-Mev region, and if this level 
decayed by gamma emission, and if the momenta of 
the excitation protons associated with such a process 
were mistakenly transformed into the c.m. system as 
deuterons from a (p,d) reaction, then their transformed 
momenta would have appeared in the region of 0 to 
2.1X 10° gauss centimeters. No such momenta appeared. 

A similar statement cannot be made concerning 
possible confusion of (p,py) events with (p,2p) events. 
However, it is seen from the c.m. momentum spectrum 
of (p,2p) protons that no significant contribution to that 
spectrum could haye been made by protons of constant 
momentum. ° 

In addition, at the close of the analysis all the re- 
maining inelastic reactions—(p,2p) and (p,pn)—were 
specifically re-examined for any possible (p,py) re- 
actions, but none was found. A re-examination of the 
residuum disclosed nothing that could reasonably be 
identified as a (p,py) reaction. 


V. ERRORS AND CORRECTIONS 


It has been shown that the identification of an event 
required measurements of range, radius of curvature, 
scattering angle, magnetic field strength, and beam 
energy. Determination of beam energy has been in- 
cluded in the discussion of pickup deuteron analysis in 
Sec. IV. 

The probable error in range measurement was +3.6 
mm, of which 2 mm was caused by straggling and 3 mm 
was caused by uncertainty in the position of the origin 
of a track (a point that had to be determined by pro- 
jection back into the opaque beam). The range-energy 
calculation was checked by comparing the measured 
range of several elastic a recoils that stopped in the 
chamber with the energy of such recoils, the energy 
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being computed from 


4EoM aM , cos", 


’ 


(M.+M,)? 


where Eo is the beam energy and @, the measured 
scattering angle of the a recoil. 

Radius of curvature was measured by matching 
templates to stereoscopically reprojected images of the 
tracks. From the result of several tests it has been our 
experience that the error made in this measurement is 
about 0.1 mm in the sagitta, irrespective of the particu- 
lar curvature and track length available. For a typical 
track such error in sagitta is equivalent to a probable 
error of +2.4% in radius of curvature. From the calcu- 
lation of the root mean square deflection owing to 
multiple scattering, again for a typical track, it was 
estimated that there would be an additional probable 
error in radius of curvature of +3.0%. Thus the total 
probable error in radius of curvature was about +3.8% 
and the probable error in Bp also +3.8%, the error in B 
being negligible. 

The magnetic field was determined by recording the 
peak current reading of each pulse during the running 
time of the experiment. After the experiment the field 
was measured with a search coil and integrator. These 
were electronically synchronized with the cloud chamber 
cycle so that the field value was measured at the instant 
the beam pulse of protons traversed the chamber. 
Measurements were taken throughout the volume 
occupied by the cloud chamber. The search coil and 
associated equipment was calibrated in a test field, the 
test field in turn being measured by a proton magnetic 
moment apparatus. The results, thus obtained, ex- 
pressed magnetic flux density in terms of current 
readings taken on the same ammeter that was used in 
the course of the experiment. The probable error in the 
field measurement was +0.3%, which is small compared 
to the errors in curvature measurements of individual 
tracks 

The scattering angle, 6, was calculated from cos@ 
= cosa cosB, where B, the beam angle, is the angle be 
tween the beam and the projection of the track onto a 
horizontal plane, and a@ is the angle of elevation of the 
track from the horizontal plane. By means of optical 
reprojection apparatus the elevation angle could be 
determined within +0.6°, and the beam angle within 
+1.0°. There was, however, an additional error of 
+0.5° in 8 owing to the necessity of projecting back into 
the opaque beam to the origin or the event; this value, 

+().5°, derives from a probable error in p of +3.8%. 


’ 
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For a typical track the preceding errors combine to 
give a probable error of + 1.03° in scattering angle. In 
addition, there were errors in the measurement of 
scattering angle owing to multiple scattering, +0.2°; 
determination of initial direction of the beam, +0.5°; 
measurement of curvature, +0.2°; and divergence of 
the beam as it traversed the cloud chamber, +0.7°. 
Thus the total probable error in scattering angle was 
+1.4°. 

The preceding discussion of errors in Bp and 6 
pertains to a “typical” track (that of a 2-Mev proton) 
and is not meant to be representative of the errors in 
measurement in all types of tracks. In the case of pickup 
deuterons, for example, the probable error in a single 
observation of center-of-mass momentum of a deuteron 
t 7.02%, 


mean of the center-of-mass momenta 


was expressed in percent of the arithmetic 
In the case of 
short prongs, associated with many of the inelastic 
events, errors in measured scattering angle were as 
large as 5 to 10 degrees. On the other hand, the probable 
error in a measurement of scattering angle of elastic 
t0.63°: here the 
probable error was computed on the basis that the 


proton-proton collisions was only 


angle between the tracks should be very close to 90°, 
These events came from the water vapor present in the 
cloud chamber, and the relatively high energy of the 
recoiling particles permitted the greater accuracy in the 
measurement of scattering angle 

For the proton-helium elastic collisions, geometrical 
calculations indicated that all events were visible over 
an azimuthal angular range of +45° when the protons 
were scattered between 25° and 170° in the center-of 
mass system. This was verified in the forward direction 
by comparing the angular distribution with that ob 
tained by Cork (Fig. 2). In addition, a histogram was 
made of the number of observed elastic collisions vs 
azimuthal angle, and this also indicated that events 
with tracks lying between + 45° in azimuth and between 
25° and 170° in scattering angle were always observed. 
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Pile neutron activation cross sections for production of Ge”? and Ge7™ have been obtained. In addition, 
the half-lives of Ge” and Ge7™ have been measured as well as the y/8~ branching in the beta decay of Ge7™ 


QL] EUTRON capture by Ge” can lead either to Ge” 
4 directly, or to an excited level, Ge’, which in 
turn decays, either to Ge” by emission of a 0.16-Mev 
y-ray, or to As” by beta decay. This capture and decay 
sequence is shown in the following diagram.!? 
Ge7*(n,y)Ge™™ 
54 sec 
1.1. | 54 sec B 


i ; p B 
Ge" (n,y)\Ge" 


> Se”? 
39 hr 


» As? 
11.3 hr 


Reynolds’ has reported a cross section for total 
production of Ge” as ~0.4 barn. Arnold and Sugarman‘ 
stated that the cross section for production of Ge7’™ 
was about 10% higher than that for Ge’’. Recently der 
Mateosian and Goldhaber® have reported thermal 
neutron cross sections for this process. They report 
values of 0.064-0.01 barn for the production of Ge7”™ 
and 0.0540.01 barn for the production of Ge’’. These 
numbers are consistent with the rule of Segré and 
Helmholtz® that neutron form isomeric 
states favors the level with spin closest to that of the 
compound nucleus. As pointed out by der Mateosian 
and Goldhaber, previous results on these cross sections 
had indicated Ge” to be an only exception to this rule. 
Burson ef al.2 determined the y branching in the beta 
decay of Ge” and found it to be 0.09. 

During the course of determining the pile activation 
cross sections for the germanium isotopes, we have 
measured the activation cross sections for production 
of Ge” and Ge’, the half-lives of Ge7’" and Ge”, and 
the gamma branching in the beta decay of Ge’ 


EXPERIMENTAL 


In the experiments described below, germanium oxide 
enriched in Ge" to 79.3% was used. The cross section 


capture to 


* Operated for the U. S. Atomic Energy Commission by 
Union Carbide Nuclear Company 

11), J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 July, 1955 
(Superintendent of Documents, U.S. Government Printing Office 
Washington, D. C., 1955) 

? Burson, Jordan, and Leblanc, Phys. Rev. 96, 1555 (1954) 

3S. A. Reynolds in Oak Ridge National Laboratory Report 
ORNL.-867, 1950 (unpublished) 

*J. R. Arnold and N. Sugarman, Argonne National Laboratory 
Report Cl-3785, 1947 (unpublished) 

* FE. der Mateosian and M. Goldhaber, Bull. Am. Phys. Soc 
Ser. IT, 2, 16 (1957). 

*E. Segre and A. C. Helmholtz, Revs. Modern Phys. 21, 271 


(1949) 


for production of Ge7™™ was obtained by measuring 
(a) the induced Ge?” which decayed by @~ emission 
to As” and (b) the induced Ge?’ which decayed to 
Ge” by emission of the 0.16-Mev y-ray. In addition, 
a branching ratio for the beta decay of Ge7™ was 
measured. 

Weighed samples of Ge’®O, (together with Mn moni- 
tor) were irradiated in the pneumatic tube of the 
ORNL Graphite Reactor for accurately measured times 
of about one minute. The irradiated GeO, was quickly 
transferred to a watchglass, covered with cellophane, 
and placed at a known geometry between an end 
window type beta proportional counter covered by 
~100 mg/cm? of Al to absorb any conversion electrons 
and a 3 in.X3 in. Nal crystal. The output from the 
beta counter scaler was recorded on a fast running 
Esterline-Angus recorder. From these data the beta 
counting rate as a function of time was obtained, and 
the half life of the Ge?” was determined to be 53.64+0.9 
sec. The beta counting efficiency of this counting 
arrangement was calibrated by use of a standard con- 
taining a known disintegration rate of Ru!%— Rh, 
Thus, the total amount of induced Ge?™ decaying by 
beta emission was found, and by use of the flux deter- 
mined from the manganese monitor, the pile cross 
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Fic. 1. y-ray spectrum of Ge7™. 
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section for this path was calculated to be 0.10+0.01 
barn. 

Simultaneously with the beta-decay measurements, 
data concerning the gamma-ray spectrum were being 
obtained from the 3 in.X3 in. Nal crystal, the signal 
from which was fed into a 20-channel pulse-height 
analyzer.” Cumulative counts were recorded for a 
ten-second interval every thirty seconds. These data 
showed the presence of two gamma-ray photopeaks at 
0.16 Mev and 0.22 Mev (Fig. 1). In addition, a shoulder 
was observed on the low-energy side of the 0.16-Mev 
gamma ray, which was attributed to a slight amount 
of 0.14-Mev gamma ray from the 49-sec isomeric state 
in Ge”. The 0.22-Mev gamma ray is associated with 
the beta decay in Ge’’™,? and since it is presumably an 
M1 transition should be almost completely uncon- 
verted. Consequently, the ratio of total number of 
0.22-Mev gamma rays to the total number of beta 
transitions should indicate the gamma branching in 
this decay. The number of gamma rays (J,) was 
obtained from the observed number (P,,)) by the 
expression : 


1, =Piy)/EQ, 


where Ey, is the experimentally determined peak 
efficiency for the particular crystal and geometry and 
Q is the fraction of the total solid angle subtended at 
the source. The ratio 0.2207/8 was found to be 0.28 
+0.05. Burson et al.? indicated it to be about 0.09. 

In a similar manner the total number of 0.16-Mev 
gamma rays was obtained. The cross section calculated 
using just the absolute number of gamma rays as the 
activity of Ge’ isomeric transition was found to be 
0.019+0.002 barn. However, nuclear shell theory pre- 
dicts for the transition an upper level state of pi/2 and 
a lower level of f7,2 making this transition #3. The 
observed half-life of 54 seconds is in accord with this 
assignment.’ By use of the theoretical K conversion 
coefficient of Rose ef al.,* correction was made for 
conversion under the assumption of an £3 transition. 
The cross section for the total transition (gamma-+ ex ) 
was then calculated to be 0.037+0.005 barn. 

The total cross section for the production of Ge” by 
both processes (i.e., direct neutron capture to Ge” or 
decay of Ge?’ to Ge?’) may be obtained by irradiating 
the germanium a length of time such that the produc- 
tion through the Ge’’ branch is constant, yet short 


’ Bell, Kelley, and Goss, Oak Ridge National Laboratory 
Report ORNL-1278, 1951 (unpublished) 
§M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951) 
® Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 


79 (1951) 


Ge’? AND Ge?7"™* 


TABLE I. Decay properties of Ge”? and Ge™™ 


Pile activation 

cross section 

for production 
(barns 


Active product Observed half-life 


§3.6+0.9 sec 0.10 +001 
0.019+40.002 
T. (corr.) 0.037 40.005 
11.3+0.3 hours 
0.043 40.002 
0.006-4.0.005 


Ge™™™ (0.22-Mev y/8) =0.28+0.05 


Total 
Direct 


enough so that no large amount of the As” has built up. 
Irradiations of one hour were made in the reactor, and 
the beta decay of the Ge” activity formed was followed 
by use of both an end-window beta proportional coun 
ter, and an end-window Geiger-Mueller counter. To 
minimize interference by any As’ or Ge” found, the 
activity was measured through both a 270-mg/cm* 
aluminum absorber and a 555-mg/cm? absorber. Half 
life data obtained through both absorbers were in 
agreement and indicated the half-life of Ge?’ to be 
11.3+-0.3 hours. The counting efficiency of the counters 
was obtained by calibration with standard sources of 
4nr-counted Y”. The data of Burson et al’ indicate that 
the decay of Ge” is largely through the 2.1-Mev and 
2.7-Mev beta branchings. The observation that the 
Ge” activity calculated from the data obtained through 
both the 270-mg/cm? absorber and the 555-mg/cm? 
absorber agreed within a few percent, indicates that 
this assumption and the use of Y” as a standard is not 
unreasonable, Upon using these data, the pile-neutron 
“total cross section” for production of Ge” is found to 
be 0.043+-0.002 barn. Since the for 
7 through Ge?’’™ (assuming an 3 


cross section 


production of Ge’ 


transition) is 0.0374-0.005 barn, the cross section for 
77 


direct production of Ge”? is seen to be very low, 0.006 


+ (0.005 barn 


DISCUSSION AND CONCLUSIONS 


Table I summarizes the findings of this work. The 
values for the activation cross sections in Ge’® differ 
considerably from earlier measurements. Our pile cross 
section for the total production of Ge” (0.043 barn) is 
in good agreement with the thermal neutron cross 
section of der Mateosian and Goldhaber® (0.05 barn). 
Our result for the total observed production of Ge7”™ 
(0.14 barn) is considerably higher than theirs (0.06 
barn); however, it lends even stronger confirmation to 
the rule of Segré and Helmholtz.’ 
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Cross Section for the Ca“’(+,3p3n)Cl* Reaction*t 
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The cross section of Ca®(7,3p3n)C™ as a function of photon energy was determined up to 70 Mev. Witha 
threshold for the process below 35 Mev the cross-section function was found to have a resonance-shaped 
peak of 0.3 millibarn at 50 Mey with a width at half-height of 6 Mev. The integrated cross section was 
2.7 Mev-mb. The mode of the process is discussed on the basis of a statistical model. 


INTRODUCTION 


C™ ISS-SECTION functions of specific photonuclear 

reactions in the energy region just above the giant 
resonance absorption peak have not been studied in 
detail. By using radiochemical techniques the cross 
section for the reaction of Ca®(y,3p3n)CI* as a function 
of the photon energy was determined up to 70 Mev 
with the lowa State College synchrotron, This reaction 
was reported earlier by Schupp and Martin.! 

Yield studies by Perlman and Friedlander’ and 
others’ * have been made at bremmstrahlung energies of 

100 Mev and some work®~’ has been done at higher 
energies. These experiments indicate that the relative 
yields of photonuclear reactions are not strongly 
dependent upon the bremsstrahlung maximum energy 
at energies considerably above the threshold. Such 
results suggest a peaked cross-section function. 

With the use of the Schiff* theoretical bremsstrahlung 
spectra, the flux of the x-ray beam was experimentally 
calibrated by three methods using (a) the reported 
cross-section function of the Cu®(y,n)Cu™ reaction’; 
(b) the ionization produced in an air cavity in paraffin 
and its calculated response"; and (c) a calorimetrically 


calibrated ionization chamber.’* The  photonuclear 


yields were determined by counting the induced radio 


* Based on a thesis by Fritz D. Schupp submitted to Lowa 
State College in partial fulfillment of the requirements for a Ph.D 
cle gree 

+t Work was performed in the Ames Laboratory of the U.S 
Atomic Energy Commission 

' Fk. D. Schupp and D. S. Martin, Phys. Rev. 94, 80 (1954) 

*M.L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948) 

*R. B. Holtzman and N. Sugarman, Phys. Rev. 87, 633 (1952) 

‘L. S. Edwards and F. A. MacMillan, Phys. Rev. 87, 377 
(1952) 

® Halpern, Debs, Eisinger, Fairhall, and Richter, Phys. Rev. 97, 
1325 (1955); 97, 1327 (1955) 

*T. T. Sugihara and I. Halpern, Phys. Rev. 101, 1768 (19560) 

7R. L. Wolke and N. A. Bonner, Phys. Rev, 102, 530 (1956) 

*L. I. Schiff, Phys. Rev. 83, 252 (1951); 74, 1707 (1948) 

"Scott, Hanson, and Kerst, Phys. Rev. 100, 209 (1955). 

1 A. 1. Berman and K. L. Brown, Phys. Rev. 96, 83 (1954) 

“1. Katz and A. G, W. Cameron, Can. J. Phys. 29, 518 (1951) 

2 V. E. Krohn and E. F. Shrader, Phys. Rev. 87, 685 (1952) 

“Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
(1950) 

4 J. S. Pruitt and S. R. Domen, Bull. Am. Phys. Soc. Ser, II, 1, 
199 (1956). J. S. Pruitt (private communication). This work is an 
experimental extension of data shown in the National Bureau of 
Standards Handbook 55, Protection Against Betatron-S ynchrotron 
Radiations up to 100 Mev (U. S. Government Printing Office, 
Washington, D. C., 1954), p. 33 


activity which had been separated by radiochemical 
techniques. The cross-section functions were calculated 
from the activation data by the photon-difference 
method of Katz and Cameron." 


EXPERIMENTAL PROCEDURE 


Redistilled calcium metal (2 g) was irradiated at vari- 
ous maximum bremsstrahlung energies of the syn- 
chrotron. The granular calcium metal, packed in Pyrex 
test tubes (1075 mm), was centered in the x-ray beam 
as indicated by photographic film exposures. The 
calcium sample was placed behind a copper disk of equal 
diameter and with a thickness of about 380 mg/cm’, at 
a distance of 17.5 cm from the bremsstrahlung target. A 
repeating ionization chamber, used as a monitor, was 
a consistency check in the activation experiments. 

The energy of the electrons accelerated by the 
synchrotron was controlled with a recently designed 
integrator device.’® In this control a pickup, annular 
loop was inserted above the donut chamber, and the 
induced voltage was integrated over time with a 
chopper-stabilized Miller integrator circuit. When the 
voltage integral attained a predetermined value, the 
electron orbit was expanded to strike a 5-mil tungsten 
target. The absolute energy calibration was believed to 
be well within 1.0 Mev over the energy range of these 
experiments on the basis of (a) the threshold checks of 
the Cu@(y,n) and Be*(y,p) reactions and (b) the 
maximum accelerating energy of the synchrotron. Such 
an energy-control device does not depend upon nuclear 
calibrations or upon an exact wave form for the mag- 
netic flux, 

The Cl* was chemically separated by dissolving the 
irradiated calcium in dilute nitric acid containing 
chloride carrier. Under the chemical reducing conditions 
of the experiment, complete isotopic exchange should 
be assured. A silver chloride sample of about 45 mg on 
6.2 cm?’ was precipitated from the solution and counted 
with an end-window Geiger counter. The reproduci- 
bility of the sample-mounting technique was experi- 
mentally shown to be about 1%. The counting efficiency 
of this counter-sample arrangement was determined by 
use of a 49 proportional counter (manufactured by 
Tracerlab, Incorporated). For this calibration a Cl* 
source of high specific activity was prepared using the 


'® J. E. Griffin and D. J. Zaffarano (to be published). 
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Szilard-Chalmers process by photoirradiation of carbon 
tetrachloride. Equal aliquots of Cl* were counted 
(a) in the 4% counter upon a Tygon film support of less 
than 100 wg/cm? and (b) when mounted under the same 
conditions as in the activation experiments. The decay 
scheme and half-life (32.3 min) of Cl* were taken from 
work of Nichols and Jensen’ and the electron conversion 
ratio for the metastable state by Ruby and Richardson." 

The radioactivity induced simultaneously in the 
copper disk during the activation experiments was 
determined similarly with an end-window Geiger 
counter. The self-absorption and self-scattering correc- 
tion was calculated by the method of Baker and Katz."* 
The counting efficiency (exclusive of self-absorption and 
self-scattering) for the copper was determined with the 
4m counter in a manner similar to the Cl*. However, in 
place of Cu”, Y”, separated from Sr, with a com- 
parable beta-ray energy to Cu® was used for the 
calibration. The half-life used for Cu® was 9.7 min.'° 

The activation data, Ca‘(y,3p3n)CI™ relative to 
Cu®(y,n)Cu®, as a function of maximum bremsstrah- 
lung energy are given in Fig. 1. It was assumed that the 
cross-section function of Ca“(y,3p3n)Cl* from the 
2.1% isotope was similar to the reaction under study 
since small amounts of the 37-min Cl® radioactivity 
could not be discerned. No correction was made for 
2.1% electron capture” of the Cu® but it is to be noted 
that other photoinduced radioactivities would largely 
nullify this error. The observed yield of Cu® was 
lowered by 3% on the basis of an estimated yield for the 
Cu®(y,3n)Cu® reaction being 10% of the Cu®(y,n)Cu” 
reaction and the isotopic abundance of Cu® being 
29.9%. 

The activation of the copper, discussed above, was 
also measured relative to the ionization recorded by a 
Victoreen 100-r chamber as a function of the maximum 
bremsstrahlung energy. ‘The sensitive air volume of the 
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Fic. 1, Activation of Ca®(7,3p3n)Cl* relative to Cu®(y,n)Cu® as 
a function of bremsstrahlung energy. 
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Fic. 2. Activation of Cu(y,n)Cu® relative to ionization produced 


in air cavity inside paraffin 


ionization chamber was 6 inches behind the face of a 
18 12 12-inch block of paraffin and at a distance of 
67 cm from the x-ray source, the beam traversing the 
long dimension. The calcium sample was not present in 
these experiments. Preliminary experiments indicated 
that the thickness of paraffin was sufficient for equilib- 
rium of secondary electrons with the primary photon 
flux. The large bulk of paraffin shielded the ionization 
chamber from electrons which might have been scat- 
tered from the The activation data, 
Cu (y,n)Cu® relative to esu/cm* (Victoreen), 
shown in Fig, 2. 

The Cu®(y,n)Cu® reaction was also compared to the 
ionization measured with a Victoreen chamber in a 
}-inch thick lead cap so that the calorimetric calibration 
of a Victoreen thimble by Pruitt and Domen" could be 
used. A linear extrapolation was made from the data in 
Table I. These data, although sketchy, were used since 
the function appeared to be slowly changing. The center 
line of the uncollimated beam was obtained by scanning 
with the Victoreen chamber. Pruitt and Domen made 
their calorimetric calibration on a 25-r Victoreen 
chamber at a distance of about 10 m with a collimated 
beam. 


accelerator. 
are 


ANALYSIS OF DATA 


The cross-section functions were calculated by the 
photon-difference method of Katz and Cameron" in 
one-Mev intervals. The computational error from the 
same data was observed to be 5% when calculated by 
three independent computations in which different 
functions were smoothed. Besides the 1/r’ and absorp 
tion attenuations in the calcium sample, the angular 


TABLE I, Cu™(y,n)Cu® relative to ionization (Victoreen chamber 
in lead cap at 168 cm) 


Maximum bremastrahlung 


( u8(yn)Cu%/nucleus Cu® 
energy* Em (Mev) ) 


esu/cm® (Victoreen) 


(5.01 4-0.08) x 10-"* 
(4.3140.14) X10" 


4545 
5745 


* Accurate energy control was not possible at the time of these experi 
ments 
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FG. 3. Cross-section function of Ca®(7,3p3n)Cl™ 


distribution as a function of the electron energy was 
calculated using the expression by Muirhead et al." 
This radial distribution has been checked experi- 
mentally with by Anderson and 
Zaffarano.” 

If the cross-section function for the Cu®(y,n)Cu® 
reaction and the shape of the bremsstrahlung distribu- 
tion are known, the function for the 
Ca”(y,3p3n)Cl™ reaction may be obtained from the 
data of Fig. 1. The resonance cross section for copper 
below 23 Mev reported by Scott ef al. was used for the 
calculations. Their function is similar in shape and 
magnitude to the function obtained by Krohm and 
Shrader.” The results of the Ca®(y,3p3n)CI* cross- 
section calculations based on the above copper cross 
section functions are shown in Fig. 3 by the dotted 
curve labeled [Cuo(1) |. For comparison, the curve 
[| Cua (2) | in Fig. 3 was prepared from the Cu®(y,n)Cu® 
” and 


the synchrotron 


cross-section 


cross-section measurements of Berman and Brown 
the Saskatchewan group.”! 

Data in Figs. 1 and 2 give the activation function for 
the calcium reaction relative to the paraffin-wall 
chamber ionization rate. A check was possible on the 
data using the monitor response instead of the copper 
activation. The energy flux necessary to produce 
1 esu/em* was calculated from the Gray relationship” 
by the method of Johns ef al." and Zendle.™ The 
absorption coefficients were taken from the White” 


Muirhead, Spicer, and Lichtblau, Proc. Phys. Soc. (London) 
A65, 59 (1952) 

™G. M. Anderson and D, J. Zaffarano, Atomic Energy Com 
mission Report ISC-588, 1955 (unpublished) 

2 Cu™(y,n) cross-section function given in reference 11; how 
ever, in a footnote of the paper by Hartley, Stephens, and Win 
hold, Phys. Rev. 104, 178 (1956), Professor L. Katz indicated that 
the magnitude of the function should be reduced by 10%. This 
additional correction was not made. 

* LH. Gray, Proc. Roy. Soc. (London) A156, 578 (1936) 

*% Zendle, Koch, McElhinney, and Boag, Radiation Research 5, 
107 (1956). 

*G. White, National Bureau of Standards Report 1003, 1952 
(unpublished). 
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calculations. Total absorption coefficients were used for 
the attenuation of the beam by the doughnut, monitor, 
and sample. An interpolation as a function of Z was 
used for chemical constituents of the Pyrex glass not 
given in the White report. The so-called ‘‘real”’ or ‘“‘true”’ 
absorption coefficients from the White report were used 
for the paraffin wall of the Victoreen ionization chamber 
to represent the probable energy transfer to the material 
by the x-ray beam. The cross-section function from 
these calculations is shown in Fig. 3 by the dash-dot 
curve. 

The data from Fig. 3 and Table I, along with the 
experimentally determined value” of the energy flux 
necessary to produce 1 esu/cm’ (Victoreen in lead cap), 
were used to calculate the cross-section function. The 
results of the photon flux calibration by this method 
are shown in Fig. 3 by the solid curve. 


RESULTS AND DISCUSSION 


The cross-section function for Ca®(y,3p3n)Cl* was 
observed to be a sharply peaked function. From curve 
[Cuo(1)] of Fig. 3 the maximum cross section is 0.29 
millibarn at 50 Mev and the peak has a width at half- 
height of 6.3 Mev. The integrated cross section, 
JS odE, was 2.7 Mev-mb. This observed maximum cross 
section was 2% of that for the Ca“(y,n)Ca® process 
reported by Summers-Gill et al.”* The integrated cross 
section was 4% of the one for the (y,) process. 

It can be seen from Fig. 3 that all the methods of 
beam calibration gave similarly shaped peaks as a 
function of photon energy with widths of 6.0-6.5 Mev. 
However, the absolute magnitude of the cross sections 
varied significantly. It is noted that the cross-section 
function obtained with the paraffin-wall chamber was 
in fair agreement with the function dependent on a 
Cu®(y,n)Cu® cross section which had been obtained 
similarly [Cuo(2) | in Fig. 3. The function based on the 
indirect calorimetry agreed fairly well with the one 
from the copper data of the Illinois and Case groups 
[Cuo(1) ]. These results imply that the Cu®(y,n)Cu® 
cross-section function does not have an appreciable tail 
above its resonance energy. 

By the determination of Cl* produced from the irra- 
diated calcium target, the reaction mode(s) cannot be 


Paste If. Calculated threshold energy of 
Ca” (y,3p3n)Cl* reaction. 


Threshold + 
barrier (Mev) 


42.2 
45.3 
43.1 
41.1 


Mass threshold Coulombic barrier 
(Mev) (Mev 


26.0 17.2 
28.3 17.2 
31.5" 11.6 
24.6 16.5 


Mode 


(y,ad) 
(y,apn) 
(y,a2n)* 
(y,Li®) 


* (y,a2n) to A™ followed by rapid positron emission. 

+ Mass of A™ not experimentally determined so a calculated mass was 
used. [N. Metropolis and G. Reitwiesner, Atomic Energy Commission 
Report NP-1980, 1950 (unpublished), } 


2 Summers-Gill, Halsam, and Katz, Can. J. Phys. 31, 70 (1953). 
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specified, i.e., only the initial and final states are known. 
Listed in Table II are possible reaction modes which 
would produce Cl* from photo-excited Ca“. The mass 
thresholds were calculated from the mass data of 
Wapstra*® and the Coulombic barrier was calculated 
with ro=1.3K10~" cm. As expected, detectable Cl™ 
was produced below the lowest threshold plus barrier, 
but well above the likely mass thresholds. 

The experimental cross section for the formation of 
Cl* was compared with the prediction of the statistical 
model which treats the process as particle evaporation 
from excited nuclei. Only ratios for cross sections can be 
estimated by this means without a knowledge of the 
probability for photon capture by the target nuclei. 
Therefore the ratios of the cross sections for the various 
modes given in Table II to the total neutron cross 
section, o(y,n-tot), were computed, where: 


a(y.n-tot) =a(y,n)+20(y,nn)+a(y,np)+o(y,na) 
+a(y,pn)+a(yan)+-->. 


In this treatment the distribution, P;(/,), for the emis- 
sion of particle ‘i’ with kinetic energy, /;, from a 
nucleus with an activation energy, /, above its ground 
state was given by the expression, 
P dk,=const(2S;+1)mE,ow dk, 

where 5S, is the spin of the particle, m; is the mass of the 
particle, 7; is the cross section for the inverse process 
(the capture of the particle in the indicated channel 
energy), and w, is the density of levels of the residual 
nucleus with an energy /, above its ground state. The 
normalizing constant used in the above expression was 


E—-Eb 
1/const =>- J (28;+1)m,Eyowdk,, 


where £, is the threshold energy for the emission of the 
particle. The summation is over all the particles which 
can be emitted. Values of o; were obtained by inter- 
polations of the tables and graphs of Blatt and Weiss- 
kopf?’ with the parameter, ro= 1.5 10-8 cm. ‘The level 
densities of the residual nuclei were calculated from the 
relation 


(E,)=C exp[.2(ak,)! |. 


The parameter, a, was interpolated from the table of 
Blatt and Weisskopf.”’ The magnitude of C is irrelevant 
here, and it was set proportional to 2, 1, 0.5 for odd-odd, 
odd-even, and even-even residual nuclei. Photon emis 


* A. H. Wapstra, Physica 21, 367 (1955); 21, 385 (1955). 


27 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 340-379 
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sion by a nucleus was considered negligible if a particle 
emission was energetically possible. 

For a Ca® atom with 50-Mev activation the distribu 
tion of particle emission in 2-Mev increments was first 
calculated. For each increment the probability distribu 
tion for the emission of a second particle was deter 
mined. These results were combined and integrated to 
give the residual energy distribution for the nucleus re- 
sulting from the two-particle emission. The procedure 
was then repeated, where necessary, to give the proba 
bility for a third particle emission below the threshold 
for emission of a fourth particle. The treatment indicated 
that o(y,Li®) was negligible, o(y,anp)/a(y,n-tot) = 0.3, 
a(y,ann)/a(y,n-tot)= 0.02, and o(y,ad) /a(y,n-tot) = 0.06 
(for all permutations of particle emission in each case). 
The total neutron cross neutron for Ca has not been 
experimentally determined. However, the work of Jones 
and Terwilliger’* on several other elements has shown 
this cross-section function to be slowly changing at 
energies above the resonance peak with a magnitude of 
of 10-30% of the value at the resonance peak. If 20% 
of the reported peak” is taken, a value of Ca®(y,3p3n) 
(y,n-tot) equal to 0.1 is indicated for the photon energy 
of 50 Mev. The severe limitations in accuracy for the 
statistical model, especially for atoms of low mass, are 
recognized. Furthermore, according to the shell model 
Ca” is doubly magic. Despite these limitations, the 
model appears to give a fairly good prediction for the 
cross-section ratio. A calculation of some of the largest 
terms giving the ratio o(y,3p3n)/o(y,n-tot) at 60-Mev 
activation of Ca indicated a fall-off because of the 
competition of additional particle evaporation. How 
ever, the computed decrease was not as great as given 
by the cross-section curve. 

On the basis of the hydrodynamic model proposed by 
Danos,” the capture cross section might be an /1 
vibration with an_ internal However, the 
Ca”(y,3p3n)Cl* reaction alone exhausts the predicted 
capture cross section relative to the (y,m) reaction as 
an //1 vibration in its fundamental mode 


node. 
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Ratio of L/K X-Ray Intensities in Thallium-204 Decay* 
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The ratio of L and K x-rays of mercury resulting from orbital-electron capture in high-specific-activity 
sources of 4-year T!™ has been measured with a gas proportional counter and NalI(T1) scintillation spec 
trometer. The intensity ratio was found to be /;,// x =0.464-0.04. If one accepts a value of 0.524 for the 
L/K electron capture ratio from the theoretical results of Brysk and Rose, the mean L-fluorescence yield of 
mercury becomes w, =0.34+-0.04. A study was made of the possible effect of fluorescent x-ray excitation 
owing to the noncarrier-free nature of the source; among sources of equal radioactive strength ranging in 
superficial density from 0.54 to 2.21 mg/cm? in inert thallium nitrate solids, no appreciable change in the 


x-ray intensities was detected 


INTRODUCTION 


HE only systematic measurement of mean L-fluo- 
rescence yields (@,) as a function of atomic 
number is to be found in the work of Lay,’ based on 
x-ray excitation of atomic vacancies and a photographic 
detection technique. Recently, several additional deter- 
minations have been made from experimental measure- 
ments of x-ray intensities arising from nuclear excitation 
of atomic vacancies, These, together with Lay’s values, 
were summarized by Robinson and Fink? and, more 
recently, by Fink.’ However, the value of a, of mercury, 
computed? from the only existing measurement‘ of the 
L/K x-ray intensity ratio (/;,//x«) arising from orbital- 
electron capture in the decay of Tl, appeared to be 
considerably low. Consequently, we have investigated 
1/1 from sources prepared from aged® (> 5 years old), 
reactor-produced, high-specific-activity Tl solution. 
‘There seems to be no question that such a sample con- 
sists of a single Tl activity of half-life 4.04-0.1 years.® 


EXPERIMENTAL 


The measurements were carried out by absolute 
counting of K x-rays (Ka=70 kev) and of L x-rays 
(La = 10.0, Lg= 11.9, and L,= 13.8 kev) independently. 
Absolute 1 x-ray counting was done with a proportional 
counter filled to 3.2 atmos with a 10% methane—90% 
argon mixture, the radiation being admitted through a 


* Supported in part by the U. S. Atomic Energy Commission 
and the National Science Foundation 

t Postdoctoral fellow. Present address: Department of Chemis 
try, The Johns Hopkins University, Baltimore, Maryland 

'H. Lay, Z. Physik 91, 533 (1934) 

2B. L. Robinson and R. W. Fink, Revs. Modern Phys. 27, 424 
(1955). 

+R: W. Fink, Phys. Rev. 106, 266 (1957) 

*H. Jaffe, University of California Radiation Laboratory 
Report, UCRL-2537, 1954 (unpublished), 

® Oak Ridge National Laboratory stock, “batch 5.” 

®* The question of a serious half-life discrepancy between aged 
Tl produced by a reactor irradiation and that produced by the 
Tl(d,p) reaction in a cyclotron, however, remains unresolved 
Experiments are continuing in this laboratory, in collaboration 
with B. L. Robinson, in the hope of uncovering an explanation for 
this discrepancy. For a preliminary report on these studies, see 
Annual Progress Report, Atomic Energy Commission con 
tract AT(40-1)-277, University of Arkansas, March 15, 1957 
(unpublished) 


side-window of 164 mg/cm?’ Brush beryllium. The 
counter was made of brass with an aluminum liner to 
eliminate brass fluorescent radiation. Pulses, which 
were collected by a 0.0102-cm diameter stainless steel 
center wire maintained at a positive potential of 4950 
volts, were fed through a Higinbotham nonoverloading 
amplifier, selected by a single-channel analyzer, and 
read manually on a scaler. Data were taken at a variety 
of geometries obtained by varying the collimation and 
source-to-window distances. A typical L x-ray spectrum 
is shown in Fig. 1. The counting rate was obtained by 
graphical integration using a planimeter, with cross- 
checking by integral-bias counting. In order to stop 
beta-particles from TI (/, =765 kev), a Plexiglas 
absorber was employed and an absorption curve similar 
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Fic. 1. Typical L x-ray spectrum taken from the differential 
pulse-height analysis from the gas proportional counter with a 
collimated Tl™ source having a superficial density of 0.54 mg/cm’. 
The channel-width was calibrated with a precision pulser before 
and after each run, and integral-bias counting was done for cross 
checking. The radiations were counted through a 3.82-mm thick 
Plexiglas absorber. The dotted line indicates the estimated shape 
of the beta-bremsstrahlung spectrum after subtraction of 
background. 
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TABLE I. Results of L and K x-ray intensity measurements. 


Proportional counter 
No. of 


runs 


(IL) 
(10* counts/min) 


3.19 


1 
34.8 1 
5.01 4 
2 
1 
1 


Geometry 
(2/49) 


1.02 10? 
4.13104 
5.74X 108 
5.10 10" 
1.01X10 


Sample (Q/4r) 


5.32 
5.18 


* With experimental iodine K escape peak 
»b With Axel's theoretical correction for iodine K escape peak. 


to that published by Fink’ was obtained, from which the 
correction for L x-ray absorption in the Plexiglas was 
evaluated (/g=0.542+0.005). The gas counting effi- 
ciency (E=0.866+0.005) was computed from the mass 
absorption coefficient of argon obtained by interpolating 
data from Allen’ and Victoreen* and the mean path 
(10.3+0.3 cm) of the radiations within the sensitive 
volume. A correction for absorption in the beryllium 
window was also applied (/,=0.975+0.005). 


QHek. x-ray (70 kev) 
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Fic. 2. A representative K x-ray pulse-height spectrum taken 
with a 33-inch NalI(TI) scintillation spectrometer using the 
same source and absorber as in Fig. 1. The channel-width was 
accurately calibrated before each run. The dotted line is an esti- 
mate of the beta-bremsstrahlung present. No collimator was 
employed. The iodine K x-ray escape peak is found to be partially 
resolved at 28.4 kev below the main photopeak (70 kev). The 
estimated shape of the photopeak has been drawn by extra 
polating the left side symmetric with the right side in order to 
estimate the correction for iodine K x-ray escape by Axel’s method 
For a direct experimental determination, the total area of the 
escape peak plus photopeak was taken by planimeter. A discussion 
of the correction for the escape peak is given in the text 


7S. J. M. Allen, tables, Handbook of Chemistry and Physics 
(Chemical Rubber Publishing Company, Cleveland, 1952), 
thirty-eighth edition, page 2427 

§ J. A. Victoreen, J. Appl. Phys. 20, 1141 (1949) 


Geometry 


1.69 10°? 
3.92 10°43 
8.59 103 
1.1710? 
3.14 10? 
1.69 10 


Scintillation counter 


(UkK)* (Ix) 
(106 counts/min) 


7.40 6.74 

79.0 71.1 
10.3 
10.9 
10.6 

$ : 9.84 


Mean 


(1/IK)* (ii/In) 


0.432 
0.441 
0.418 
0.447 
0.425 


0.475 
0.489 
0.486 
0.487 
0.489 


0.433 40.02 0.486+0.02 


K x-ray intensities were determined with a 3X3 inch 
NaI(TI) scintillation spectrometer coupled toa DuMont 
type-6364 photomultiplier. A variety of source-to- 
window distances was used. In Fig. 2 a typical AK x-ray 
spectrum is shown, where the iodine AK x-ray escape 
peak (28.4 kev below the 70-kev photopeak) is partially 
resolved. The correction for iodine K x-ray escape was 
made in two ways for comparison: (1) the escape peak 
was not included in the A photopeak area and the 
correction was taken from the calculations of Axel’ from 
which the ratio of the escape-peak area to photopeak 
area is 0.12+-0.01 for an intermediate geometry, and 
(2) the observed escape peak was included in the 
graphical integration of the total area. The results of 
the two methods are discussed below. 

Other corrections to the K x-ray intensity included 
the absorption in the aluminum cover and MgO reflector 
covering the crystal face (/»=0.856+-0.005) which was 
calculated and also checked by running an aluminum 
absorption curve. Crystal counting efficiencies were 
taken from Bell’s data'® (e.g., /= 0.9915 for a source-to- 
crystal distance of 14.2 cm). 

Since only about 2% of the disintegrations occur by 
electron-capture while the remainder decay by emission 
of beta-particles,*""? corrections were required in both 
the Z and K x-ray spectra for bremsstrahlung from 
beta-particles stopped in the Plexiglas absorber. As is 
obvious from Figs. 1 and 2, the uncertainty in the 
exact shape of the bremsstrahlung spectrum constitutes 
probably the major source of error in the measurements 
as reflected by the magnitude of the uncertainty quoted 
in the final results. 


RESULTS AND DISCUSSION 
I,/Ix Intensity Ratio 


Results of the L and K x-ray measurements, after all 
of the above corrections have been applied, are dis 
played in Table I, from which the experimental value 


*P. Axel, Atomic Energy Commission Report, BNL-271 
(T-44), 1953 (unpublished) 

PR. Bell (privately circulated tables, 1956) 

" Yuasa, Laberrigue-Frolow, and Feuvrais, J. phys 
32 (1955) 


2 Lidofsky, Macklin, and Wu, Phys. Rev. 87, 204 


radium 16, 


(1952) 
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for the x-ray intensity ratio is (/,/Ix)=0.4334-0.02 
when the iodine K x-ray escape-peak correction is 
determined experimentally; when Axel’s correction is 
applied, the result becomes (/,,/] «)=0.4864-0.02. The 
discrepancy might arise (a) from Axel’s assumption of 
an infinite crystal approximation, and (b) from the fact 
that the escape peak is only partially resolved from the 
full-energy peak, which makes it difficult to apply 
Axel’s correction method. Thus, /x computed with 
Axel’s correction would represent, in this case, a lower 
limit. Meyerhof and West have reported similar com- 
parisons between the theoretical correction of Axel and 
experimental results for the iodine K x-ray escape. 

A mean value of /x was obtained from the results 
calculated first with Axel’s correction and second from 
the direct experimental escape-peak determination ; 
from this, a mean value of 


(11/1 n)=0.464-0.04 
is reported. 


Mean L-Fluorescence Yield (a,) 

The experimental value of (/,//x«) is related to 

the orbital-electron capture ratio, P,/Px, by the 
expression’ : 

(11/1 n)=((P1/Px)+nk1 \(@1/ex), 

K-fluorescence yield; @,=mean 

number of 


L-fluo- 
L-shell 


where wx 
rescence yield’; and nx,=the 


vacancies produced by the filling of a K-shell vacancy.’ 
The value for wx is 0.95, taken from the summary of 
Broyles, Thomas, and Haynes,'* Laberrigue-Frolow and 


Radvanyi,'® and Gray'®; nx,=0.78 and P,/P«=90.524, 
taken from information given by Robinson and Fink,’ 
who computed the latter value from the theory of Brysk 
and Rose."’ Accepting a value of 0.464-0.04 for /,//x, 
the value of the mean L-fluorescence yield of mercury is 


@, = 0,34+0.04. 


This value is considerably higher than that shown in the 
curve of L-fluorescence yield vs Z published previously,’ * 
the point for mercury now being moved up closer to the 
value interpolated from Lay’s work (~0.37). 


BW.E 
(1954) 

4 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953) 

© J. Laberrigue-Frolow and P. Radvanyi, J. phys. radium 17, 
944 (1950) 

PC, Gray, Phys. Rev. 101, 1306 (1956) 

‘7H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, 1955, and errata (unpublished) 


Meyerhof and H. I. West, Jr., Rev. Sci. Instr. 25, 1025 


AND R. W. 
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APPENDIX. EFFECT OF SELF-EXCITATION 
OF FLUORESCENT X-RAYS 


Because the sources used in the measurements just 
described were not carrier-free but contained 0.54 
mg/cm* of thallium nitrate solids, it was conceivable 
that self-excitation of fluorescent x-rays might have 
contributed to the intensities observed from solid 
samples, owing to the intense beta-particle activity 
from Tl decay. In order to investigate this possible 
source of error, solid sources were prepared varying in 
superficial density from 0.619 to 2.21 mg/cm? in inert 
thallium nitrate solids but containing almost identical 
quantities of Tl” activity. The sources were mounted 


Pase II. Effect of source thickness on L/K x-ray intensity ratio 


Source 
thickness 
(mg/cm?) 


(IK) 
(10° counts/ 
min) 


(1) (k)* 
(10* counts/min) U1/Tr) (I1/Ik)» 
6.63 
6.74 
7.16 
7.13 
6.83 
6.91 
7.36 
6.89 
7.02 


Mean 


0.578 
0.619 
0.657 
0.894 
1.04 
1.35 
1.70 
1.44 
2.21 


0.40 
0.43 
0.44 
0.42 
0.45 
0.49 
0.42 
0A9 
0.44 


0.44 


0.43 
0.48 
0.48 
0.46 
0.50 
0.54 
0.46 
0.56 
0.47 


0,49 


SN NSN sss 


Mean 


* With experimental iodine K escape peak 
+ With Axel's theoretical correction for iodine K escape peak 


on flat glass planchets as in the previous measurements. 
The results of K and L x-ray intensity measurements 
are shown in Table II, where it can be seen that, in the 
range of superficial density studied, no effect due to 
self-excitation was detected, and values obtained for 
1,/I x agree well with the preceding determination. 

Consequently it is felt that the effect of self-excitation 
is negligible or at least not important enough to invali- 
date the present results. It is likely that the beta- 
particles originating within the source have insufficient 
track-length in the source to cause enough ionization to 
make self-excitation appreciable in this region of 
specific activity (12.6 mC per gram of inert thallium 
nitrate solids). 
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Interaction of Neutrons with Oxygen and a Study of the C'’(a,n)O" Reaction* 
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Measurements of the oxygen total neutron cross section from 3.5 to 4.4 Mev and the O'(n,a)C™ reaction 
cross section from 4.0 to 5.2 Mev are presented. In a study of the C"(a,n)O"* reaction the following quanti 
ties were measured: the 0° yield from 0.8 to 3.5 Mev, 29° and 146° yields between 2.0 and 3.5 Mev, and 47 
angular distributions in the range from 1.0 to 3.5 Mev. Cross sections for the O'"(n,a@)C™ and the C¥(a,n)O" 
reactions are compared using the principle of detailed balancing. On the basis of the C"(a,m) angular distri 
butions spin assignments for 14 states of O'” between excitation energies 7 and 9 Mev are discussed, and in 


some cases relative parity assignments are made. Reduced widths of the states of O'’ were derived from the 
results of the experiments on the C™(a,n) reaction and the oxygen total neutron cross section 


INTRODUCTION 


HE object of the present study is to investigate 
the nucleus O" in the range of excitation energies 
between 7 and 9 Mev. At excitation energies between 
6.34 and 9.43 Mev ©" can break up into either an a 
particle and ground-state C or a neutron and ground- 
state O'*! Decay by y-ray emission, although possible, 
is much less likely. Measurements of the following 
quantities were made: the total neutron cross section 
of oxygen, the O'®(n,a)C™ reaction cross section, the 
C¥(a,n)O" cross section, and angular distributions of 
the neutrons from the C!¥(a,n) reaction. The O'8(n,a)C"¥ 
and C¥(a,n)O"* reaction cross sections are also of 
interest because they may be compared using the 
principle of detailed balancing. The neutron cross 
sections of oxygen are of practical importance in 
problems involving the calculation of neutron flux in 
media containing oxygen. 
Except for neutron energies between 3.5 and 4.4 
Mev, the total 
measured previously with good energy resolution up to 


cross section of oxygen has been 


5.5 Mev.?* Six resonances corresponding to those 
observed in the C'¥(a,n) reaction should appear in the 
oxygen total cross section in the gap between 3.5 and 
4.4 Mev unless the neutron widths are much smaller 
than the a-particle widths. The present total cross 
section measurements were undertaken in an attempt 
to resolve these resonances. 

Measurements of the O!*(n,a)C™ cross section for 
neutron energies up to 4.2 Mev have been reported by 


* Work supported by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation 

t Research Directorate, AFSWC, Kirtland AFB, New Mexico 
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Pennsylvania 
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2 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951) 

‘R. L 
(1956). 


Becker and H. H. Barschall, Phys. Rev. 102, 1384 


Seitz and Huber‘ and at 14.1 Mev by Lillie.® Others® ’ 
have observed resonances in this reaction using neutron 
sources with a continuous energy spectrum. 
Yields from the C¥(an)O'® reaction 
studied previously for various ranges of a-particle 
energy extending up to 5.2 Mev.2* In addition, 
angular distribution measurements similar to the 
present experiment have been published'®"' since the 
completion of this investigation. Yield measurements 
up to 3.5 Mev were repeated in order to determine more 
accurately the positions and widths of narrow reso 
nances and the absolute reaction cross section, 


have been 


TOTAL NEUTRON CROSS SECTION OF OXYGEN 


Neutrons for the oxygen total cross-section measure 
ments were produced by bombarding a deuterium-gas 
target with deuterons from an electrostatic generator 
The gas target used was similar to that described by 
Fowler and Brolley.” Cells containing the target gas 
were either 1 or 2 }-micron nickel foil 
separated the gas at pressures up to 15 cm Hg from the 
vacuum system of the electrostatic generator. Deuteron 
energy losses in the foil were derived from the atomic 


cm long. A 


stopping cross section of nickel as a function of proton 
energy together with a measurement of the shift in the 
Li(p,n) threshold when a Li target was placed behind 
the foil. 

The total 
measurements of the transmissions of SnO», and Sn 


cross section was determined" from 


samples. The samples were packed in identical thin 
wall brass cans of diameter 2.2 cm, A Hornyak scintil 
lator, 1.8cm long and 2.5 cm in diameter, served as 


‘J. Seitz and P. Huber, Helv. Phys. Acta 28, 227 (1955) 

» A. B. Lillie, Phys. Rev. 87, 716 (1952 

*G. V. Gierke, Z. Naturforsch. 8a, 567 (1953 

’ Kimura, Kumabe, Miyake, Ogata, and Miyasita, J. Phys. Soc 
Japan 11, No. 12, 1211 (1956). 

*A. Jones and D. H. Wilkinson 
A66, 1176 (1953) 

* Bonner, Kraus, Marion, and Schiffer 
(1956) 

10M. G. Rusbridge, Proc. Phys. Soc. (London) A69, 830 (1956 

" Schiffer, Kraus, and Risser, Phys. Rev. 105, 1811 (1957 

2 J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28 
103 (1956) 

44H. H. Barschall, Revs. Modern Phys. 24, 120 (1952) 


Proc. Phys. Soc. (London 


Phys. Rev. 102, 134% 


1065 





WALTON, 


























i 


a 





Fic. 1. Total neutron cross section of oxygen. Data below 3.9 
Mev were taken with an energy spread of about 80 kev and those 
above 3.9 Mev with an energy spread of about 40 kev 


neutron detector. The distance from source to detector 
was 25 or 30 cm. Backgrounds from neutrons scattered 
by surrounding materials into the detector were 
measured by interposing a paraffin bar, 24 cm long, 
between the detector and target. Effects of neutrons 
produced at places other than in the deuterium target 
gas were determined by repeating all measurements at 
each energy with helium in the target. 

Figure 1 presents the results of the total cross-section 
measurements. The cross sections were determined with 
a statistical accuracy of about 6%. Inscattering 
corrections amounting to about 3% were applied to the 
data. The neutron energy scale is uncertain by about 
20 kev because of the uncertainty in the determination 
of the energy lost by deuterons in the target foil. 
Measurements for neutron energies above 3.9 Mev 
were made at an angle of 0° with respect to the deuteron 
beam direction. The energy spread of the neutron 
beam was about 40 kev, resulting primarily from energy 
losses of deuterons in the target gas. For neutron 
energies less than 3.9 Mev, measurements were made 
at an angle of 30° to the deuteron beam. For this 
geometry the variation of neutron energy with angle of 
emission caused the neutron energy spread to increase 
to about 80 kev. 

The total cross section shown in Fig. 1 exhibits 
resonances with widths of 100 kev or less at neutron 
energies of 3.75, 4.19, 4.32, and 4.44 Mev. The reso- 
nance indicated by the high point at 4.44 Mev has 
been observed previously by Becker and Barschall.’ 
From the C"(a,n) data obtained in the present study, 
it is known that a resonance with a width of less than 
100 kev should occur at 4.02 Mev. This resonance is 
probably responsible for the sharp decrease in the cross 
section near 4.03 Mev. 

Previous measurements in this energy range by 
Freier ef al.,* which were made with neutrons of 400-kev 


“4 Freier, Fulk, Lampi, and Williams, Phys. Rev. 78, 508 (1950). 
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energy spread, show only a broad maximum centered 
about 3.6 Mev and another peak near 4.4 Mev. The 
present measurements appear to be consistent with 
these results when the difference in resolution used in 
the two experiments is considered. Ziinti and Ricamo'® 
have observed the resonance at 3.75 Mev, but their 
measurements do not extend above 3.8 Mev. The 
present measurements agree with those made by 
Bockelman ef al.? near 3.5 Mev where the two sets of 
data overlap. 


O'*(n,a)C'* CROSS SECTION 


The procedure used for measuring the O'*(n,a)C™ 
reaction cross section is similar to that previously 
described for measurements of other disintegration 
cross sections.'* Neutrons were produced by the d-d 
source which was used for the oxygen total cross- 
section measurements. The mean energy of the neutrons 
was uncertain by about 20 kev, and the neutron energy 
spread was about 35 kev. A cylindrical proportional 
counter similar to that designed by Koontz and Hall!’ 
was used to detect the oxygen disintegration pulses. 
The proportional counter, filled with CO2, was placed 
with its axis coincident with the deuteron beam axis 
and its effective center 16 cm from the center of the gas 
target. Neutron flux measurements were made with 
a long counter at 0° and 1 meter from the target. The 
efficiency of the long counter was determined by placing 
a calibrated Ra-Be source at the target position. The 
proportional counter was swung out of the way of the 
long counter for flux determinations. A Hornyak 
detector, placed 8 cm from the target and at an angle 
of 60° to the deuteron beam direction, was used as a 
flux monitor while the oxygen disintegrations were 
counted. 

CO, was selected because it permits detection by 
electron collection. For the neutron energies used in 
this experiment, the only neutron interaction which 
can occur in CO, with appreciable cross section besides 
elastic scattering is the O'*(n,a) disintegration. Pulses 
from the oxygen disintegrations should be larger than 
those from the carbon recoils for neutron energies 
greater than about 3.1 Mev. 

Asa preliminary check on the operation of the propor- 
tional counter, it was filled with N™ and irradiated with 
thermal neutrons. A resolution of 8% was obtained for 
the N*(n,p)C" disintegration pulses. 

When filled to a pressure of 1.4 atmospheres of COz, 
the proportional counter operated with a gas gain of 
about two, with a voltage of 2000 applied to the 125- 
micron center wire. Adequate separation of the (n,a) 
disintegration pulses from the carbon recoil pulses 
could not be obtained at higher pressures. 

Distributions of the heights of disintegration pulses 


16 W. Ziinti and R. Ricamo, Helv. Phys. Acta 24, 419 (1951). 
16°C. H. Johnson and H. H. Barschall, Phys. Rev. 80, 818 
(1950). 

17 P. G. Koontz and T. A. Hall, Rev. Sci. Instr. 18, 643 (1947). 
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were taken with a ten-channel analyzer. Two of the 
pulse height distributions are shown in Fig. 2. The 
steep rise at the lower pulse heights was caused by the 
carbon recoils, while the group appearing at higher 
pulse heights was due to the (n,«) disintegrations. The 
upper distribution was measured at a neutron energy 
of 4.14 Mev where the (m,a) cross section is relatively 
high. The lower distribution shows the worst case. It 
occurred at a neutron energy of 4.41 Mev where the 
(n,a) cross section is very small. No significance should 
be attached to the relative locations of the (n,a) group 
in the two distributions, since they were measured with 
different amplifier gains. 

The energy spread of the (n,a) disintegration pulses 
was larger than what would have been expected from 
the spread in neutron energy and is attributed primarily 
to the presence of electronegative impurities in the CO, 
filling. However, the resolution was considered adequate 
since the uncertainty introduced by the lack of complete 
separation of the (n,v) pulses from the carbon recoil 
pulses was comparable to the uncertainty in the flux 
measurements. 

The number of (n,a) pulses was determined by setting 
the discriminator bias at a voltage corresponding to 
the minimum in the pulse-height distribution between 
the carbon recoil pulses and the (m,a) group. The bias 
was changed at neutron-energy intervals of about 200 
kev in accordance with the measured pulse-height 
distributions. 

Backgrounds caused by neutrons produced at places 
other than in the deuterium gas were determined by 
repeating the measurements with helium in the target. 
Corrections for backgrounds from neutrons scattered 
by surrounding materials into the long counter were 
applied on the basis of measurements with a borated- 
paraffin shadow cone. 
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Fic, 2. Distributions in height of pulses from 
CO,-filled proportional counter. 
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Fic. 3. Cross section for the O'(n,a)C™ reaction. The neutron 
energy spread for these measurements was about 35 kev. The 
dashed curve represents the O'(n,a)C™ cross section calculated 
using the principle of detailed balancing and the cross section for 
the C4(a,n)O" reaction. Both sets of data have not been corrected 
for the energy resolutions used in the measurements 


Figure 3 shows the observed O'*(n,a)C™ reaction 
cross section as a function of neutron energy in the 
laboratory system. The solid curve has been drawn 
through the experimental points. Corrections for the 
wall effect'* which were applied to the data varied from 
9% at a neutron energy of 4.0 Mev to 14% at 5.2 Mev. 

The statistical accuracy of the measurements is about 
5%, and the uncertainty in the flux determination is 
about 10%. Uncertainties in the estimate of the wall- 
effect correction and the determination of the number 
of target nuclei in the counter amount to about 5%. 
Based on estimates from the pulse-height distributions, 
the uncertainty caused by the imperfect resolution of 
the (n,v) pulses decreases from about 15% at the 
energies at which the cross section is smallest to 5% 
where it is largest. Relative cross sections should be 
accurate to about 15%. 

Measurements of the O'*(n,a) cross section made by 
by Seitz and Hubert overlap the present measurements 
for neutron energies from 4.0 to 4.2 Mev. The results of 
the two experiments agree within the uncertainties. 


C¥(a,n)O" YIELDS 


Targets of C™ were prepared by cracking methyl 
iodide enriched in C" onto 0.25-mm thick wolfram 
disks. The enrichment of carbon content to 65% C™ 
quoted by the supplier was checked with a mass 
spectrometer and found to agree to 1%. 

In Fig. 4 the 0° yield for a-particle energies from 0.8 
to 2.3 Mev is shown. A target 40-kev thick for 1.34-Mev 
a particles was used except near the narrow resonances, 
where an 18-kev target was employed. The neutron 
yield was measured with a scintillation detector, which 
consisted of a cylinder of plastic phosphor 1.9 cm 


* B. B. Rossi and H. H. Staub, /onization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), p. 236 
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hic. 4. Yield of the C(a.n)O"* reaction at O°. A target 40-kev 
thick for 1.34-Mev a particles was used for the measurements 
except near the narrow resonances, where an 18-kev target was 


une d 


long and 2.5 cm in diameter. The face of the detector 
was placed 2.6 cm from the target and the discriminator 
bias was set so that the detector was energy insensitive 
for the range of neutron energies involved. Absolute 
cross sections shown in Fig. 4 are uncertain by 20% 
and are about 30°, lower than those given in reference 
10. 

In order to verify that the 
observed in the excitation curve resulted primarily from 
the C"(a,n) reaction and not the C'(a,y) reaction, 
measurements of the transmission of a lead sample 
made at each of the The 
observed transmissions were consistent with the cross 
section of lead for neutrons from the C'(a,n) reaction. 
Measurements made with a blank target showed that 


narrow resonances 


were narrow resonances, 


y rays produced by the interaction of a@ particles with 
the target backings were not detected in the neutron 


yield measurements 

To determine the importance of interference effects, 
measurements of the neutron yield in the neighborhood 
of the narrow resonances were made at several angles. 
At the resonances at 1.06 and 1.34 Mev the shapes of 
the yield curves as a function of energy were slightly 
dependent on the angle of observation, the peaks 
occurred at the same energy at all angles, and yields 
were not fore-aft symmetric in the center-of-mass 
system. The resonance at 1.59 Mev could not be 
discerned for angles between 40° and 140°. At 1.74 
Mev the shape of the yield curve was strongly de- 
pendent on the angle of observation. 

Measurements of the 0° differential cross section 
between 2.0 and 3.5 Mev were made using a long 
counter placed 1 meter from the target. Absolute cross 
sections agree with those reported by Becker and 
Barschall’ and are about 50% higher than those by 
Bonner et al.* 

The importance of interference effects between 2.0 
and 3.5 Mev was investigated by measuring the yields 
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Fic. 5. Center-of-mass yields of the C(a,n)O'* reaction at 
laboratory angles 29° and 146° as a function of a-particle energy 
in the laboratory system. These angles correspond approximately 
to 31° and 149° in the center-of-mass system 


with the long counter at angles of 29° and 146° with 
respect to the a-particle beam. For this energy range 
these angles correspond approximately to the center-of- 
mass angles 31° and 149°. Neutron yields at both 
angles are shown in Fig. 5, where center-of-mass 
cross sections are plotted as a function of a-particle 
energy in the laboratory system. If the resonances were 
isolated, or more unlikely, if the interference effects 
were due only to energy levels of the compound nucleus 
having the same parity, the two curves in Fig. 5 would 
be identical. The yields deviate markedly from fore-aft 
symmetry at almost every energy, and the peaks of 
some of the resonances appear at slightly different 
energies at the two angles. 

Eight of the fourteen 
a-particle energies of less than 3.5 Mev have widths 
less than 30 kev. The positions and widths of these 
peaks in the yield curves are: 1.060 Mev, 7 kev; 
1.388; <5: 1:390, <5; 1:7S%, 26> 2.603, 23: 2675, 14; 
2.760, 12; 2.805, 14. A target of thickness <5 kev for 
1.59-Mev a@ particles was used for the measurements, 
and the angle of observation was 0° except at 2.603 
Mev, where it was 90°. The energies are accurate to 
about +5 kev. 

Absolute cross sections are based on a measurement 
of the 0° differential cross section at 2.90 Mev, an 
energy at which the neutron yield varies slowly with 
energy and angle. The neutron flux was determined 
with the long counter which was calibrated with a 
Ra-Be source. The number of target nuclei per cm* was 
determined from the weight of the carbon deposit and 
independently by measuring the apparent width of 
the resonance at 2.68 Mev. These methods gave values 
which differed by 10°, and the average was used for 
the cross-section calculation. The observed 0° differ- 
ential cross section is 1.95+-0.30 millibarns, where the 
error is the sum of uncertainties of 10% in the neutron 
flux determination and 5% in the number of target 
nuclei per cm’. 


resonances occurring for 
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C(a@,n)O' ANGULAR DISTRIBUTIONS 


The plastic scintillation detector was used for the 
C¥(a,n) angular-distribution measurements because of 
its high detection efficiency. Since neutrons emitted at 
back angles have energies about 25°, less than those 
in the forward direction, it was necessary to determine 
the energy sensitivity of the detector for this range of 
neutron energies. This was accomplished by measuring 
angular distributions at one a-particle energy using 
several discriminator biases to record the scintillator 
pulses. The biases were set relative to the “cutoff” 
pulse height obtained from the pulse-height distribution 
observed with the scintillator at 0°. These angular 
distributions were then compared to that observed 
with the long counter. For a bias of 33% of “cutoff” 
the energy sensitivity agreed with that of the long 
counter to within 4%, and the sensitivity varied 
slowly as a function of bias. For decreasing neutron 
energies the sensitivity with biases higher than 33% 
of “cutoff” decreased while the sensitivity with biases 
lower than 33% increased. These observations are 
consistent with calculations based on the n-p scattering 
cross section and the shape of the pulse-height 
spectrum.” 

Forty-seven angular distributions were measured for 
a-particle energies between 1.0 and 3.5 Mev. Targets 
of 20 kev or less were used for measurements at 
narrow resonances. Above 2.0 Mev the face of the 
scintillation detector was placed 11.5 cm from the 
target. Because of the low yield of the reaction below 
2.0 Mev, measurements were made with the face of the 
detector 6.4 cm from the target. Data were taken at 
angular intervals of 10° from 0° to 150° and at 85°, 
95°, and 155° with enough counts at each angle so that 
statistical errors were usually much less than 5%, 
Each distribution was recorded by using three discrimi 
nators, the biases of which were set at approximately 
0.15, 0.33, and 0.45 of the “cut-off” pulse height 
observed at 0°. 

Center-of-mass angular distributions which were 
recorded with intermediate bias were analyzed into 
components of Legendre polynomials by the method 
of the least-squares fit with the aid of an IBM 650 
computer. All the angular distributions observed in 
this study were fitted satisfactorily by expansions 
containing polynomials of order equal to or less than the 
sixth. By dividing each of the coefficients of the poly 
nomials by Ao, the coefficient of the zero-order poly 
nomial, the angular distributions were expressed in 
terms of ¢(0)/(0(0)), the ratio of the differential cross 
section to the average differential cross section. 

In the upper part of Fig. 6 the coefficients of the 
Legendre polynomials for the normalized angular 
distributions are plotted as a function of a-particle 


energy. Solid curves have been drawn through the 


19H. H. Barschall and H. A. Bethe, Rev. Sci. Instr. 18, 147 


(1947) 
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experimental points except at the lower energies, where 
the number of angular distributions measured was 
insufficient to justify this procedure. The vertical 
dashed lines indicate the energies at which resonances 
occur, 

Corrections for the angular resolution of the measure 
ments have been applied to the coefficients.” The 
correction is largest for A¢/Ao, being 20% for measure 
ments below 2.0 Mev and 5% for measurements above 
2.0 Mev. 

On the basis of angular-distribution data recorded 
with the high and low biases the uncertainty in the 
coefficients presented in Fig. 6 should be less than 0.1. 
Errors from sources other than the variation of energy 
sensitivity with bias are estimated to be much smaller 

The total C¥(a,n)O' reaction cross section, which 
was derived from measurements of the angular distri 
butions and the 0° differential cross section, is shown 
in the lower part of Fig. 6. The O'*(n,a)C™ cross 
section calculated using the principle of detailed 
balancing and the cross section for the C(a,n)O" 
reaction is represented by the dashed curve in Fig. 3 
Apparent discrepancies at the narrow resonances can 
be explained by the difference in energy resolution used 
in the two experiments. 


ANALYSIS 
1. Procedure 


Data on the C(a,n) reaction and the total neutron 
cross section of oxygen may be used conjointly to 
derive information about the levels of O'7, The cor 
relations between the in the 
C¥(a,n) reaction and those occurring in the oxygen 
total neutron cross section are evident from Fig. 7, 
where the 0° yield from the C'(a,n) reaction and the 
total neutron cross section of oxygen are plotted as a 
function of energy of O'. The narrow 
resonances corresponding to levels at 7.16, 7.37, and 
7.56 Mev were not observed in the oxygen total neutron 
cross section because of the poorer energy resolution 


resonances observed 


excitation 


used in the total cross-section measurements 

Spins of levels in O' may be derived the 
C(an) angular distributions. Since the ground state 
spins and parities of C and O' are } 
tively, both the incoming and outgoing channel spins 
are 4 and the orbital angular momentum, /, of the 
a particle forming a state of O' with spin J must differ 


from 


and Of respec 


from the orbital angular momentum, /’, of the outgoing 
neutron by one unit. The differential cross section at an 
energy, /, near the energy /r at which an isolated 
resonance occurs is given by” 


a(@)- hha >» Br? BP 1(cos8), 
By= (Tal',/V*) sins ZW AL)ZU IVI AL), (1) 
™S,. Frankel and A. M. Feingold, Phys. Rev. 97, 1029 (1955) 


1 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24 
258 (1952) 
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Fic. 6. Coefficients of Legendre polynomials for normalized C'*(a,n)O"* angular distributions as a function of 
a-particle energy. Also shown are the C'*(a,n)O"* 0°-yield and the total C'(a,n)O"* reaction cross section, the 
latter having been corrected at the narrow resonances for the energy spread of the a particles. 


where k, is the center-of-mass wave number of the changed. The upper part of Table I gives products of 
incident a@ particle; I',, I',, and I’ are the partial a- Z-coefficients for values of J through 4.” 

particle and neutron widths, and the total width of When levels which differ either by spin or parity, or 
both, interfere, the differential cross section may be 
approximated by adding single-level reaction ampli- 
tudes. Each coefficient B, is the sum of the terms for 


the compound state; and 6, the resonant phase shift, 
equals arc tan[I'/2(Ee—E) }. The parity of the com- 
pound state cannot be determined from angular- 
distribution measurements because the products of the i, (C, Miadidiinin. Cite Bibles Batieaal Lebentery Reet 
Z-coefficients are unchanged when / and /’ are inter- ORNL-1501 (unpublished) 
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Fic. 7. The total neutron cross section of oxygen and the C4(a,n)O"* 0°-yield plotted as a function of excitation energy of the com 
pound nucleus 0’. The oxygen total cross section shown includes data taken from references 2 and 3. The energy scale of the data from 


reference 3 was corrected for target contamination. 


individual levels [Eq. (1)] and terms resulting from 
interference between levels. Only two levels are in- 
volved in an interference term and in general each level 
will interfere with all the others. The term for inter- 
ference between a pair of levels denoted by \ and uy is 


(Tyal nl yal yn)? 

+2 sind, sind, cosPy, 
nl, 
XZ (hI hI AL)Z(h’ Sol,’ I ,,4L) 
Py =b,— byt Prat Prn— Cua Pun; 

where the ¢’s are potential phase shifts. In the middle 
and lower parts of Table I are given the nonvanishing 
products of Z-coefficients for various combinations of 
spins and parities of interfering levels.” 

If the spin of a state is known, the quantity I’,I’,/1? 
may be calculated from the total reaction cross section 
which, for an isolated resonance, is 4m times the coeffi- 
cient of Po in Eq. (1). Of the two sets of partial widths 
which are obtained, the correct one may be chosen 
using the variation in the oxygen total neutron cross 


section which, at an isolated resonance, is equal to 
2rk, *(2J+1)1,/1. For overlapping resonances corre- 
sponding to states which differ either by spin or parity, 
the total reaction cross section is the sum of the cross 
sections for the individual resonances. 


2. Spin Assignments 


The overlapping resonances at 3.06, 3.32, and 3.41 
Mev are sufficiently well isolated from other resonances 
appearing in the excitation functions that they may be 
analyzed as a group. As is apparent from Fig. 6, 
Legendre polynomials through P. were required to fit 
the angular distributions in the vicinity of the resonance 
at 3.41 Mev. When the contributions to Ao from the 
resonances at 3.06 and 3.32 Mev are taken into account, 
the value of A¢/Ao at 3.41 Mev agrees with that fora 
level with spin 3 listed in Table I. Spin assignments 
greater than § for this level are excluded since poly- 
nomials of order higher than the sixth were not needed 
to fit the angular distributions in this region. The 
angular resolution used for the measurements and the 
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Tasie J. Nonvanishing products of Z-coefficients of Legendre polynomials for C¥(a,n) angular distributions. 
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statistical uncertainties were such that the effects of 
a level with spin 9/2 would have been observed. Spins 
greater than 4 for the resonances at a-particle energies 
of 3.06 and 3.32 Mev are excluded because A,4/Ao and 
1,/Ao are not significantly different from zero between 
2.90 and 3.32 Mev. To account for the value of about 
one for A»/A,y in the region between the resonances at 
3.06 and 3.32 Mev, a spin of 4 is assigned to both levels. 
From Table I it is also evident that large coefficients of 
P; in this energy region can be attributed to interference 
between the spin 4 levels if they have opposite parity. 
The shift of the maximum in A4/A»o from the resonant 
energy of 3.41 Mev to about 3.40 Mev may result from 
interference between the levels corresponding to reso- 
nances at 3.41 and 3.06 Mev since they have like parity. 


Similarly, interference between these two levels can 
A,/Ay to be smaller at the resonant energies 


cause 
than at energies between the resonances. The coeffi 
cients of P; between 2.9 and 3.4 Mev are inconsistent 
with the $* 3° 4 
assignment, A;/Ao should not exceed 0.1, The observed 


assignment for, according to this 
values of A,/Ao may arise from interference between 
one of the spin 3 levels and a broad spin 4 level which 
is obscured in the excitation functions by the other 
resonances. 

The values of A»/Ao and A4/ Ao at 2.81 Mev indicate 
that the resonance at this energy corresponds to a state 
having either spin 3 or §. In the latter case A4/Ao would 
be present only if this level interferes with a neighboring 
level having the same parity and a spin of or greater. 
The magnitude of A»/Ao near 2.76 Mev is evidence that 
the level at this energy has a spin of 4. Since the reso- 


P; 


nances at 2.76 and 2.81 Mev are separated in energy 
by less than twice the sum of their widths, an assign- 
ment of §* $* can explain the interference effects 
exhibited by the variation of A4/Ao and A2/Ao in this 
energy region. A spin of § for the level at 2.81 Mev with 
the same parity is excluded for two reasons: the 
interference terms would not be large enough to 
account for the low value of A2/Ao at 2.76 Mev, and a 
large interference term in A¢/Ao would be present. 
Odd polynomials in the angular distributions in the 
vicinity of these resonances are attributed to inter- 
ference with levels of opposite parity at higher and 
lower energies. 

Although the resonance at 2.68 Mev interferes with 
surrounding resonances, it is sufficiently well isolated 
that a direct comparison can be made between the 
observed angular distribution and calculated single- 
level distributions. Figure 8 shows the observed angular 
distribution and the calculated angular distribution for 
spin $. Other single-level distributions fit the data 
poorly. 

The spins of the broad overlapping levels at 2.08, 
2.25, and 2.41 Mev are limited to 3 or 4 because the 
highest even-order polynomial required to fit the 
angular distributions in this energy region is P». Spin 
assignments of } to the levels at 2.25 and 2.41 can 
account for the large values of A»/Ao near these 
resonances, and the P; terms can result from interference 
between the levels with spin $, providing they have 
opposite parity. The large values of A,;/Ao near 2.20 
Mev may be attributed to interference between the 
spin § level at 2.25 Mev and a spin } level with opposite 
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parity at 2.08 Mev. Interference between the resonances 
at 2.08 and 2.41 Mev, which according to these assign- 
ments have the same parity, can account for the 
relatively small values of A»/Ao near 2.35 Mev and the 
change of sign of this coefficient near 2.10 Mev. 

Since P, is the highest even-order polynomial 
involved in the distributions near 2.60 Mev, the spin 
of the level at this energy is either 4 or 3. If the spin 
were 4, the negative coefficient of P: could be attributed 
to interference with the } level at 2.68 Mev, providing 
the levels have the same parity; however, a large P, 
interference term would also occur. The behavior of 
A»/Ao can be explained if the spin of the level is 4 and 
the parity is the same as that of either the spin-} level 
at 2.41 Mev or the spin-3 level at 2.68 Mev. Although 
all three resonances may have the same parity, the 
energy variation of A,/Ao indicates that the spin-} 
and spin-} levels may have opposite parity. 

The angular distributions at the four narrow reso- 
nances occurring at a-particle energies below 2.0 Mev 
are complicated by contributions from the tails of the 
relatively broad resonances between 2.0 and 2.5 Mev. 
In addition, it is apparent from the shape of the C¥(a,n) 
0°-yield curve and the broad maximum in the O° total 
neutron cross section as shown in Fig. 7, that there are 
one or more levels between O'’ excitation energies 7.1 
and 7.9 Mev which may contribute to the C¥(a,n) 
reaction between a-particle energies of 1.0 and 2.0 
Mev. Since P; is the highest order polynomial contribut 
ing significantly to the C'¥(a,n) angular distributions at 
energies between the narrow resonances, the spins of the 
levels which are responsible for the slowly varying cross 
section in this region are limited to 4 and 4. Baldinger 
et al.* have concluded from experiments on the elastic 
scattering of neutrons by O'*® that two broad spin-3 
levels with opposite parity are located at O' excitation 
energies of 7.27 and 7.72 Mev. Although the resonance 
widths given by these workers are too large to be 
consistent with the oxygen total neutron cross section 
shown in Fig. 7, the spin and relative parity assign 
ments are consistent with the C(a,n) angular distri- 
butions. Therefore, interference effects observed at the 
narrow resonances can be attributed to broad spin-} 
and spin-} levels. 

Because of very strong interference effects, a spin 
assignment consistent with the angular distribution 
data cannot be made for the level at 1.74 Mev, but the 
presence of P, and Ps terms indicates a spin of 3 or 
greater. This level appears in the O'* total neutron cross 
section, and the variation in the 
resonance, when corrected for the spread in energy of the 
neutrons used in the experiment, exceeds the upper 
limit for a spin of ‘. 

The spin of the level at 1.59 Mev is § or greater 
since even polynomials through P. are present in the 
angular distribution. The coefficients of Ps, Py, and Ps 
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% Baldinger, Huber, and Proctor, Phys. Acta 25, 142 
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are greatly reduced by the contribution to A» from the 
slowly varying cross section. In this energy range the 
angular resolution used for the measurements was not 
sufficient to establish the presence of 
than §. 

Spins of 3 assigned to the levels at 1.06 and 1.34 Mey 


on the basis of angular-distribution measurements are 


spins greater 


unambiguous although these resonances interfere with 
the broad resonances. 


3. Summary 


lists information about the excited 


Table II the 


states of O'’ obtained in this investigation and, for 


comparison, the results of references 10 and 11. Brackets 


in the column listing the parities indicate the group of 
levels within which relative parity assignments were 
determined, and /, refers to the orbital angular mo 
mentum of the incoming channel for the C'(a,n) 
reaction. 

Except for the levels at O'" excitation energies 7.155, 
7.367, and 7.559 Mev, the total neutron cross-section 
data showed that I’, is greater than I’, for the levels 
studied here. For the calculation of reduced widths of 
the levels at 7.155 and 7.367 Mev the set of partial 
widths for which [', >I, were assumed. Since absolute 
parities were not determined, the reduced widths of the 
states were computed assuming both even and odd 
parities. The reaction radii used were 5.7%10°" cm 
for the a-particle channel and 4.7%10°"* cm for the 
neutron channel. a-particle penetrabilities were ob 
tained from graphs by Sharp et al.,” 
penetrabilities were taken from the tabulation by La» 


and neutron 


“Sharp, Gove, and PauJ, Atomic Energy of Canada, Ltd 
Report No, 268, Chalk River, Ontario (unpublished) 
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and Feshbach.”® The variations of the partial level 
shifts and partial widths are small for changes in 
energy comparable to total level widths and conse- 
quently have been neglected for the reduced-width 
calculations. The uncertainty in the reduced widths 
listed for levels above 7.91 Mev is estimated to be 50%. 
Reduced widths given for levels at 7.155 and 7.367 Mev 
are only order-of-magnitude estimates because the 
resonance widths were too narrow to be measured 
accurately. 

For most of the levels studied in this investigation the 
reduced a-particle width, ya, differs from the reduced 
neutron width by less than an order of magnitude. 
Furthermore, all levels except possibly the spin-} level 
at 8.95 Mev have reduced neutron widths which are 
less than 5% of the Wigner limit, 3?/2u,d,. 

*6M. Lax and H. Feshbach, J. Acoust. Soc. Amer. 20, 108 
(1948) 
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The results of this study are in good agreement with 
those of Schiffer ef al." and Rusbridge,"® except for the 
reduced widths of the level at 8.19 Mev. Rusbridge” 
gives two sets of reduced widths for this level in 
accordance with the conclusion that IT, and I’, are 
almost equal. The disagreement may be due to the 
reaction radii used for the calculations and differences 
in the absolute cross sections and resonance widths 


obtained in the two experiments. 
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Beta Decay and the Conservation of Parity 


L. C. BrEDENHARN AND H,. E 


RORSCHACH 
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An interpretation of recent experiments on the conservation of parity is proposed, which, utilizing a 
zero-rest-mass neutrino and Yukawa’s model for the beta decay, conserves C and P separately for the 


nucleons as well as conserving CP for the over-all beta interaction 


HE conservation of parity in weak interactions 

has recently been questioned by Lee and Yang.! 

Experiments suggested by Lee and Yang have just been 

performed?* which apparently show that parity is 

indeed not conserved.® There are, however, alternative 

interpretations which may not be superfluous to report 
here, despite their tentative nature. 

To see in the simplest way the nature of these ideas 
let us consider an analogy to the situation of the 
oriented cobalt experiment. Assume the orientation 
to be complete so that all the Co atoms are in a single 
magnetic sublevel. If, instead of beta decay, a y ray 
were to be emitted, and if the detector were sensitive 
only to right circular polarizations, then the angular 
distribution would clearly be asymmetric between the 
Q and 180 degree directions. If our observer did not 
know that his detector incorporated a_ polarization 
selector, he would be faced with an apparent asymmetry 


1T. D, Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) 

?Wu, Ambler, Hayward, Hoppes, and Hudson, Phys 
105, 1413 (1957) 

§Garwin, Lederman, and Weinrich, Phys 105, 1415 
(1957). 

4 J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 (1957). 

*See also the suggestions for experiments made by Jackson, 
Treiman, and Wyld, Phys. Rev. 106, 517 (1957) 


Rev 


Rev 


in nature. Now let us apply this analogy to the beta 
de ay experiments, and pose the question what ney 
lected feature of beta decay experiments may constitute 
an unconscious polarization selector? It is an attractive 
hypothesis that it is the determination of the charge 
of the emitted electron an intrinsic element in every 
beta decay that 
tor.” In formal terms, we assume that not parity but 


constitutes the “polarization selec 


charge conjugation times parity is the operation that 
commutes with the beta decay interaction.' 
It is an immediate consequence of this, by the Pauli 


Liiders theorem,’ that an equivalent statement 


assuming invariance to the restricted Lorentz group 
is that the Hamiltonian is invariant to time reversal.® 


‘That CP is to be conserved has been stated by Professor 
Wigner in his address to the American Physical Society meeting, 
January, 1957 [ Bull. Am. Phys. Soc. Ser. If, 2, 36 (1957) ]. But 
very much earlier the fact that parity and charge conjugation 
may not separately be conserved was pointed out in reference 9 
of the paper by Wick, Wightman, and Wigner, Phys. Rev. 88, 
101 (1952). The authors are indebted to Professor J. D. Jackson 
for these remarks. See also C. N. Yang, Revs. Modern Phy s 
29, 231 (1957 

™W. Pauli, Niels Bohr and the Development of Physics (McGra w 
Hill Book Company, Inc., New York, 1955), pp. 30 ff, G. Lid ers, 
Kgl. Danske Videnskab., Selskab, Mat.-fys. Medd. 28, No. 5 
(1954) 

‘EE. P. Wigner, Gott 


Nachr,. 546 (1932 
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Now invariance to time reversal is on a somewhat 
different footing than parity conservation, for it appears 
already to be required in the most elementary classical 
nonrelativistic physics. 

To see how this hypotheses would explain the 
observed phenomena it is necessary to ascribe certain 
peculiarities to the neutrino. This is not unreasonable 
since at bottom the neutrino was introduced to salvage 
conservation Assume that the neutrino has 
exactly zero rest mass. It is well-known’ that any 
particle with zero rest mass and nonzero discrete spin 


laws 


has only ¢wo independent states for a given momentum 
vector, For a neutrino, this implies that the particle 
and antiparticle are each to be associated with a definite 
spin polarization. ‘To see this in more detail, let the 
neutrino satisfy the equation _:py=0. For 
along the positive z-direction, one finds that the two 


motion 


spinor states are 


where + denotes the direction of the spin with respect 
to the z axis. Applying the charge conjugation operator, 
C= 1y,Ko, one sees that CY, =y,. It follows that the 
assignment of, say, the neutrino to positron emission 
and the antineutrino to electron emission is equivalent 
to a choice of spin polarization 

The analogy to the gamma-ray case is, however, not 
yet complete since in the experiment of Wu ef al. one 
observes the electron’s direction of motion but according 
to the above argument it is the neutrino’s spin polar- 
that Yukawa’s 


model for the beta decay as a two-step process: 


ization is fixed, Consider, however, 


e+ Vv, 


n—pt+A, A 


where A is a (virtual) boson."® Then in the rest system 
of this boson, the electron and neutrino are emitted 
back to back. 
now implies that knowledge of the neutrino’s spin 
direction limits the spin direction of the electron, The 
analogy is now seen to be complete, for the knowledge 
of the charge of the electron is seen to imply some 
knowledge of the electron’s polarization state, with a 
consequent front-back asymmetry in the angular distri 
bution, precisely as in our gamma-ray analogy. As a 


Conservation of angular momentum 


*V. Bargmann and E, P. Wigner, Proc. Natl. Acad. Sci. U. S 


34, 211 (1948) 
” See E.R 


Caianiello, Phys. Rev. 81, 625 (1950) 


AND H 


RORSCHACH 


simple illustration of these ideas, consider the electron- 
neutrino correlation for a scalar meson in an allowed 
(low-energy) beta decay of a heavy nucleus. The 
probability of observing an electron with spin along 
the momentum p is 


1 — cos’ pe 
W, ( YC. + ), 
2 iD 


and the probability of observing an electron with spin 
opposite lo p is 


1+-cosd pe 
BM fia Te | 
E 


(Here J is the angle between the electron and neutrino 
directions.) Thus, if the electron and neutrino are 
observed either parallel or antiparallel, the electron 
will be completely polarized. For other directions, since 
the rest system of the virtual meson is not defined, the 
electron will be partially depolarized. (The polarization 
of the u-meson in the experiments of references 3 and 4 
has a similar origin, if one notes that the rest system 
is here well-defined.) 

Using Yukawa’s concept of beta decay in this way 
has the attractive feature that it permits one to main 
tain that charge conjugation and parity hold separately 
and exactly for the nucleons, since the boson A is to 
have definite charge and intrinsic parity. (An immediate 
conclusion from such a model is that in the beta-decay 
of polarized neutrons, the recoil protons should be 
isotropically distributed.) For allowed beta decays, 
where the lepton wavelengths (A) are large compared 
to K=h/CM meson, the weak coupling approximation 
leads to definite combinations of covariants (.S,V ,7,A,P) 
of the usual Fermi (point) interaction."' The situation 
is different in regard to very energetic beta decays, and 
also for forbidden beta decays, where A/« provides a 
third expansion parameter [the others being (0/C) aucteon 
and A/Roucieus |. Whether or not the extensive data on 
forbidden beta transitions could be consistent with the 
Yukawa model needs further investigation. 

Since this work was started, many papers have 


appeared expressing similar ideas. Special attention 


should be directed to the papers of Landau," Lee and 
Yang," and Salam." 


'' H. A. Bethe and L. W. Nordheim, Phys. Rev. 57, 998 (1940) ; 
Sakata, Proc. Phys.-Math. Soc. (Japan) 73, 291 (1941) 

2 1,. D. Landau, Nuclear Phys. 3, 127 (1957) 

“TT. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 
4 A. Salam, Nuovo cimento 5, 299 (1957) 
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Angular Distributions of Scattered Neutrons* 
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The angular distribution of neutrons scattered from 36 elements and one compound has been measured 
over the energy interval 60 kev to 1800 kev. The results are presented in terms of the coefficients of a 


Legendre-polynomial expansion of the differential scattering cross section in the laboratory coordinate 
system. All of the data have been corrected for attenuation of the primary beam and a representative part 
of the data has been corrected for multiple scattering and for the finite angular resolution of the experi 


mental equipment. The analytical details of the multiple (essentially, double) scattering corrections are 


given in an appendix 


I. INTRODUCTION 


NCLUDED in this paper are the results of a survey 

of the angular distributions of neutrons scattered 
from 36 elements and one compound, the energy range 
being 60. to 1800 kev. Measurements were made at 
intervals of about 80 kev for each element; the energy 
spread was approximately 100 kev at the lower energies, 
decreasing to about 60 kev at the higher incident en 
ergies. In order to present these data in a practical 
form, it was decided to represent the differential cross 
section by an expansion in a series of Legendre 
polynomials : 

1 


N 
a, (mu) =(0,/4r) > oP i(u), (1) 


| =) 


where u is the cosine of the scattering angle, a, is the 
integrated scattering (elastic plus inelastic) cross sec 
tion, and o,(y) is the differential scattering cross se¢ 
tion; thus 


Wy P 


By plotting w, as a function of the incident neutron 
energy E,, it is thus possible to obtain a relatively 
compact description of the angular distribution for the 
various atomic numbers, Z, of the scattering elements. 
Figure 1 is such a plot of o, and w, (/=1, ---, 4), re 
ferred to the laboratory coordinate system, for the 
values of Z and £, measured in this survey. These five 
170 
equivalent to some 800 of the traditional cosine plots 


graphs, totalling about curves, represent data 
Individual graphs (for given Z) of 0, and w, as functions 
of E, are contained in an Argonne Laboratory report. 

All of the data have been corrected for the attenua 
tion of the primary beam and a representative portion 
has been corrected for multiple scattering and for the 
finite angular resolution of the experimental equipment. 
The details of these corrections are discussed in Sec, II] 
A statistical analysis of part of the data, as well as the 
observation of general consistency, indicated standard 
deviations of approximately +0.05 for w,, +0.10 for 


* Work performed under the auspices of the U. S. Atomi 
Energy Commission 
! Langsdorf, Lane, and Monahan, Argonne National Labora 


tory Report ANL-5567, June, 1956 (unpublished 


ws, and intermediate accuracies for wy and ws. These 
deviations are roughly independent of the values of w, 
The statistical accuracy of a, is better than 10% in most 
cases 

Measurements of the differential cross sections for 
elastic scattering have been published* * for some of the 
neutron energies and scattering samples used in this 
survey. A comparison of such data with the scattering 
cross sections should give an indication of the magni 
tude of the inelastic scattering cross section. These 
results are summarized in ‘Tables I and I] 

In order that the series (1) give a valid extrapolation 
of o,(u) for angles other than those at which measure 
ments were made, it is necessary that w, be negligible 


for />N. Here A 


made at five fixed scattering angles. The small magni 


5 since the measurements were 


tudes of ws and w, as well as the agreement between the 


extrapolation of Eq. (1) and the measurement. of 


ABLE I. Values of o,, 0,°, 0,7, and a, in barns at 1 Mev 
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on given in reference 2 
or given in reference 2 
! by kq. (10a) and measured in reference 7 


Phys. Rev. 93, 1062 (1954 
Phys. Rev. 96, 836 (1954 
and ‘Taschek, Phys. Rev. 104 


2M. Walt and H. H. Barschall 

§ Darden, Haeberli, and Walton 

* Allen, Walton, Perkins, Olson 
73 (1956) 
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TABLE II. Values of a4, on, oy, and o¢).4,. in barns at 0.5 and 
1.0 Mev from a comparison with the measurement reported in 
reference 4 


Klement 


Au 
Bi 
VU 


Darden, Haeberlin, and Walton’ at small scattering 
angles insure the adequacy of this series with V=5 for 
all but the heaviest elements at energies well above 
1 Mev 


Il. EXPERIMENTAL 


A description of the apparatus used in obtaining these 
data will be submitted for publication in another jour- 
nal. This section will be limited, therefore, to a dis- 
cussion of those aspects of experimental] equipment and 
technique which are peculiar to these measurements 

The primary neutron source was a Li’ target bom 
barded by a beam of protons from the Argonne Van de 
Graaff generator. This source was located in the cavity 
of a tank filled with borated water. A collimating tube 
from the cavity to the exterior of the tank permitted a 
beam of neutrons from the source to impinge on a thin 
flat plate of scattering material. Five neutron detectors 
were placed in a circular array around the scatterer so 
that neutrons were counted simultaneously at five 
angles. Each neutron detector contained an assembly of 
ten BF; proportional counters immersed in an alumi- 
num tank filled with mineral oil. The aluminum tanks 


were placed inside a shield consisting of a steel tank 
containing borated water. A collimator hole permitted 
neutrons from the scattering sample to reach the 


counter assembly. 

In most neutron scattering apparatus, adequately 
precise monitoring of the flux incident on the scatterer 
is very difficult. By measuring five angles at once, 
monitoring becomes somewhat less important. How- 
ever, quite satisfactory monitoring was obtained by 
locating two BF counters close to the collimator tube 
in the tank assembly which shielded the source. In this 
geometry, even with very thick scatterers, back-scatter- 
ing perturbs the monitor a negligible amount (a fraction 
of a percent for a scatterer with a thickness of more 
than a mean free path). 

The distance from the neutron source to the center of 
the scatterer was 5 feet; scatterer-to-detector distance, 
7 feet; “illuminated” area of the scatterer measured 
normal! to the direction of the incident beam, 6 inches 
wide by 16 inches high; and the effective detector area, 
also 6 inches by 16 inches. The water tanks were in the 
form of truncated pie-shaped wedges which would fit 
together side by side to form a circular array. At the 
center of the scatterer, each of these five tanks, which 
shielded the detectors, subtended an angle of 30° in the 
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horizontal plane and the tank shielding the source 
subtended an angle of 40°. Thus the water shielding 
very nearly filled all of the available space. The ade- 
quacy of this shielding was tested by plugging the 
collimator hole of one unit. This reduced the counting 
rate for 1-Mev neutrons by a factor of more than 2000. 

The nominal® scattering angles were 22°18’, 54°4’, 
91°40’, 112°25’, and 143°54’. For these nominal angles, 
but taking account of extended size of the scatterers 
and detectors employed, the mean scattering angles 
were calculated to be 24°3’, 55°24’, 91°12’, 112°48’, 
and 143°42’, respectively. The effective angular resolu- 
tion was approximately 5° for the counters at 26°, 55°, 
and 91° and approximately 3° for the other counters. 
These calculations were made for the geometrical con- 
ditions of the experiment, including the fact that the 
scattering samples were mounted vertically with the 
beam incident at an angle of 45° from the normal to 
the plate surface. The first three detectors were placed 
to observe neutrons emerging from the side of the 
plate opposite that from which the beam was incident 
(transmission geometry). The last two detectors (those 
at 113° and 144°) observed neutrons scattered from the 
reflection side of the scattering plate. The fact that the 
spread in angle in transmission geometry is twice that 
in reflection geometry is a characteristic difference 
between these two cases. 

The oblique orientation of the scattering plate with 
respect to the direction of the incident beam was a 
practical compromise chosen to minimize the multiple- 
scattering corrections. It is clear that nearly all neutrons 
will be multiply scattered away from any direction 
which is nearly in the plane of the scattering plate. 
With the orientation chosen, no data were taken at a 
direction of emergence making an angle greater than 
47° from the normal to the surface of the plate. In this 
way it was possible to limit the magnitude of the per- 
turbations due to multiple scattering so that the calcu- 
lated corrections to any initial (uncorrected) differential 
cross section were never over 35%, even in the most 
extreme cases that have been calculated, and were a 
good deal less than this in most cases. 

Since BF; counters in a moderator detect neutrons 
of all energies, this apparatus measured total scattering 
rather than elastic scattering. In order that the meas- 
ured differential cross section be a simple sum of the 
contributions from elastic and inelastic scattering, it is 
necessary that the efficiency of the detectors be inde- 
pendent of neutron energy. Various arrays of the ten 
counters in each assembly were tried until an array was 
obtained for which the response was uniform with 
energy to within 10% relative to a “long counter” from 
0.10 Mev to 1.50 Mev 
Tests with various neutron sources [ photosources of 


* The nominal scattering angles are defined here as the angle 
included between the direction of a line from the source to the 
midpoint of the scatterer and the direction of a line from the 
midpoint of the scatterer to the midpoint of the detector 
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Sb-Be, Na-Be, Na-D,O, and mixed Ra(a)-Be ] showed 
the five counters to be equally efficient within about 
2%. (The data were corrected to uniform efficiency.) 
The absolute efficiency for counting neutrons incident 
on the face of each detector was between 15 and 20%, 
Using a neutron source consisting of a lithium target 
of 10-kev stopping power, about 300 counts per minute 
per detector were obtained with a 15-microampere 
proton beam. 

The background counting rate was predominately 
due to air scattering. Each detector, in addition to the 
scattering sample, also “‘saw”’ a column of air about 2 
feet long which was “illuminated” by the primary 
neutron beam. This amount of air scatters about 1% 
of the incident neutrons. Thus background counting 
rates were predicted to be, and indeed were found to be, 
about 10% of the rate due to a typical scatterer which 
had a transmission of 90%. 

Also studied was the extent of the counting rate 
which might be attributed to neutrons which, already 
scattered by the scattering sample, were re-scattered 
by the air or shielding “visible” to a given detector. 
This effect was investigated by placing a Na-Be photo 
neutron source near the usual position of the scatterer 
and observing the counting rate of a given detector 
with and without a shadow-cone shield interposed 
between the source and the detector. In this manner 
an upper limit of 2%, relative to the direct flux from 
the source, was placed on the amount of such scattering. 
Of this, roughly half was produced by air scattering and 
half by other materials. No corrections for this phe 
nomenon have been made for the data presented in 
this paper. 

Ill. ANALYSIS OF THE DATA 


In brief, the scheme of analysis involves the reduction 
of the counting information to a representation of the 
differential cross section in terms of the coefficients of 
a series of Legendre polynomials. These coefficients are 
then used to correct the observed counting rates for 
multiple scattering. Since the correction itself depends 
on the corrected distribution, this calculation is neces- 
sarily carried through by iteration. For most of the 
data presented here, a single iteration gives this cor- 
rection well within the statistical accuracy of the 
experiment. This calculation also takes into account 
the attenuation of the primary beam and the finite 
angular resolution of the experimental equipment. 

It is convenient to make the following assumptions: 
(1) Since the energy spread of the incident neutron 
beam.used in obtaining these data was very nearly 100 
kev, the quantity measured was very nearly 


(osu) w=  Eombae / f ree, 


where /(£) is the distribution function for the energy 
spectrum of the primary beam. It is assumed that all 
effects, such as “beam hardening” and energy loss on 
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scattering, which cause a variation in /(£) can be 
neglected in the interpretation of (o,(u))w. In the 
following the brackets will be omitted in the designa 
tion of this cross section. (2) All polarization effects are 
neglected. (3) Reactions leading to the disappearance 
of a neutron or to the multiple production of neutrons 
are negligible compared with neutron scattering. It is 
convenient to define the following symbols 

Pp is the flux® incident on the scattering plate. A is 
the area of the scatterer “illuminated” by the inciden 
beam. .V7 is the thickness (in atoms, cm*) of the scatter 
ing sample, measured in the direction of the normal to 
the plane of the plate. @ is the secant of the angle in 
cluded between the directions of &) and the normal to 
the scattering plate. o77 total neutron 
section of the sample. o,7(y) is the differential (elastic 


is the cross 
plus inelastic) scattering cross section, in barns per 
steradian, of the sample of atomic number Z. ¢; is the 
efficiency of the detector at the scattering angle cos "ya, 
AQ; is the solid angle subtended by this detector at the 
scattering target. G7(u;) is the gross number of counts 
recorded by the jth counter for a scattering element of 
atomic number Z, normalized to a standard count as 
measured by a monitor whose count is proportional to 
the forward-neutron output of the Li(p,m) source 
B(u;) is the observed background count normalized to 
the same standard monitor count as G4 (y,;) 

The number of counts recorded by the jth counter 
due to scattering by the sample Z is given by 


G? (uj) — B(pj) = GAQ)ADoa,7 (uj)[ aor? | 
x[1 


exp(—a.V4or7) | 


This quantity is measured using the several separate 
detectors set up at the 
identified by the index 7. ‘These counters have slightly 
differing values of ¢; and AQ,. By a separate measure 
ment using a rotating neutron source, as discussed in 
Sec. II, it is possible to determine a set of correction 
factors p, such that the product k= pje,AQya 'ADy is the 
same for all angles measured. The corrected count is 


various scattering angles 


then given by 
C4 (uj) = pi G4 (us) — B(uy) J 
ha? (u;)[ or? | | ]- exp 


where, to a good approximation,’ 


aN7ar*) |, (2a) 


(2b) 


4” ()) f a” (p)dQ/AQ, 
0 


Atl; 


* In this discussion the term ‘‘flux’”’ is used to denote the number 
of neutrons incident on unit area in a specified time 

’ Equation (2b) would properly be written as a multiple integral 
over the face of the scatterer, the integration limits Ay being 
functions of the position coordinates on the scatterer, Further, the 
integrand should be weighted by the efficiency of the detector as a 
function of the integration variables. The integral (2b), or more 
properly (3b), actually was evaluated using the angular spreads 
given in Sec. II and treating the detector efficiency as a constant 
over these angles. Since this procedure, which undoubtedly gives 
an overestimate, resulted in a correction of the differential cross 
section of less than 1%, these approximations were considered to 
be sufficiently accurate 
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From (1), one obtains 

N—1 
(a,” 4r) mt wiW j1, 


Lf) 


oF (u)) j=1,-++,N, (3a) 


where the elements of the VV matrix are defined as 


Yt : Py ()dQ ‘AQ; 
Any 


at 


(3b) 


Substituting (3a) into (2a) and solving the resulting 
equation for w,;, one obtains 


. 
wr=4ma7” DWC? (p)) 
jel 


X{ko,7[1 exp(—aN7or7) |}"', (4a) 
or, since wo= 1, 


WI y & 
DL Py "C7 (us)/L, Poy "C7 (us), 


Wo j=l j~l 


(4b) 


where &,j' denotes the /j-component of the inverse of 
the matrix &. 

Although the coefficients w; depend only on the rela- 
tive efficiency of the counters, it is necessary to evaluate 
the constant & in order to obtain o,7. This is done by 
normalizing all integrated scattering cross sections to 
the cross section of an independently measured stand 
ard. For neutron energies below 2 Mev the best material 
for this purpose is carbon; it exhibits no inelastic scat- 
tering, no resonance structure, and entirely negligible 
capture. Replacing the symbol Z by C to denote a 
carbon sample and considering o7° =a,°, as known from 
independent transmission measurements, one obtains 


from the /=0 equation of the set (4a) 


N 


k= 4m D7 Po; 'C°(u)LI 


joi 


exp aNa,°) i (5) 
lor any samplé Z, the total cross section can be ex 
pressed in terms of the scattering cross section as 


a7” = (14+-5)o,7, (6) 


in which 6>0. Introducing (6) into the /=0 equation 
of (4a) and solving for the scattering cross section, one 


obtains 


a,” [aN 4(1+-) } , 


N 
In{1— 4k (146) > Poy "CZ (u,)}. (7) 
y~l 


As long as the scattering sample is not too thick, a,” 
can be obtained quite accurately by setting 6 equal to 
zero in (7). Only in exceptional cases will 6 exceed 0.1 
and even then, for the samples used in this experiment, 
the error introduced in ¢,” by this approximation is less 
than 2°. Hence, in all calculations, we set 6=0. 
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Thus far the effect of multiple scattering has been 
neglected in the interpretation of the quantity C7(y;) 
in Eq. (2a). Actually, however, the observed number 
of counts is given by 


p,| G2 (uj) — B(p;) ] k > &.(h7 u;), 


where k®,(h?,y;) is the number of neutrons detected 
by the jth counter after having been scattered ¢ times 
in the scattering sample characterized by h4=No77. 
Thus the correct value of C4(y;) in (4a) and subsequent 
equations is 


[1—exp(—aN4op7) |o,7(p,;) 


or” R P,(h7 y,;) 
t 


piLG7(u,) — B(u,) J. (8) 


Since the bracketed correction factor is itself a function 
of the angular distribution, these corrections must be 
carried out by iteration. The details of an exact calcula- 
tion of &,(h7,u;) and &.(h7y;) and an approximate 
calculation of }° ..3%@,(h7,y;) are given in the appendix. 


{V. RESULTS 


The differential scattering cross section as a function 
of the atomic number Z of the target element and the 
incident neutron energy £,, is shown in Fig. 1. 

In so far as practical, the notation for the various ex- 
perimental neutron cross sections which are discussed 
in this paper conforms to that suggested by Goldstein.* 
The total cross section,’ a7, is the sum of the elastic 
scattering cross section, o,, and the nonelastic cross 
section ox. At the energies of interest in this discussion 
the only contributions to ay which are of importance 
are the inelastic scattering cross section, o,, and the 
capture cross section, o,, thus 


O7=Ontox=OntOn t+o,=o,t+07y. (9) 


The definition of the transport cross section is some- 
what variable; however, the most generally accepted 
one is 


Ou =or- foawuac op —4wio.+ fon uda, (10a) 


where w, is defined by Eq. (1). For purposes of com- 
parison an elastic transport cross section, o¢1tr., 18 also 
defined as 


Tel.tr fontuya—wan 


on hore fw wud (10b) 


Table I lists the values of 0, and a, obtained by 
comparing o, with the values of o, and o7 at 1 Mev 


*H. Goldstein, “A Proposed Nomenclature for Experimental 
Nuclear Cross Sections,” May, 1956 (unpublished). 
* The superscript Z is omitted in this section 
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given in reference 2. The fifth column of this table 
gives the transport cross sections, as defined by (10a), 
which were measured by Walt and Barschall.? The 
sixth column lists the results of the present measure- 
ments, which neglect the last term on the right side of 
(10a). This is equivalent to assuming that the angular 
distribution of the inelastically scattered neutrons is 
isotropic. 

Table II summarizes the results of a similar compari- 
son with the measurements of Allen ef al.‘ at 0.5 Mev 
and 1.0 Mev. 

On the basis of the stated over-all error in the 
measurement of o, and the estimated error in the 
present measurement of o,, the error in oy is approxi- 
mately 20% of o, while the error in a, is about 15% of 
o,. However, since in both measurements (of a, and a,) 
a large part of the error is common to all elements, the 
relative values of a, and o, for the various elements 
are probably considerably more accurate than this. 

The transport cross sections measured by Barschall 
et al. at 0.6 Mev and 1.5 Mev are compared with the 
results of the present experiment in Table LI. Our 
measurements do not include energies of 1.5 Mev for 
aluminum, cobalt and tungsten. 

Figure 2 also is based on the assumption of isotropy 
for the angular distribution of inelastically scattered 
neutrons. The solid line represents o,(u) as calculated 
using Eq. (1) and the coefficients plotted in Fig. 1. 
The circles and triangles represent o,(uj)+-on//41, 
where o,(u;) is taken from references 2 and 3, respec 
tively, and o,, from Table I. The agreement is seen to 
be well within the estimated accuracy of the experi- 
ments; the same is true for the other elements listed 
in Tables I and II. However, it is obviously impossible 
on the basis of this comparison to rule out marked 
anisotropies in oy (4). 

The angular distributions found in the present ex 


periment have been compared! with those predicted 
by the complex-potential model proposed by Feshbach, 
Porter, and Weisskopf.” Both a square-well and a 


TABLE III. Comparison with the transport cross sections o4, in 
barns measured at 0.6 and 1.5 Mev by Barschall et al.* 


0.6 Mev 1.5 Mev 


Klement cD Ow us Ou 


4.1 
3.2 
4.0 
2.6 
4.0 
4.0 
6.5 
5.7 


Pe wWwWH WD Ww 
2 It nS SO 


* See reference 12 


Barschall, Battat, Bright, Graves, Jorgensen, and Manley, 
Phys. Rev. 72, 881 (1947) 

4 Jack Sokoloff, Ph.D. dissertation, Northwestern University, 
1956 (unpublished); also Argonne National Laboratory Report 
ANL-5618 (unpublished). 

2 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 


OF 


SCAT 


ot») BARNS /STERADIAN 








‘ 


TERED NEI 


— ee ae ee 
4 4A £ 0 «8 +A 


»*COSe 


FRONS 





— _— — 
> s > ° > 


— oe ee a | = 


_ 


BARES /STERADIAN 


ot») 


nat 1 Mev 





1084 LANGSDORF, 
harmonic-oscillator potential were used in an attempt 
to find a set of parameters by fitting the experimental 
distributions. In general, the harmonic-oscillator po- 
tential results in no better agreement than did the 
square-well potential. In neither case was it possible to 
fit the forward peaking nor the peak at approximately 
%)° in the heavier elements 
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APPENDIX 


Although there exists an extensive literature on the 
subject of multiple scattering, little of it was found to 
be applicable to the present situation in which a colli 
mated beam of neutrons is incident at an oblique angle 
on a thin plane-parallel scattering sample which has 
rather strongly anisotropic scattering properties. Meas- 
urements of the type discussed in the caption of Fig. 4 
indicated that the effect of multiple scattering on the 
angular distribution of scattered neutrons was appreci- 
able even for sample thicknesses less than 0.1 mean 
free path. It was, therefore, necessary to devise a 
method of correcting for this effect. 

The work to be discussed in this appendix results in 
exact expressions for the emergent single and double 
scattered flux under the conditions previously de 
scribed. The assumptions underlying these are those 
listed in Sec. ILI. The most important of these assump 
tions is that the differential cross section is the same for 
all orders of scattering. Usually this is called the energy 
independence assumption. The emergent flux attribut- 
able to scattering of order higher than the second is 
approximated by assuming that the ratio of flux due to 
successive orders of scattering is independent of the 
order. Thus, although the assumption of thin plates 
does not enter formally in these derivations, the use of 
the method is limited to sample thicknesses for which 
the contribution of third and higher order processes to 
the total scattering is not very large. 

z 
~ 
A Fic. 3. Geometry of the 
scattering plate 
} 
| 


©) a),9)) 











<a 


“ 
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Consider a coordinate system oriented with respect 
to the scatterer as shown in Fig. 3. The thickness of 
the scatterer, measured along the z direction, is denoted 
by A. All distances, including 4, are measured in units 
of mean free path. The lateral dimensions of the scatter- 
ing sample are considered to be essentially infinite 
compared with A, 

The incident flux, whose direction is (a49= ag"! = cos6o; 
¢o) is taken as unity. Thus the flux, ®,(a,; gj), emergent 
in the direction (aj=a;'=cos6;; g;), after having ex- 
perienced | scatterings is to be interpreted as flux per 
unit solid angle per unit incident flux. In order to fix 
the coordinate system uniquely the plane go=0 is 
chosen as that defined by the z-axis and the direction 
of the incident beam, the direction of incidence being 
chosen so that ao>0. 

The scattering sample is characterized by a phase 
function p(y,;) defined by 


p(uij)= 4a ,(ui;) OT, (Al) 


where a,(y,;) is the differential cross section for scatter 
ing from the direction (a;,¢,) to the direction (a,,g,), 


wijy=aiaj+[ (1—a?)(1—a7) }4 cos(¢.— ¢,), 


and o7 is the corresponding total cross section. In 
terms of the expansion coefficients w,; of Eq. (1), this 
phase function may be expressed in the form: 


N t (l—m)! 
puis) = (0,/or) Lon DL —— 


~(2—5om) 
=o m= (1+-m)! 


X cosm(yi— vj) P/"(a;)Py"(a;), (A2) 


where P/"(a) denote the associated Legendre poly- 
nomials as defined in Jahnke-Emde." 

The probability of an interaction within an element 
dz at z resulting in scattering from the direction (a;,¢,) 
into unit solid angle in the direction (a;,¢;) is (4r)~ 
x |a;|dzp(ui;). It is convenient to introduce the symbol 
¥i,(z,u) to denote the product of this and the attenua- 
tion exp(—|a,|z) between the (i—1)st and the ith 
events; thus 


Wij(2,m)dz= (44)! | ay| p(uisle '*\4dz. (A3) 


The flux emergent in the (a),¢;)-direction after a 
single scattering is, for a;>0, 


h 
1 (41,91) = f Yor(z,mje dz 


(A4t) 
atop (yo) e7 aoh — @-aah 


4dr a,— a 
since the flux scattered at coordinate z is further attenu- 
ated by an amount exp[ —ai(h—z) ] before emerging 


4 E. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945), p. 110. 
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from the plate. For reflection, the additional attenua- 


tion is e®'?, so that for a, <0 


h 
(4), ¢)) =f volmerd 
0 


aop (yor) esa ao) h 1 
(A4r) 
4 


ay ag 


The total emergent single-scattered flux is given by 
the relation: 


ln 1 
?, f der f dasty(as,e1) 
6 1 


l 
(aga ,/2ar) > wP (ao) > qu 


l j= 


{le ah FS 6(hyay) + (— 1 YF, o(h, ao)}, (ASa) 


where!4 


. dp 
F (ra) J [1 er 
1 B(B—a) 


r * dp 
faerf e®' (A5b) 
0 1 fp 
lt+j\ (l-j : 
(20) 
2 2 


and 
| (14+-j) (—1) 


(A5c) 


for(/—7) even, 


for (1 —4) odd. 


To obtain the emergent double-scattered flux, let the 
first scattering occur in an element dz’ at 2’, the second 
in dz at z. The product Po(2’w)pie(|z—2'|, uw) gives 
the fraction of the incident flux which is first scattered 
in unit solid angle in the direction (a;,¢,) at 2’ and then 
rescattered at z into unit solid angle in the direction 
(d2,¢2). Before emerging from the plate the flux is 
further attenuated by an amount exp[ —a2(h—z) | for 
transmission, and by e** for reflection. Thus, for a.>0, 


Qn h 
Po( de, ¢2) f def dze—o2'*—»)] 
0 0 
N N 


(a,/ar)? > Y wer’ (ao; 42,92), (A6t) 


km) Lom k 


and for d2<0, 


an h 
P2(d2,¢2) f def dze**] 
0 0 
N N 


=(0,/or)? Yd wmnQur'” (ao; 22,92), 


komt) lem k 


(A6r) 


“The functions Fj(7,a) are discussed by S. Chandrasekhar, 
Radiative Transfer (Clarendon Press, Oxford, 1950), p. 375, and 
are tabulated in the Astrophys. J. 108, 92 (1948). See also S 
Chandrasekhar, Astrophys. J. 109, 555 (1949). 
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OF SCATTERED NEUTRONS 


where 


s 1 
I= fds! f darters writs 2’, p) 
0 0 
h 0 
+f ae f daw or(2' w)Wie(z—2’, w) 
: 1 


The coefficients 0, can be expressed in terms of the 
functions defined by Eq. (A5b) as follows: The integra 
tion over the variable ¢, is carried out using Eq. (2) 
for both of the phase functions in the integrand. The 
integration over a, is made possible by defining the 
coefficients g"),,; by means by the relation'® 


(k-+-n) !(L+-m) | +s 


n ) 
an Fi, ki 


pet 


"(a)P,"(a) (A7) 


(k—n)'(l—n)! 
The resulting integrals involving the variable 2’ are of 
the form of Eq. (A5b) so that the final integration over 


z involves integrals of the form!® 


h 


¥;(h,pya) f dze**F ;(z,a) 


0 


p "ek (haw) F(h, pt a)) (A&) 


This procedure gives 


k 
(dg; dy, ¢2) (ag Sr) >: (2 bon) 


newt) 


On, et" 


l+k 
X cosnyeP,, 1"(do,d2) >- 


ped 


g14:j"Gy'''”, (A9a) 


where 
G; . noh| Fi41(h, ao 
+ ( 


9, 2) 


1)’Fj41(h, ao ay, (A9b) 


ty) |, 


Gj =[Fya(h, 


ay + 9, Ag) 


+ (—1)9F)44(h, (A9%) 


and 


P, 4" (0,42) (1 UT) 


x | P, "(a9)P 1" (ay) } P,"(ao)P; "(ay) | (A9d) 


The integration of %2(a2,g2) over the angular vari 
ables to obtain the total emergent double-scattered 
flux is carried out in reference 1. However, the resulting 
expression is too unwieldy for practical use and, for 
tunately, is not necessary for the purpose set forth in 
this appendix. 


6 A table of the coefficients g"), »,; for 1 <4 is given in reference 1 

© Actual evaluation of the functions 3j(h,p,a) in the cases re 
quired here involves values of p so small that the use of the solu 
tion by integration by parts in Eq. (A8) sometimes requires 
values of F;(h,a) accurate to eight significant figures. The tables in 
reference 14 are hence inadequate. Values of /;(ha) were com 
puted to eight figures by a digital computing machine 
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Fic. 4. (a). The effect of sample thickness upon the calculated 
parameters for the scattering of 394-kev neutrons by carbon. The 
vertical bars (which indicate statistical accuracy) are points com 
puted from the experimental data without plural scattering cor 
rections. The scale for o, was normalized at the sample for which 
h=0.093 by using as input data the value 3.62 barns for the total 
cross section of carbon. The open circles indicate the parameters 
calculated after correction for plural scattering. For the thickest 
sample the corrections were iterated as shown. (b) The same 
as Fig. 4(a), except for uranium at 394 kev, again standardized 
against the carbon sample for which 4=0.093 


In order to evaluate the correction factor in Eq. (8), 
the approximation 

> &, (ao; a),¢;) ~Pi (ao; a;,¢;) +-1P2(ao; a;,¢;) (A10) 
is used for the sum over all scattering orders. This 
approximation is valid provided either that for t>2, ®, 
is negligible compared with #,+4», or that the angular 
distribution of the emergent flux which has experienced 
more than two scatterings is approximately the same as 
the distribution #»(ao; aj,¢,). The integral of Eq. (A10), 
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Fic. 4(b) 


together with the assumption’ that the ratio of suc- 
cessive orders of ®, is independent of ¢, gives 


n=(l—e agh) ?;. (All) 


In the application of these corrections to the angular 
distribution data, the factor (o,/ar) in Eqs. (A4) and 
(A6) was taken as unity. 

In order to determine the consistency achieved after 

1’ George H. Vineyard, Phys. Rev. 96, 93 (1954), shows that 


the ratio %,,,/4, is approximately independent of ¢ for “quasi- 
isotropic” scattering 





ANGULAR DISTRIBUTIONS 
correcting the data by this method, a few materials 
were measured with a series of sample thicknesses. The 
results of these calculations for carbon and uranium are 
shown in Fig. 4, with detailed explanation in the figure 
captions. 

It is of interest to point out that the functions Q, are 
very rapidly varying functions of 4, varying about as 
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h", 2<n<3. Asa result, 2o(a2,¢2) is far more sensitive 
to the value of h, and therefore to a7, than to the values 
of w;. Consequently, it was found that most often 
iteration was necessary almost exclusively in order to 
obtain a suitably corrected o7. Therefore if or 1s meas- 
ured independently, accurate results could be obtained 


with fewer iterations. 
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Spontaneous-Fission Half-Lives of Cf*’ and Cm*’} 


J. R. Huizenca anp H. DiamMonp 
Argonne National Laboratory, Lemont, Illinois 


(Received May 3, 1957) 


Least-squares analysis of spontaneous-fission data obtained over the last four years from a californium 


sample produced in the November, 1952 thermonuclear test gives a Cf? spontaneous-fission half-life of 
56.2+0.7 days in agreement with the astrophysical value of 55+1 days. Some comments are made on the 
neutron buildup in Type I supernovae and the influence of a possible double magic number, N = 184, Z = 82 
at A = 266 on the yield curve near A = 254. An approximate spontaneous fission half-life of 2 10* years for 
Cm? is deduced from a curium sample also produced in the November, 1952 thermonuclear test 


CALIFORNIUM-254 


SUGGESTION!” has recently been made that the 
exponential decay of the light curves (4;=55+1 
days) of Type I supernovae is due to the spontaneous- 
fission decay of Cf*™. In the interval 100 days to 640 
days after maximum, the light curve of the supernova 
in JC 4182 shows no deviation from an exponential de- 
cline.’ If the above light curve represents the spon 
taneous-fission decay of Cf*, the astrophysical half-life 
of Cf*™ is more precise than the reported half-life values 
of 60+ 10 days,’ 85415 days,‘ and 55 days® determined 
by spontaneous-fission counting. The first two values 
were obtained by following the decay of a chemically 
separated californium fraction containing Cf** produced 
by the following reactions: 
Fm* 
* 


| 


|p 
E753 (my) E74" = o¢=240 barns.® 


E.C. 


| 
| 
| 
+ 
( 


*{254 


t Based on work performed under the auspices of the U.S 
Atomic Energy Commission 

1 Baade, Burbidge, Hoyle, Burbidge, Christy, and 
Astron. Soc. Pacific 68, 296 (1956). 

? Burbidge, Hoyle, Burbidge, Christy, and Fowler, Phys. Rev 
103, 1145 (1956). 

4 Bentley, Diamond, Fields, Friedman, Gindler, Hess, Huizenga, 
Inghram, Jaffey, Magnusson, Manning, Mech, Pyle, Sjoblom, 
Stevens, and Studier, Proceedings of the International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, August 8-20, 1955 
(United Nations, New York, 1956), Vol. 7, p. 261 

‘ Harvey, Thompson, Choppin, and Ghiorso, Phys. Rev. 99, 337 
(1955); A. Ghiorso, Proceedings of the International Conference on 


Fowler, 


The electron capture to 8” decay ratio of E*™™ is small, 
~10°%, and as a result only very low activities of Cf*™ 
have been produced to date by this method 

The other value (55 days) of the Cf** half-life was 
measured by following a californium fraction’ separated 
from the debris of the November, 1952 thermonuclear 
test (“Mike”). 

Since the laboratory measurements of the Cf? half 
life are in such poor agreement and the recent inter 
pretation of the light curves of Type I supernovae 
depends on the Cf*™* half-life being close to 55 days 
(+1 day),! we have analyzed our thermonuclear test 
data by the least-squares method 

Californium isotopes of mass number 249, 251, 252, 
253, and 254 were produced in the test by the reaction 
paths illustrated in Fig 
in the sample which has been periodically counted for 


1 and were present initially 


its spontaneous-fission activity over the last four years 
The more recent measurements indicate that the resid 
ual activity is decaying with the known half-life of 
Cf (t= 2.24 
of 66+ 10 years).* The spontaneous-fission activity on 
November 15, 1956 was 0.043+0.001 counts/min which, 


0.2 years; spontaneous-fission half-life 


the Peaceful Uses of Atomic Energy, Geneva, August & 20, 1955 
(United Nations, New York, 1956), Vol. 7 p. 15 

® Fields, Studier, Diamond, Mech, Inghram, Pyle 
Fried, Manning, Ghiorso, Thompson, Higgins, and 
Phys. Rev. 102, 180 (1956) 

® Fields, Studier, Mech, Diamond 
Huizenga, Phys. Rev. 94, 209 (1954 

7A sample from which the californium and curium fraction 
separated was supplied by the Lo \lamo 
Laboratory 

* Magnusson, Studier, Fields 
Diamond, and Huizenga, Phys. Rev. 96, 1576 
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hic. 1. Production of uranium isotopes in the November, 1952 
thermonuclear test, and their decay to the beta-stable valley 
() beta-unstable nuclide; @ beta-stable nuclide 


corrected for decay, gives 0.15 counts/min of Cf at the 
time of our first count. At zero time on Fig. 2 (approxi 
mately two months after the test) about 90% of the 
spontaneous-fission events were due to Cf*™. The spon 
taneous-fission half-life of Cf is 1.510" years, and 
the other odd-A isotopes, Cf and Cf, are expected 
to have half-lives which are very much longer than the 
neighboring even-even isotopes and as a result their 
contribution is entirely negligible. 

Subtracting out the extrapolated Cf activities for 
the first 400 days of the decay gives the Cf activities 
listed in ‘Table I. The error associated with each count 
ing rate in Table I includes the counting error and the 
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Fic. 2. Cf spontaneous-fission counts/minute vs time. The 
ee error includes the uncertainty in the Cf** activity which 
1as been subtracted 
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uncertainty in the Cf activity which is 0.01 
counts/min. 

A least-squares analysis of the data with the weight- 
ing factors derived from the listed errors gives a half-life 
of 56.24-0.7 days, where the error is the standard error 


derived from the least-squares analysis. 


CURIUM-250 


Recent determinations’” of the spontaneous-fission 
half-lives of Cm™*and Cm** make it possible to estimate 
the spontaneous-fission half-life of Cm*. The curium’ 
produced in the “Mike” November, 1952. thermo- 
nuclear test (see Fig. 1) was analyzed in a 12-inch 60° 
mass spectrometer; the results are given in Table II." 

The mole percent of Cm™ in the above curium sample 
was too small to detect in the mass spectrometer but its 
presence is established by the following observations: 

(1) The “Mike” explosion generated a neutron flux 
sufficient to produce uranium isotopes at least up to 
A =255 by multiple-order neutron capture on U**. The 
presence of U*® was established by detecting its beta 
decay products E”**® and Fm?*.”” 


Fase I. Californium-254 spontaneous-fission activity 


Spontaneous fission 
(counts/min) 


0.15340.012 
0.144+0.012 
0.0944-0.012 
0.0624-0.012 
0.04640.012 
0.036+0.011 
0.019-+0.012 
0.015+0.016 
0.007 +0.014 


Time 


(days) 


Spontaneous fission 
(counts/min 


Time 
(days) 


0 1.39 
9 1.27 
28 0.99 +0.04 
33 O88 +0.03 
50 0.74640.03 
6% 0.560+.0.03 
91 0.434+40.03 
107 0.3894-0.024 
176 0.1604.0.012 


179 
183 
219 
246 
269 
303 
337 
338 
368 


+0.05 
+-0.06 


(2) Cf” (10 years) was not detected in the “Mike” 
californium fraction. Since Pu is certainly beta- 
unstable, the absence of Cf is evidence that Cm?" is 
either beta-stable, or has a half-life for beta emission of 
greater than 130 years.° 

(3) The specific spontaneous-fission activity of the 
“Mike” curium exceeds the value calculated for the 
even-mass isotopes Cm** and Cm™*. Since the odd-mass 
isotopes, Cm*® and Cm”, are expected to make only a 
negligible contribution to the specific spontaneous- 
fission activity and other even-mass isotopes can be 
ruled out on stability arguments (as shown in Fig. 1, 
beta-decay in the 244 mass chain terminates at Pu 
and the 252 mass chain decays through curium and 
terminates at Cf***), it seems reasonable to assign the 
additional spontaneous-fission activity to Cm*, 

* Fried, Pyle, Stevens, and Huizenga, J. Inorg. Nuc. Chem. 2, 
415 (1956). 

Butler, Eastwood, Jackson, and Schuman, Phys. Rev. 103, 965 
(1956) 

'! Mass spectrometric analysis by C. E. Stevens. 

‘8 Ghiorso, Thompson, Higgins, Seaborg, Studier, Fields, Fried, 
Diamond, Mech, Pyle, Huizenga, Hirsch, Manning, Browne, 
Smith, and Spence, Phys. Rev. 99, 1048 (1955) 





SPONTANEOUS-FISSION 

The spontaneous-fission disintegration/min per 5.4- 
Mev alpha-particle disintegration/min for “Mike” 
curium was measured to be (1.72+0.09)X10-*. The 
alpha particles of Cm** and Cm™¢ were not resolved and 
both isotopes contribute to the 5.4-Mev alpha-particle 
intensity. The number of Cm*® atoms per 5.4-Mev 
alpha particle is derived in two ways, both of which use 
the mass-spectrometer data of Table II; (1) a calcula- 
tion making use of the alpha half-life data of Table III, 
(2) a determination of the Cm” atoms per 5.4-Mev 
alpha particle through thermal-neutron fission counting, 
making use of the previously measured thermal-neutron 
fission cross section for Cm*® of 2000 barns.® For our 
“Mike” curium sample we calculate (1.50+0.15) x 10° 
atoms of Cm™® per 5.4-Mev alpha disintegration/min. 
Combining the latter quantity with the spontaneous- 
fission half-lives of ‘Table III and the mass analysis 


data of Table II, gives (0.99+0.41)«K10~4 and 


(0.10+0.06) X10~4 spontaneous fissions per 5.4-Mev 
alpha particle, respectively, for Cm** and Cm**, The 
difference between the above sum (1.09+0.47)x10™ 
and the experimental (spontaneous fission/5.4-Mev al- 
pha particle) ratio of (1.72+0.09) XK 10™ is (0.63+0.56) 


raBLe II, Mass spectrometric analysis of curium from the debris 
of the November, 1952 thermonuclear test. 


Mole percent 


isotope 


‘m6 70.1+0.6 
m* 27.0+0.6 
‘m7 2.2+0.1 
‘m™5 0.7 40.07 


X10 and is assumed to arise from the 
of Cm”, 

The mass of Cm**° in our sample was estimated by 
interpolating between the thermonuclear test yields of 
Cm’ and Cf”, A Cm***/Cm?” atom ratio of 27.0/0.02" 
is used in the calculation which gives a most probable 
spontaneous-fission half-life of 2.3 10* years for Cm™. 
In the light of the above errors and assumptions the 
Cm” spontaneous-fission half-life lies within the range 


(1-10) XK 10* years. 


presence 


DISCUSSION 


Our measured half-life value of 56.2+0.7 days for 
Cf** is in good agreement with the astrophysical half 
life of 55+ 1 days for Cf* deduced from the light curves 
of Type I supernovae by assuming the light intensity 
to be a direct measure of the Cf** spontaneous-fission 
activity in the region of exponential decay. 

Cf decays predominantly by spontaneous fission ; 
no other radiations have been observed. This is not too 
surprising, although it is the first such nuclide dis 
covered, in that Cf is beta-stable and has a predicted 
alpha-decay half-life of approximately 10° years. 


8 Argonne National Laboratory (unpublished data 
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PaBce III. Half-lives of some curium isotopes. 


Alpha-disintegration 
half-life (years 


Spontaneous-hssion 


Isotope half-life (years) 


Cm* 7.54+1.9)« 108" 
Cm*™* $.0+0.6) * 108» 
Cur (4.2 


(2.04-0.8) & 107° 
2 1°? *) & 1084 


*H. Diamond (unpublished data 

+ Friedman, Harkness, Fields, Studier 
1501 (1954 

© See reference 9 

1 See reference 10 


ind Huizenga, Phys. Rev. 95 


The nuclide Cm?” is in many ways similar to Cf. 
The predicted alpha-decay half-life of Cm*™ is about 
10° years. half-life of 
(1-10) 10* years, Cm* probably also decays pre- 
dominantly by spontaneous fission (this assumes that 
Cm*” is beta-stable). 

Cf? has a spontaneous-fission half-life 4 10" times 
shorter than Cf*”, Cm is similarly related to Cm™* 
with aspontaneous-fission half-life approximately 2X 10° 
times shorter than the Cm™* value. These results are 


With a spontaneous-fission 


consistent with the trends observed in other elements 
where, after a maximum half-life, the heavier even-even 
isotopes have a greater probability of decaying by 
spontaneous fission with increasing 4." 

The fact that the light curve for the supernova in JC 
4182 does not deviate from an exponential decline 
between the period 100 to 640 days after maximum is 
difficult to explain. If initially the Cf?/Cf atom ratio 
was 1, at 640 days the spontaneous-fission activity of 
Cf? would be only one-third that of Cf. In compari- 
son, the November, 1952 thermonuclear test produced 
an initial Cf?/Cf* atom ratio of 0.04. The absence of 
a tail on the light curve for the supernova in /C 4182 at 
640 days implies that the Cf*/Cf*® atom ratio is 
greater than 10 

One possible explanation is that the peak yield is 
strongly influenced by the major shell of 184 neutrons.'® 
As pointed out earlier'? the neutron-capture processes 
take place faster than beta decay, and the original Fe 
builds up to an atomic weight at which it becomes 
Smart’® estimates that neutrons can 
0.7A, Z=0.3A 


at this point the neutron-capture process stops until a 


neutron unstable 
no longer be captured when A and 
beta decay occurs. The beta-decay lifetimes for such 
neutron-rich nuclides is estimated to be 0.1 second.'* 
If one assumes that the heavy elements were produced 
by neutron capture on the lighter elements, evidence for 
high neutron fluxes for short times is reflected in the 
abundances of the elements. The cosmological abun 
dance curve based on the data of Suess and Urey!’ has 


4]. R. Huizenga, Phys. Rev. 94, 158 (1954 
‘6M. G. Mayer, Phys. Rev. 78, 16 (1950); Haxel 
Suess, Z. Physik 128, 295 (1950). Beyond the 
the next major shell occurs after the following orbits are 
2e9/2, 2221/2, 3dsi2, 3da/2, 45172, and 1); 
S. Smart, Phys. Rev. 75, 1379 (1949 
ki. Suess and H. ¢ Revs 


Jensen, and 
126 nuclear shell 
filled 


Urey Modern Phys. 2%, 53 
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peaks at Br, Xe, and Pt in addition to the peaks at 
Y (50 neutrons), La (82 neutrons), and Pb (126 neu- 
trons). Coryell’* has explained the Br, Xe, and Pt peaks 
as beta-decay products of unstable nuclides with 50, 82, 
and 126 neutrons, respectively, which are formed in 
large abundance, because of the small cross sections of 
nuclei with magic numbers, in neutron-capture 
process of short time-duration. The unstable nuclides 
with magic neutron numbers giving rise to the peaks at 
Br, Xe, and Pt have N= (0.6—0.7)A and lie close to 
the point at which Smart’® estimates that neutrons 
cannot be captured until beta decay occurs. The extra 
stability of the magic number nuclei causes a drop in the 
beta-decay energies and the resulting longer beta-decay 
lifetimes may be partially responsible for the observed 


a 


peaks 

Similarly one might expect a peak at V=0.7A = 184, 
or A= 263. It so happens that this is also in the vicinity 
of a proton shell for a double shell occurs at A = 824-184 

266. The neutron-capture process in a supernova 
(Type I) may terminate near A = 266 because of (1) the 
small neutron-capture cross sections of nuclei near closed 
shells, (2) the fact that neutrons are no longer bound 
and further capture depends on a beta decay, the life- 
time of which is increased due to the extra stability of 
the nuclei with magic numbers, and (3) the onset of 


very short spontaneous-fission half-lives. The peak 
yield predicted on this basis would be several mass 


numbers beyond Cf* and considerable energy would be 
released by the short-lived spontaneous-fission emitters 
of A> 254. Since Cf produces about 10" ergs of energy 
out of a total release of 10-10 ergs per supernova 
outburst,'? additional spontaneous-fission energy from 
short lived components presents no difficulties, with 
regard to total energy. Assuming an incidence of one 
Type I supernova per 500 years for approximately 
510" years, the energy per outburst arising from 


a ( Technology 


31, 195% 
- 


D. Coryell, Massachusetts Institute of 
Laboratory for Nuclear Science Annual Report, May 
;P 


(unpublished Fong (private communication) 
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spontaneous fission is limited by the cosmic abundance 
curve since the mass of the heavy nuclides which 
undergo spontaneous fission is distributed among the 
fission products, and the nuclei resulting from neutron 
capture on the fission products. On this basis, however, 
considerably more than 10 ergs per supernova outburst 
may be due to spontaneous fission. 

The energy from the decay of the fission products 
produced by the short-lived spontaneous-fission emitters 
will not noticeably alter the observed exponential part 
of the light curve.’* A peak in the yield curve beyond 
A= 254 for a supernova explosion appears to be con- 
sistent with the experimental data, and would be 
consistent with the production of more Cf*™ than Cf*®. 

Nuclides like Fm”? probably make a measurable 
contribution to the light curve during the early days. 
The unstable nuclei produced by neutron capture with 
A 2 260 probably do not reach the beta stability valley 
since spontaneous fission will compete favorably with 
8~ emission for some nuclides in each constant-A chain. 
For example, with A=260, Cm’ will have a spon- 
taneous-fission half-life comparable to its B~ decay 
half-life. 

The spontaneous-fission decay of Cm**” may be an 
important source of energy in old remnants of Type I 
supernova explosions, e.g., the Crab Nebula. Crab 
Nebula presently radiates about 5.710" ergs/year” 
or about a factor of 10° less than the initial decay rate 
of the exponential part of a Type I supernova light 
curve. If initially the amount of Cm*° equalled the 
amount of Cf, then at present the Cm spontaneous- 
fission activity would be 10~° times the initial Cf? 
activity and would account for all the present radiation 
of the Crab Nebula. This difficulty is overcome when 
one assumes the yield of mass 254 to be greater than 
mass 250 from a Type I supernova outburst. 

We wish to express our thanks to D. W. Engelkemeir 
for several helpful discussions. 


”K. Way and E. P. Wigner, Phys. Rev. 73, 1318 (1948). 
- Calculated from data given in The Observer's Handbook For 
‘1956 (Royal Astronomical Society of Canada) 
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Odd-Parity Rotational Bands in Even-Even Nuclei 
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The low-intensity radiations accompanying the alpha decay of Th®™ and Th®* have been studied with a 
scintillation and coincidence spectrometer. In addition, the alpha-particle spectrum of Th®* has been re 
examined using a magnetic spectrograph. New gamma rays of 253 kev (8% 10°-"%), 110 kev (1K 10 *%), 
206 kev (5X 10°®%), and 235 (5K 10~*%) have been found associated with Th™ decay. A new gamma ray 
of 205 kev (0.03%) has been found in Th®* decay, and also a fifth alpha group populating a level 289 kev 
above the ground state was observed in an abundance of 0.03%. A new level at 416 kev in Ra™® suggested by 
these data and the coincidence measurements has been interpreted as the 64+ member of the ground-state 


rotational band. The remaining new levels have been assigned as 3— and 5— members of rotational bands 


based on the 1 


INTRODUCTION 


E have found'* that in a number of even-even 

nuclei in the radium-thorium region there exist 
low-lying levels with spin 1 and odd parity (1—). The 
excited states of two of these species, Ra** and Ra”’®, 
have now been studied more intensively and additional 
levels have been revealed which are best assigned to 
members of rotational bands based upon the 1— states 
and to higher members of the well-known bands based 
upon the 0+ ground states. The spectra were excited 
through the alpha decay of Th”* and Th™, respectively. 


EXPERIMENTAL 
Th” Decay 


The proposed decay scheme for Th” is shown in 
Fig. 1. The levels of Ra”’*® up to and including that at 
253 kev were known previously and information on 
internal conversion and angular correlations has led to 
unambiguous spin and parity assignments.’ ~* In brief, 
the 68-kev and 142-kev transitions have been shown to 
be £2 transitions in cascade and define the 2+ and 44 
states relative to the 0+ ground state; the 184-kev and 
253-kev transitions were shown to be parallel 1 
transitions originating from the 1— state. 

The first indication of levels above the 253-kev state 
came from the appearance of L x-ray coincidences with 
a gamma ray of 253 kev. On the assumption that the 
L x-rays arise from a highly converted ¥ ray, it could be 
inferred that five percent of the intensity of the 253-kev 
y ray is in cascade with this transition. Also in coin- 
cidence with 7253 was a y ray of 68 kev, presumably the 
unconverted portion of the transition giving rise to L 
x-rays. By critical absorption measurements the energy 
was bracketted between the A edges of tantalum and 


1 Asaro, Stephens, and Perlman, Phys. Rev. 92, 1495 (1953) 

2 Stephens, Asaro, and Perlman, Phys. Rev. 96, 1568 (1954). 

4 Stephens, Asaro, and Perlman, Phys. Rev. 100, 1543 (1955) 
4F. Rasetti and E. C. Booth, Phys. Rev. 91, 315 (1953) 

5G. M. Temmer and J. M. Wyckoff, Phys. Rev. 92, 913 (1953). 
6 Valladas, Teillac, Falk-Vairant, and Benoist, J. phys. radium 
125 (1955) 

7 Pp, Falk-Vairant and G. Petit, Compt. rend. 240, 296 (1955). 
* Booth, Madansky, and Rasetti, Phys. Rev. 102, 800 (1956) 


states previously observed in both Ra®® and Ra™* 


tungsten, 67.5-69.5 kev. These measurements demand 
the presence of a state at 320 kev, but could not reveal 
the predominant order of de-excitation: 320-+253-00 
or 320-+68—0. Further experiments have given evi 
dence that at most of the 68-kev transition in 
coincidence with the 253-kev y ray represents the 
2+ —0+ transition; hence the coincident yo53 leads 
from the new 320-kev state to the 24 

In principle, the sequence of the 253-kev and 68-kev 


least 


state, 


transitions could be deduced by focusing attention on 
the 184-kev gamma ray and measuring whether or not 
it is in coincidence with slightly more than one 68-kev 
transition, or simply whether there is ever more than 
68-kev gamma ray in Because of 
extremely low intensities it was not possible to make 


one coincidence, 
such measurements. However, similar information could 
be obtained indirectly from the 1 x-rays resulting from 
internal conversion, If the 253-kev level is not populated 
appreciably by a transition from the 320-kev state, 
then the only L x-rays in coincidence with yis4 would 
be those from the 2+ —04- transition. As an internal 
intensity standard, the 142-kev transition was adopted, 
since it is likely that the 210-kev (44 
appreciably populated from higher levels. The intensity 


state is not 
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of Yis« Was measured relative to 7142, and the L x-ray 
coincidence rate for each gamma ray was determined. In 
this way it was determined that within a standard 
deviation in measurement of two percent there are no 
L. x-rays in coincidence with yis, beyond those there 
should be from its population of the 2+ state. If all of 
the L x-rays in coincidence with 25; came from the 
transition from the 320-kev the 253-kev 
state there would have been a five percent greater 


state to 
L x-ray —Yis Coincidence rate. 

Recapitulating, it would appear that the evidence 
points to the de-excitation of the 320-kev level prin 
state. As 
indicated in Fig. 1, the intensity of this 7253 is about five 
state. The 3 
will be 


cipally by a 253-kev gamma ray to the 24 


percent of the yo53 leading from the 1 
assignment was arrived at for reasons which 
developed below * 

Additional photons in very low intensity were found 
in coincidence with yi42 (44 »2+ transition): 110+5 
kev (1K 10%), 206+5 kev (~5X 10° °Y ), and 235+5 
kev (~5 10° %%). The intensities refer to percentages 
of the total alpha-decay events of Th*” and are based on 
the value 0.12%' for the alpha population to the 210-kev 
level. It should be pointed out that in order to see 
gamma rays in such low intensity it was necessary to 
make measurements within a few days after chemical 
purification of the Th”, even though the daughters 
grow in with a 1622-year half-life. Also it might be 
mentioned that as a result of Compton scattering of the 
253-kev gamma ray an apparent 110-kev photon is 
142 kev if the two 
crystals are allowed to see each other. The true gamma 
ray of 110 kev was observed after guarding against this 
effect. Owing to the low intensity of these gamma rays 


found in coincidence with one at 


there were statistical problems in addition to the 
difficulties mentioned above, so that the energies and 
intensities of these gamma rays are not accurately 
known. Their existence, however, seems reasonably well 
established 

The 110-kev gamma ray agrees well with the spacing 


between the levels of 320 kev and 210 kev. The gamma 


rays of 206 and 235 kev in coincidence with the 142-key 


gamma ray were used to define levels at 416 and 445 kev 
1), although from these experiments alone these 
The levels and 


(fig 
assignments are by no means unique 


their spin and parity designations are tentatively 


assigned as indicated in Fig. 1 by their agreement with 
expected Bohr-Mottelson rotational levels."°" 
320, and 445 kev to 


the spins are cal 


If we consider the levels at 253, 
be members of a rotational band, 


culated to be 1, 3, and 5, respectively, from the rota 


tional expression 
E= Wot (h*/29)1(1+1) 

*G. Valladas and R. Bernas, Compt. rend. 236, 2230 (1953) 

” A. Bohr and B. R. Mottelson, Phys. Rev. 89, 316 (1953); 90 
717 (1953). A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Medd. 27, 16 (1953) 

"A. Bohr, Rotational States of Atomic 
gaard, Copenhagen, 1954) 
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This agrees, of course, with the fact that the 253-kev 
level is known to be 1—, but in addition the observed 
transitions from the other levels are consistent with 
their 3—, 5— designations. The 320-kev level (3—) 
decays to the 2+ and 4+ states as would be expected, 
and the 445-kev level (5— ) decays to the 44+ state. No 
decay to the 0+ (ground) state could be detected from 
either of these levels, and the limit that could be set on 
any radiation between 300 and 700 kev was less than 
7X 10-*%, 

Additional evidence in favor of these assignments 
may be derived from the reduced transition probabilities 
for the 110- and 253-kev gamma rays arising from the 
320-kev level. If, in terms of the Bohr-Mottelson model, 
we introduce the quantum number, A, which represents 
the projection of the spin on the nuclear symmetry axis, 
then for a state of spin 1, A values of 1 and O are 
possible. In a previous publication,? we have used 
reduced transition probabilities for gamma-ray emission 
from the 1 and 2+ 
that in every case, a K value of 0 is clearly indicated. 
Thus, if the 3- 
based on this 1 
this level as well. Under these conditions the ratio of 
reduced £1 transition probabilities, y2/ys (where y, 
represents the transition to the state of spin x), should 
be 0.75. The experimental ratio of 0.7 is in excellent 
agreement with this value. Considering the low limit on 
transitions to the ground (0+) state, the only other 
spin assignments possible are: /= 3, K = 1, y2/ys= 1.33; 
[=4, K=0, y¥2/ys=1.10; and J=4, K=2, yo/y4=0.34. 
None of these values are in as good agreement with the 
data as the /=3, K 

The 5— state (445 kev) would not be expected to 
decay appreciably to the 6+ state (416 kev; see the 
following paragraph) due to the small energy difference 
(29 kev). Decay of this level to the 3— state (320 kev) 
would be by a rather highly converted £2 transition and 
would be difficult to detect. If the rotational transition 
to the 3 
alpha population indicated to the 5 


states to the 04 states to show 
state isa member of the rotational band 
state, we would expect K to be 0 for 


0 assignment. 


state does occur in appreciable intensity, the 
level in Fig. 1 
would be too low 

The 416-kev level is very likely the 6+ member of the 
rotational band based upon the ground state. In this 
region the energy-level spacing of this rotational band 
is wider than in still heavier isotopes, and also the 
dependence given 
above are considerably larger. For example, using the 
67.76-kev spacing of the 2+ state and the /(/+1) 
dependence, the 44 state would be expected at 226 kev, 
16 kev higher than is found. Similarly, if we add a 
second term to the equation so that it becomes 
E=AI(1+1)— BP (1 +1), where A = h?/29, we can use 
the 24+ and 4+ energies to fix the constants and would 
then calculate the 64 388+ 10 kev, 
considerably lower than is found. In order to fit the 


deviations from the simple /(/+1 


state to be at 


three energy levels, it is necessary to add a third term, 
+C/*(1+1)*, to the above equation, in which case the 





ODD-PARITY 


constants may be evaluated to be 


1=11.74+0.10, B=0.080+-0.010, 
C= 0.00085-+ 0.00025. 


Th** Decay 


As seen from Fig. 1 and Fig. 2, the first three excited 
states of Ra*™ are much like those of Ra™®; only the level 
spacing of the 0+, 2+, and 4+ sequence is greater and 
the 1— state is lower, bringing the 4+ state above the 
1— state. It so happens that the 4+ state in Ra*' is at 
253 kev, which is the same energy above the ground 
state as the 1— state is in Ra”®. The spin and parity 
assignments of these levels and the alpha spectrum 
populating the states have been discussed in earlier 
publications.’” The characteristics of the gamma-ray 
spectrum as then known are the cascading £2 transi 
tions from the 4+ —-2+ —-04 and the 
branched £1 transitions from the 1— state to the 24 
and 0+ 

A careful examination of the alpha spectrum revealed 
a fifth alpha group in 0.03% abundance populating a 
state 289 kev above the ground state. An upper limit 
of 0.01% was set for the existence of alpha groups to 


sequen e 


states. 


still higher levels. 

In order to detect possible new gamma rays, gamma 
gamma coincidences were measured using the 84-key 
gamma ray (24- —»*0+ transition) as a gating pulse. As 
before, the 84-kev gamma ray was found to be in coin 
cidence with the 169-kev gamma ray (4+ —>2+-) and 
the 133-kev gamma ray (1 but in addition a 
weaker group at 205+5 kev was seen. The sum of the 
205-kev and 84-kev gamma transitions agrees well with 
the energy of the new state at 289 kev defined by the 
alpha spectrum. The abundance of the 205-kev gamma 


Zt), 


ray is the same as the alpha population of the 289-kev 


state within experimental uncertainty, which means 
that the 205-kev transition is not heavily converted and 
is therefore £1 or £22. 

The best interpretation of the 289-kev level is that it 
isa 3— state. Its spacing above the 1 state is 72 kev as 
compared with 67 kev for the corresponding states in 
Ra?**, The 3 
branching to the 44 
the small energy difference (36 kev). It should be 
mentioned that a 2— assignment is ruled out because 


state decays to the 2+ state, while the 


state is unobservable because of 


this state is populated directly in alpha decay and there 
can be a change in parity only for odd-integral changes 
in spin. 

A careful search was made in the “‘singles” spectrum 
for gamma rays greater than 217 kev (1— —04 
transition). None was found and in particular it can be 
stated that any gamma ray greater than 275 kev must 
be in less than 0.001% abundance. This may be taken as 
additional evidence for the 3— assignment of the 
289-kev state, although by itself the argument is weak 

In searching for higher levels, an additional experi 
ment was carried out in which the 169-kev peak was 
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hic. 2. Decay scheme of Th®* 


used to trigger the coincidence circuit. In this case the 
only peak observed was a very questionable one of low 
intensity (7K10°°%) at 234+10 kev. (The &4-kev 
photon would not have been seen in this experiment.) 
It should be added that the relatively short half-lives 
of Th** 
transitions could be observed 
within 5 to 10 
daughter activities were present within one hour 


daughters limited the time over which rare 
Purified samples were 
measured minutes and interfering 
rhe transitions expected to be in coincidence with the 
and 64 
since these would be expe ted to decay to the 4+ state 


Phe 234-kev gamma ray, if real, probably represents the 


169-kev gamma ray are those from 5 states, 


6+ —+44 transition, because the energy of the level 
(487 kev) lies approximately where the 64 


expected. It is interesting to note that this state is an 


State 1s 


order of magnitude more heavily populated than the 


corresponding state in Th®”’ decay, and the other 


excited states from Th™* decay are also more heavily 


populated. The explanation for such differences is 
among the unsolved features of the alpha-decay process 


The 5 Ra 


however, the limit of detection was 


state of has not yet been observed; 
not sufficiently low 


to make this point troublesome 


DISCUSSION 


There has not yet been advanced a verifiable explana 
tion for the appearance of low-lying 1— states in even 
even nuclei. Because many of these levels lie at energies 
of only 200-300 kev, and because they seem to occur 
systematically over a region of at least twenty mass 
numbers, it seems likely that these states have collective 
rather than single-particle nature. It has been sug 
gested” that the spin and parity requirements could be 
satisfied if the spheroidal nucleus could undergo dis 
tortions such that there be no reflection plane of 
symmetry perpendicular to the symmetry axis; that is 
a nucleus which could assume a pear or egg shape. ‘The 
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fact that K, the projection of the spin on the symmetry 
axis, is zero for the 1— states (and also apparently zero 
for the 3— state in Ra**) is consistent with such a 
model, 

In terms of the theory of nuclear rotational] levels, 
two puzzling aspects have arisen relative to these odd- 
parity bands. First, the spacing of these levels in a 
particular nucleus is such that the apparent moment of 
inertia is much higher than that for the ground-state 
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configuration. It is interesting to note, although prob - 
ably accidental, that the actual values for these odd- 
parity bands in Ra** and Ra”* are very nearly the same 
as is found for the ground state of the very heavy nuclei. 
The second feature requiring explanation is that the 
relative spacing of the odd-parity levels seems to follow 
more closely the simple /(/+1) dependence, whereas 
the even-parity bands in the same nuclei show easily 
discernible departures. 
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Cross Sections for Pickup Reactions of 14-Mev Neutrons with N"‘} 
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The absolute differential cross sections for the reactions N'(n,d)C" and N"“(n,d)C%* (3.68 Mev) were 
measured with 14-Mev neutrons at seven laboratory angles from 0° to 65°. The deuterons were detected 
with a coincidence-telescope spectrometer consisting of two proportional counters and a thin CsI(T]) 


scintillator 


The angular distributions are both fitted with Butler-type curves for angular momentum 


transfers of one in agreement with positive parity and spin one for the ground state of N*. The reduced 
width for the ground state transition agrees with that for the reaction N“(p,d)N® as required by charge 
symmetry of nuclear forces. The ratio of the reduced width for the ground state transition to that for the 
excited state transition rules out the possibility that the N“ ground state be a pure #), state. No yield was 
observed corresponding to the 3.09-Mev and 3.89-Mev states of C™. 


INTRODUCTION 


HE absolute differential cross sections for the 

pickup reactions of 14-Mev neutrons with N"™ 
were measured as functions of angle for different 
deuteron groups. Figure 1 shows an energy-level dia 
gram for the nuclides involved in the present reactions. 
Energy levels (in Mev) and spin and parity assign- 
ments are taken from the review article by Ajzenberg 
and Lauritsen.’ Thomas* has made a detailed study of 
these levels in C on the basis of earlier measurements. 
Since the spins and parities of the target and residual 
nucleus are. believed known, the measured angular 
distributions can be predicted on the basis of inverse 
stripping theory and should serve as confirmation. 
Similarly, the energy releases in the pickup reactions 
are calculable and measurements on the deuteron 
groups should serve as confirmation. 

Inverse stripping theory 
parameters to fit the observed differential cross section 
One is the nuclear radius and, within limits, this may 
be varied to fit the form of the angular distribution. 
The other is the reduced width of the target nucleus for 
separation into the residual nucleus and a proton. After 


the nuclear radius is determined, the absolute value of 


leaves two adjustable 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission 
* On leave of absence from University of lowa, Iowa City, lowa 
'F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) 


2K. G. Thomas, Phys. Rev. 88, 1109 (1952) 


the differential cross section determines the reduced 
width. However, compared with the angular distribu- 
tion, the reduced width is much more sensitive to the 
approximations in the simple Butler theory used here.’ 
The values of the reduced widths can be corrected by 
comparison with the results of the exact evaluations of 
Tobocman and Kalos.‘ 

Reduced widths for low-lying levels are predicted 
by the various coupling schemes proposed for light 
nuclei. Experimental determinations of reduced widths 
serve, therefore, as tests for these schemes. In addition, 
in the present case, reduced widths may be compared 
with those obtained in the pickup reaction of 18-Mev 
protons with nitrogen.® On the basis of charge sym- 
metry, reduced widths should be the same for transi- 
tions involving corresponding levels of the residual 
nuclei. It is of some interest to check this prediction 
experimentally. 


EXPERIMENTAL METHOD 


The source of neutrons was a thick tritium target 
absorbed in zirconium and bombarded with 350-kev 
deuterons. Neutrons given off at 90° to the deuteron 
beam were used. These neutrons have an energy of 
14.10+0.05 Mev. The associated alpha particles, at 
135° to the deuteron beam, were counted to give the 
absolute value of the neutron flux. 

4R. G. Thomas, Phys. Rev. 100, 25 (1955) 

*W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 

*K. G. Standing, Phys. Rev. 101, 152 (1956) 
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Fic. 1. Energy-level diagram. (Energies in Mev.) 


Beryllium nitride and beryllium radiators were made 
by identical methods, Each was used in powdered form. 
The powders were suspended in absolute alcohol and 
allowed to settle upon 0.020 in.-thick platinum disks. 
The disks were then removed and heated until volatile 
material was driven off. This left a thin layer of bery|- 
lium nitride weighing 11.8 mg on one disk, and a thin 
layer of beryllium weighing 5.7 mg on the other, spread 
uniformly over {-in. diameter circles. 

In order to observe the pickup reaction with the 
nitrogen in the radiator, it was necessary to identify 
the deuterons in the presence of an intense flux of 
neutrons. This was done by measuring, in coincidence, 
the energy which charged particles coming from the 
radiator lost in passing through two proportional 
counters and into a CsI(Tl) crystal. This formed a 
coincidence-telescope spectrometer. The proportional 
counters were the same as those used by Coon, Bockel 
man, and Barschall in their n-7 scattering experiment 
and were filled with Kr (71.5 mm of Hg) and CO, (3.5 
mm of Hg). A 6-Mev deuteron lost about 80 kev in 
each counter. The counter gas was in contact with the 
radiators and the crystal. Charged particles passed 
through the counters approximately perpendicular to 
the cylindrical axis. Two radiators could be inter- 
changed without opening the system. The path for 
particles which could traverse the system was limited 
by platinum rings in front of the radiator and the 
crystal and between the proportional counters. 

A CsI(TI) crystal’ of 1-in. diameter was machined 
and water-polished to a thickness of 2341 mils and 
cemented to a 2-in. diameter, 1-in.-thick cylindrical 


* Coon, Bockelmann, and Barschal), Phys. Rev. 81, 33 (1951 
? Obtained from Harshaw Chemica] Company, Cleveland, Ohio 
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I'ic. 2. Block schematic diagram of 
apparatus and circuits used 


piece of Lucite. The thickness of CsI is just sufficient 
to stop deuterons of an energy occurring in the pickup 
reaction under study. The scintillations were detected 
with an RCA 6655 photomultiplier tube. This equip 
ment is a modification of that of Ribe and Seagrave.* 
Using Pu” alpha particles (5.16 Mev) in vacuum, a full 
width of 10% at half-maximum was obtained for the 
pulse-height distribution 

The radiator was mounted at a distance of 13.6 cm 
from the neutron source and subtended a maximum 
solid angle of 0.0210 steradian. The distance from the 
radiator to the crystal was 17.0 cm and the solid angle 
subtended by the effective part of the crystal was cal 
culated to be 0.0140 steradian. ‘The crystal and radiator 
faces were kept parallel to each other at all times. The 
coincidence-telescope spectrometer was mounted so that 
it could be rotated about the vertical diameter of the 
radiator in a horizontal plane containing the neutron 
source, Because of the finite solid angles, the angle 
between a charged particle detected by the telescope 
and an incident neutron could differ by as much as 12 
degrees from the nominal setting. For such large differ 
ences, of course, the contribution to the solid angle is 
small. In order to compare experimental results with 
theory, the theoretical curves were “smeared” in the 
manner described by Ribe and Seagrave.® 

ligure 2 shows a block schematic diagram of the 
apparatus and circuits used. The fast pulses from the 
proportional counter and the slower pulse from the CsI 
crystal were amplified and put into a time-coincidence 
analyzer with a resolving time of 0.35 wsec, ‘The analyzer 
judgment as to coincidence was made when the pulses 
reached their peak. Delays were therefore inserted in 
the inputs from the proportional counters to take 
account of their greater speed. The pulses from the 


*F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954 
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proportional counters were also fed into a circuit which 
selected the least pulse of the two when coincidence 
occurred,’ The least pulse shows less spread in pulse 
height for a given group of particles than either of the 
two input pulse-height distributions. Upper and lower 
discriminator settings on the inputs to the coincidence 
analyzer determined which pulse heights were accept 
able. Time resolution was determined by the coincidence 
circuit. Accidental counts were negligible for the fluxes 
used here. This was determined by insertion of delay 
between the proportional-counter pulses and the scintil- 
lation-counter pulses, The linearity of the system for 
analysis of the scintillation-counter pulses was tested 
with an accurate pulser and found to be linear to within 


0.5Y, absolutely and to have equal channel widths to 
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Fic. 3. Scintillator pulse-height distributions for the deuterons 
from the interaction of 14-Mev neutrons with N™ for various 
spectrometer (laboratory) angles. The crosses and dashed curve 
for the 55° case represent data taken with a higher bias (in order 
to eliminate recoil protons from hydrogenous material in the 
spectrometer) 


*G. Igo and R. M. Eisberg, Rev. Sci. Instr. 25, 450 (1954) 
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within 2%. The system also did not overload for the 
pulses occurring in this experiment. 

A polyethylene radiator was used to check the 
operation of the coincidence-telescope spectrometer. 
The angular distribution of recoil protons was found to 
be isotropic in the center-of-mass system to within 5% 
between zero and 90 degrees. The known neutron flux, 
number of hydrogen atoms, observed counting rate and 
cross section gave a value for the solid angle in agree- 
ment with that calculated from the dimensions of the 
telescope to within 3%. Since the flux is known to only 
4%,, this is acceptable. 


RESULTS 


Figure 3 shows the data obtained. The difference of 
the counts obtained for the Be,N» and the Be radiators 
is plotted. An integrated flux of 2.63 10" neutrons/cm? 
passed through each radiator in most cases. ‘Two peaks 
due to the N'*(n,d)C¥ reaction appear. These peaks 
have widths consistent with the width found for Pu 
alpha particles when account is taken of the radiator 
thickness. The positions of these peaks were compared 
with those from deuterons of various energies by use of 
a deuterated polyethylene radiator. The latter had a 
j-inch diameter circular area, weighed 2.47 mg/cm?, and 
the hydrogenous content was 96% deuterium. The recoil 
deuterons were observed at 45° and 55° to the neutron 
beam giving 6.3-Mev and 4.1-Mev deuterons, respec- 
tively. Recoils at 32°, giving 8.9-Mev deuterons, were 
also observed although the cross section is quite low 
there.” Recoils at 0°, giving 12.63-Mev dueterons, were 
not stopped in the crystal. Integration of the stopping 
cross section showed that they lost 9.6 Mev in the 
crystal. After correcting for radiator thickness and loss 
in the counter gas, these measurements gave an energy 
versus pulse-height curve for deuterons which was linear 
within 2% and intersected the energy axis at one Mev. 
By interchanging the Be,N» radiator with the CD, 
radiator, the peak at higher pulse height was found to 
correspond to 8.55+0.20 Mev deuterons at 15°, or an 
energy release of —5.43+0.20 Mev. From the energy 
releases in the C¥(d,p)C and C'(p,n)N™ reactions," 
the calculated energy release for a ground state transi- 
tion in the N4(n,d)C* reaction is —5.318+0.006 Mev. 
The position of the peak at lower pulse height was 
compared with the ground state peak position. The 
former, at 15°, corresponds to 5.05+0.20 Mev deu- 
terons, or an energy release of —8.97+0.20 Mev, or an 
excited state of C™ at 3.65+0.20 Mev. The known 
excited states of C™ in this region are located at 
3.094+-0.01 Mev, 3.684-0.01 Mev, and 3.86+0.01 Mev.! 
Transitions to the second of these states, and possibly 
the third, could account for the observed peak. From 
these energy measurements, the peak could not corre- 

© J. D. Seagrave, Phys. Rev. 97, 757 (1955) 


4D). M. Van Patter and W. Whaling, Revs. Modern Phys. 26 
402 (1954) 
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spond to transitions to the first excited state although 
some contributions from this source may be present. 

The energies of the deuterons changed with the angle 
of observation. Both peaks shifted downward by 0.9 
Mev as the angle increased to the maximum of 65°. 
This test is not sensitive but the variation was in agree- 
ment with that calculated for the N“(n,d)C" reaction. 
The same gain was used for all the distributions shown 
in Fig. 3. 

The pulse-height distributions were taken 
various discriminator settings for the least pulse from 
the proportional counters acceptable to the coincidence 
circuit. This was done in order to identify the particles 
producing the above peak as deuterons. As a basis of 
comparison, the bias curve for 12.63-Mev deuteron 
recoils and that for the ground state peak were taken 
together. The results are plotted in Fig. 4(a) together 
with bias curves for 8.7-Mev protons, deuterons, and 


with 
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Fic. 4.  Particle-group 
counting rate versus bias on 
the proportional counters 
The upper curve in each 
case corresponds to deu 
terons of known energy 
The lower curves are cal 
culated for protons, deu 
terons, and tritons of the 
energy in question. (a) 
Ground state transitions 
(b) Excited state transi 
tions 
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tritons calculated from the recoil-deuteron bias curve 
The ground state peak obviously agrees with the 
deuteron curve. A comparison of the bias curves for the 
ground state peak and the excited state peak is shown in 
Fig. 4(b) together with the calculated curves for 5.7- 
Mev protons, deuterons, and tritons. Again, the lower 
pulse-height peak is due to deuterons. 

The absolute differential cross section for the pickup 
reaction is given by the known total number of neutrons 
per cm’, the known number of atoms of nitrogen, the 
known solid angle of the detector, and the number of 
deuterons observed. The latter was determined by 
adding the number of counts under the peaks observed. 
A counting rate versus resolving time curve was taken 
at each angle to ensure that the spectrometer was 
operating on a plateau and that no deuterons were lost 
A bias curve was taken at 15°, 35°, 45°, and 55° to 
ensure that the peaks were due to deuterons and that no 
deuterons were lost. At 55° recoil protons of about 4.5 
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Fic. 5. Center-of-mass 
differential cross sections for 
N'(n,d)C™ and N'4(n,d) 
C4*(3.68 Mev) with 14 
Mev neutrons. Solid curves 
are theoretical fits (with 
effect of finite apertures 
folded in) for angular mo 
mentum transfer of one in 
each case. Dashed lines are 
assumed isotropic 
nents 
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Mev, from hydrogenous material in the spectrometer, 
occur which have the same energy loss in the propor 
tional counters as the ground state deuterons. ‘To 
ensure their elimination, the excited state peak was also 
taken with a higher bias. This curve is shown in Fig. 3 
and the number of counts under it was taken as the 
number of deuterons observed, at 55°, for the excited 
state peak. At 65°, the recoil protons form a background 
on the low-energy side of the excited state peak. This 
was subtracted using the shape of the pulse-height 
distribution found at 65° with the polyethylene radiator 
The resulting cross sections were transformed to the 
center-of-mass system and are plotted in Fig. 5 


DISCUSSION 


Theoretical pickup curves were calculated using the 
simple plane-wave pickup theory given by Thomas.’ A 
nuclear radius of 4.5X10~" cm was used 
value resulting from Holt and Marsham’s 
[ (1.7+1.2A') K10-" 
radius results of stripping experiments. An 
which pre 
sumably The 
effect of the finite apertures was folded in with these 
theoretical curves, and the resulting curves are drawn 


This is the 
* expression 


cm] summarizing the nuclear 
Isotropi 
contribution was assumed in each case 


represents compound-nucleus effects 


in Fig. 5 as solid lines. The dashed lines in Fig. 5 give 
the isotropic contributions assumed 

The curve through the ground-state differential cross 
section points was calculated assuming an_ orbital 


angular momentum of one for the picked-up proton, No 


J. RK. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 


A66, 1032 (1953 
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other orbital angular momentum transfer gives agree- 
ment with the known spins and parities. It is also in 
agreement with the stripping results of Bromley” in the 
inverse reaction, C'*(d,n)N", but in disagreement with 
those of Benenson."* The present experiment, therefore, 
confirms the belief! that N' has even parity, its parity 
being opposite to that of C® which in turn is opposite 
to that of C. From the absolute value of the cross 
section, the reduced width for the separation of the 
ground state of N“ into the ground state of C and a 
proton is 0.090 Mev. In units of h*/ya’, where yu is the 
proton reduced mass and a is the nuclear radius, the 
reduced width is 0.040, The meaningfulness of this 
value, in view of the simple theory used to obtain it, is 
improved by the fact that Coulomb effects should be 
slight because the deuteron energy is about three times 
the barrier height 

The curve through the 
cross-section points was calculated assuming an orbital 


excited state differential 


angular momentum transfer of one also. This is the 
only single transfer of angular momentum which gives 


agreement with results. Transitions to the second 


excited state require such a transfer. From the absolute 
value of the cross section, the reduced width for the 
separation of the ground state of N" into the second 


excited state of C and a proton is 0.085. Transitions to 
the first excited state require s-wave pickup and to the 
third excited state, d-wave pickup. A combination of the 
two could be made to fit the angular-distribution 
results but not the results of the energy measurements. 
Upper limits for the reduced widths for the separation 
of the ground state of N' into a proton and the first 
and third excited states of C™ are 0.0045 and 0.045, 
respectively. The deuteron energy is about twice the 
barrier height here. 

The ratio of the reduced width for transitions to the 
ground state of C to that for transitions to the second 
excited state is 0.47. This ratio ought to be relatively 
free'® of the uncertainties associated with the extraction 
of reduced widths from stripping and pickup cross 
sections, It is interesting, therefore, that the extreme 
LS coupling model gives a value of 0.38 for this ratio 
using Lane’s'® expression for the reduced width. In this 


model, the N'4 ground state is taken to be 4S,. There is 


1) A. Bromley, Phys. Rev. 88, 565 (1952) 

“RE. Benenson, Phys. Rev. 90, 420 (1953) 

'*'T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955) 

A.M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953); 
Atomic Energy Research Establishment (Harwell) Report T/R 
1289, 1954 (unpublished) 
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fairly good agreement although it is quite possible that 
an intermediate-coupling model would give just as good 
agreement using a mixture of *S,, 'P,, and *D, wave 
functions. There is good evidence’’ that such a mixture 
fits the experimental information on the decay rates of 
C4, N™* and O"and thereby accounts for the puzzlingly 
long lifetime of C. A previous explanation | of this 
long lifetime was that the ground state of N'* was a 
pure *D, state. This is ruled out since the ratio of 
reduced widths would then be 4.7 in definite disagree- 
ment with the observed value of 0.47. The disagreement 
applies, of course, only to the case of a pure *D, state. 

Standing’ has measured the absolute differential 
cross section for the pickup reaction of 18-Mev protons 
with nitrogen. His results should be comparable with 
those obtained here if both reactions proceed pre- 
dominantly by pickup since the residual nuclei are 
mirror to each other. The ground state transition goes 
by an angular momentum transfer of one and the 
reduced width obtained by Standing is 25% less than 
that obtained here. The agreement is quite good, 
possibly because corrections are about the same in the 
two cases. The similarity in the values of the reduced 
widths is in agreement with the assumption of charge 
symmetry of nuclear forces. The validity of this 
assumption had been questioned” in connection with 
(d,p) and (dn) stripping reactions; however, an 
experimental comparison” of the C(d,p)C™ and 
C"(d,n)N™ stripping reactions at the same bombarding 
energy gave the same conclusion reached here. Standing 
finds no transitions to the first excited state of N™. 
He places an upper limit on the reduced width for this 
transition which is about one-third of that found here. 

Following the analysis given by Standing,’ the 
present result for the corrected ground-state reduced 
width is in qualitative agreement with that calculated 
using the independent-particle shell model. This result 
suggests that the N“ ground state is a D state to a large 
extent. This isin agreement with the work of Sherr et al."” 

It is a pleasure to acknowledge many useful discus- 
sions with J. Coon, F. Ribe, and J. Seagrave concerning 
this work and the indispensable aid of J. Connor, R. W. 
Davis, H. Felthauser, and R. Greenwood in the opera- 
tion of the neutron source. 
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The methods of calculating the energy levels in spheroidal nuclei are discussed. It is shown that the 
expansion of the perturbation in powers of the deformation parameter, 8, leads to a very slowly convergent 
series representation of the matrix elements. An alternative method of expressing the perturbation, due to 
Moszkowski, which can allow a better calculation, is also discussed 


E shall be concerned here with the calculation of 

the energy levels of a particle moving in a 
spheroidal potential by perturbation techniques, the 
interparticle interactions being neglected. Such caleu- 
lations have been performed by Gottfried,' Nilsson,’ 
and Moszkowski.* Different types of potentials in 
various approximations have been considered by these 
authors. We consider here the convergence of the per 
turbation calculation for a finite square well and for a 
finite sloping-wall potential. 

Some of the contents of this article have already been 
referred to in the literature.’ In view of the still growing 
importance of such calculations it is felt that the matter 
should be discussed in detail. 

If a spherical nucleus of radius Ro is deformed into 
a spheroid of the same volume, the radial coordinate 
at the surface of the spheroid will be given by 


Ry(1—38)'/6(1—p)-4 
X {1—28(1—8)~'P2(cos@)} E. <f) 


r= po 


where 8 determines the deformation’ (see Appendix). 
The equipotential surfaces which were spherical in the 
original nucleus are assumed to become spheroidal as a 
result of the deformation. Hence, the potential V(r) in 
the original nucleus becomes V (rRo/po) in the deformed 
one. 

The solutions of the spherical problem 


Hou=(T+ V(r) ju=Eou (2) 


are assumed to be known and we seek the solutions of 
the spheroidal problem 


Hx =[T+V (rp) lx (Hot H’)x = Ex, (3) 
where 
H'=V(r,B)— V(r). (4) 


* Based in part on part of a thesis submitted by K. Kumar in 
partial fulfillment of the requirements of a Ph.D. degree at 
McMaster University. Supported in part by a grant from the 
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For the perturbation calculation we need the matrix 
elements 
(u,H'u’), (5) 


In general these can be evaluated by expanding 1’ in 
powers of # and integrating term by term. 


8 
i’ BrvV'(r) P(0)4+—{( V(r) P?(0) 


trV'(r)[1—2P2(0)— P?(0) |} 
p 


= 
3! 


PV" (vr) P3(8) } } } (6) 


In some cases direct evaluation of the integral (5) may 
be simpler (see Appendix). 
Consider now the square well potential, 
V (x) Vo for x<Ro 
0 for x>Rp. (7) 
lor the spherical case (v=r), the wave functions are 


Ant) UY ni) Pijm(8,¢) for r<Ry 
r>Ro. (8) 


u= Riaijim 
Byhi(tanr)dbiim(9,¢) for 


Although not shown explicitly in (7), spin-orbit 
coupling is assumed so that the angular parts, @ijm, 
are the shell model wave functions. The 7;’s and h;’s are 
the usual spherical Bessel functions. 

The general matrix element of the perturbation up 
to 6°, if one assumes that the spin-orbit term is not 


affected by the deformation, is 


(u,H'u') = Dat wvl BOP) +B? {K 


}) | (P2) 


MP2) 
MK (S+ fait fav) } +B2{(— 4)—4CP2) 
MK (1+ fait fav ACP?) (54 ft fav) 
FRPP (3S+I3 (fart fav) +2 fafa 
t Fart Fwv))}t , (9) 


where 


Dt; nv (10a) 


r dR, 
Int ( ) 
Ru dr r= Ko, 


r CR, 
Pat ( ) F (0,8), (10c) 
Rat dr’ r=hy 


VoRa(Ro) Rar (Ry) R., 


(10b) 
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and the angular brackets denote matrix elements 
between angular momentum states (see Appendix). It 
should be noted that F,,, and all other higher derivatives 
are double-valued at r= Ro, so that in evaluating the 
angular integrals the values of derivatives for r> Ry or 
r<Ry should be substituted depending on whether 6, 
the angular parameter, is such as to make po> Ro or 
po< Ro in Eq. (1). That is the reason why F,,, is also 
written as F,,(0,8) in (10c). 

Some of the terms of the expression (9) have been 
used in earlier works. The first term originally derived 
by Rainwater® and by Feenberg and Hammack® enters 
into all calculations of the collective model. Gottfried! 
diagonalized the matrix using only the term «@ and 
part of the #* term, viz., (4(—1)4+(P2)). He made an 
estimate of the (/?,”) part of the 6* term on the basis of 
certain approximations and concluded that its omission 
from diagonalization was justified. In view of the work 
reported here, this conclusion must be considered 
untenable. 

By directly evaluating the expressions in (9), it can 
be seen that the part so neglected is actually more 
important than the parts heretofore considered. In the 
case of a square well potential of 32-Mev depth (the 
same as used in reference 1), the successive terms of the 
matrix clement were evaluated for a large number of 
cases on the electronic computor of the University of 
Toronto. The complete #* term was evaluated exactly 
and the #* term was evaluated on the basis of the 


approximation 


(PAF a1) = (PF (interior). (10d) 

It is possible to show the relative importance of 
different terms by quoting the numerical values of the 
typical matrix elements. A more complete indication Is 
obtained by considering the spurs of the component 
matrices. Since the spurs are invariant under unitary 
transformations, the total energy available for distri- 
bution among the eigenvalues after diagonalization will 
be the same as the sum of the diagonal elements before 
diagonalization. For example, in the m= 4, odd-parity 
matrix neglecting the continuum, the spur of the part 
proportional to # is 698 Mev, the spur of the 
((—4)+-(P2)) part of the 6* matrix is 1226* Mev and 
that (/’,*) part of the 6? matrix is 4586? Mev. It is seen 
that the (?,*) matrix is more important than the first 
two and should be included in any diagonalization. 
This is generally true for all values of m. It can be seen 
by noting that the /,,’s are independent of m and that 
in general (P.)=(?P,*) for all values of m.” The 6* term 
is found to be even larger. The approximation (10d) 
gives an overestimate because actually the exterior 


* J. Rainwater, Phys. Rev. 79, 42 (1950) 

*E. Feenberg and K. C. Hammack, Phys. Rev. 81, 285 (1951 

’ For a tabulation of the Clebsch-Gordan coefficients and matrix 
elements of P2, P?, and P, some of them involving values up 


to j= 17/2, see K. Kumar, Can. J. Phys. 35, 341 (1957) 
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value of F,, should also be used at some angles. A more 
careful study of this term is therefore required. 

For any potential which has a discontinuity at some 
point, the exact evaluation of the expressions of the 
type (10d) would be difficult. One can avoid this by 
considering a continuous potential where the integration 
of (6) does not involve anything of the type (10d). 
This case is treated below. 

For example, consider the potential 


V (x) =4Vo{tanh[a(a—b) |—1}, (11) 


where Vo, a, and b are constants determining the depth, 
diffuseness, and extent of the potential. 

In calculation of the matrix elements (5 and 6), 
integrals of the following type occur: 


I; fev Ru Rev(ade, 


fev Rule Rer (x)dx, 


I; fev oRurer (x)dx. 


For purposes of illustration, let” 


12, b=1.15, x=r/Ro; (13a) 


i; x=r/Ro. (13b) 


The following discussion does not depend critically on 
these specific values, however. 

The successive integrals in (12) are proportional to 
successive powers of a. Although some cancellation 
occurs in the integrals, it is not large enough to change 
the order of magnitude of the terms. A general proof 
of this statement has not been possible. It can be 
inferred by looking at the integrals and realizing that 
the wave functions decay approximately exponentially 
in the region of interest. It was verified by numerical 
integration up to J; for the particular case (13). Wave 
functions given by Green and Lee’ for a well with 
exponentially diffuse boundary, which is very similar 
to the above case, were used. 

When these values of the integrals are substituted in 
the expansions of the matrix elements of (6), cancel- 
lations sometimes occur but, again, do not change the 
order of magnitude of the terms. The angular matrix 
elements of P2, Py’, P. are of the same order,’ so that 
the series for the matrix element (6) converges approxi- 
mately as [ (aB)"/n! ]. 


* R. Hofstadter ef al., Phys. Rev. 95, 512 (1954); D. G. Raven 
hall and D. R. Yennie, Phys. Rev. 96, 239 (1954); K. W. Ford 
and D. L. Hill, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Stanford, 1955), Vol. 5, p. 25; K. W. Ford and D. L. Hill, 
Phys. Rev. 94, 1617 and 1630 (1954); also L. Wilets, Phys. Rev. 
101, 1805 (1956). 

9A. E. S. Green and K. Lee, Phys. Rev. 99, 772 (1955) 





CALCULATIONS 


The values 0.19 6< 0.26, being the ones generally 
encountered in quadrupole moments, are of interest. 
For (13a) in most cases the 6* term is considerably 
bigger than the first two, and we estimate that to 
obtain an accuracy of ~20% nearly ten terms will have 
to be considered. For (13b) the number will be some- 
what less. The convergence cannot be improved ap- 
preciably by increasing the diffuseness (decreasing a) 
since for a=4 the tail of the potential is already as 
large as the radius itself. For such values cancellation 
on substituting integrals in (6) may become important, 
but that will be all the more reason for considering a 
large number of terms. Similarly, the convergence will 
become worse as the diffuseness is decreased. Although, 
for the cases where the changes in the wave functions 
and cancellation of terms become important, the series 
may not converge strictly as (af)"/n!, the present 
calculations demonstrate the dangers of this method. 

The observations regarding the particular cases [(13a) 
and (13b) |, are almost quantitative and it is seen that 
they will cMange little for reasonable changes of diffuse 
ness. Also the difficulty observed for the case of discon 
tinuous potentials cannot be overcome by introducing a 
nominal continuity nor even by a substantial diffuseness. 

It is submitted that no calculations using such ex 
pansions for the perturbation matrix elements and 
considering only first or second terms can be considered 
valid. That some reasonable results can be derived from 
these is due either to a remarkable coincidence or to 
the fact that by some peculiar circumstance nuclei 
undergo deformations which will give rise to matrix 
elements which are equal to the first term or the first 
two terms of (6). In the latter case the shape will not 
be strictly spheroidal and cannot be calculated easily. 

In Fig. 1 the radial shape of the potential, (11) and 
(13b), obtained by taking terms up to #* and #* in 
expansion (6), are compared with the actual spheroidal 
shape for which the solution is generally sought 
Figures 1(a) and 1(b) show the comparison for 6=0° 
and @=90°, respectively. It is seen that the approximate 
potentials (even with terms up to #*) do not even begin 
to approach the actual potential sought. It is also 
clear that many more terms will be needed before the 


actual potential is approximated to reasonable 


any 
degree. 

If the zero-order potential is made 
increasing a in (11), the convolutions in the curves of 


more sharp, by 


Fig. 1 will become more acute and will tend to localize 
around a certain value of r (= Ry» in this case) so that 
more terms of the series (6) will be needed to obtain 
an adequate approximation 

In the case of a discontinuous potential, one has a 
series involving derivatives of 6 functions, all located 
at the discontinuity (r=R, for square well). It is 
difficult to imagine how they will spread out to give a 
rectangular potential with the boundary given by 


T= po. 
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J with 
the parameter values given in (13b), is compared with the approxi 
curves (ii) ] and 6 [curve (iii) ] given by 
Phe behavior is shown at two polar angles 
and (b) @=90 


shape | curve (i) | of the potential (11 


Fic. 1. The true 


mations up to order ( [ 
Eq (6), for B=0.2 
a) 0=0 


The purpose of these diagrams is only illustrative 
The conclusions reached above by considering the 
convergence of the series representation of the matrix 
elements are more general, They should apply to a 
large class of nuclear potentials. 

It may be noted at this point that in the special case 
of a harmonic oscillator (Vor*) potential, the fact that 
rV'=rV" and r"d"V /dr" =0 for n2 3 leads to a cancel 
lation of all powers of P» higher than the first, in the 
expansion (6). In this case an approximation containing 
only terms up to /? will show no serious shortcomings 
work in 


This was noticed on the basis of numerical 


reference 1. It can now be seen that this fact, arising 
as it does from a unique feature of harmonic oscillator 
potential, will not occur in any other potential. In this 
respect, at least, the types of potential that must occur 
in nuclei are very different from that of an unbounded 
harmonic oscillator 

To summarize, one may say that a perturbation 
treatment of the problem of determining the energy 
levels in a deformed nuclear potential requires a careful 
study of a large number of terms in the series repre 
sentation of individual matrix elements. For potentials 
with a finite well depth and a reasonable extent of 
diffuseness at the surface, an expansion of this type 
would require several terms before reasonable accuracy 
is obtained. For potentials with a discontinuity such 
an expansion js not easily evaluated 

Some 
oscillator? have been noted above 


unbounded harmoni 


We insert 


peculiarities of an 
here a 





1102 K. 


few more remarks in connection with infinite po- 
tentials**; For the spherical case the eigenvalues inside 
an infinite potential are in general very much different 
from those inside a finite potential. The difference 
becomes more pronounced when a realistic finite diffuse 
boundary potential is considered.’ It is not sufficient 
that the energy levels of the zero-order spherical 
potential be similar to the one given by Klinkenberg.” 
The potential must also be compatible with the other 
accepted ideas about the nucleus. Only a finite diffuse- 


boundary potential seems to satisfy these require-: 


ments." This is important to note because the deforma- 
tion may induce different changes in the levels of 
different potentials. 

In his work on deformed nuclei Moszkowski* trans- 
formed the wave equation from the usual coordinates 
(x,y,2) to coordinates (x’,y’,2’) given by 


a= D-'y’, y=D-ty’, 2=Dz7’. (14) 


In the new coordinate system the wave equation for the 
spheroidal nuclei takes the form 


({ (2D—D~*)/6m\p"—[ (2D—D~) /6m]Tw(p’) 


+V(r')—Ejp(r’)=0. (15) 


This equation can also be solved by perturbation 
methods. The energies and the wave functions of the 
spherical case can again be taken as the zero order. For 
the perturbation, however, no expansion in terms of the 
deformation parameter is needed. The improvement is 
brought about by the fact that although the zero-order 
wave functions are formally identical with the previous 
ones, they already contain some effect of the deforma- 
tion since they are defined in a different coordinate 
spac ce. 

Moszkowski’ has treated the case of an infinite square 
well potential. We give here the matrix elements for 
any central potential, V(r), deformed to a spheroidal 
potential, V(r’). 

For 
j=!’, 
(nl| Eni— Vi n'b) 
XC jlm| Po! 7M Yo mm. 


(njlm| T9\n'7'l'm’) 
(16) 
For 


I’ =1+-2, 


(n’ j'U'm' | Tn jlm) 


| id i | 
- (wt E,1— V+ (2l4 ( - )|™) 
rdr r 


xX (j'U'm'| P2| jlm)bmm. (17) 


“ P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952) 
" See, e.g., B. J. Malenka, Phys. Rev. 86, 68 (1952); M. A. 


Melkanoff ef al., Phys. Rev. 101, 507 (1956); also references 8 
and 9. 
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When the wave functions for the spherical case can 
be expressed as linear combinations of spherical Bessel 
functions, one numerical integration is involved in each 
of the above matrix elements. A more reliable calcu- 
lation can be made with the help of these matrix 
elements with less labor than is necessary for a similar 
effort by the expansion method. 

In the above, the effect of deformation on the spin- 
orbit term has not been taken into account. This can 
also be done in a straightforward but complicated 
manner as suggested by Moszkowski.’ 

Here, as in other studies with finite potentials,’ the 
continuum of unbound states is left out of consideration. 
This neglect can be quite serious for the levels near the 
top of the well and still remains unrectified. 


APPENDIX 
The surface defined by 
&=D(x2+y")+D 2 (A.1) 


is a prolate spheroid, an oblate spheroid, or a sphere 
according as D is greater than, less than, or equal to 
unity. It encloses a constant volume (42/3)R,* inde- 
pendent of D. 

Let (D'—1)/D*® = 38; so that 


Re=r(1—38)-*(1—B)[1 — 28(1—8)* P2(8) J. 


If a sphere of radius Ro is deformed, without change of 
volume, to a spheroid, the radial coordinate, po, of the 
surface of the spheroid is given by 


po= Ro(1—38)"/6(1—B) [1 — 28(1—8) *P2(8) 4. (A.2) 


The spheroidal potential can be obtained from a 
spherical potential, V(r), by replacing r in V(r) by 
(rRo)/po. This spheroidal potential V(r,8) can be ex- 
panded in powers of 8. Thus 


V ( r,B)= V (r) +B(ds V)o 


1 1 
+ B*(d¢? Vo)+ B®(0—8°V)o+ oe 
2! 3! 


where 


dV 
(0sV)o= ( - ) =(0,V (x) -Apox-Agpo)o. 
dB J p..0 


For x=1Ro/po, one gets 
(OgV)o= —rV' (r) P2(8). 
Similarly, 
(0fV)o=7V" (r)[ P2(0) P+1V’(r) {1 —2P2(0) 
—[P2(0)%}, (A.4b) 

and 
(0g°V)=—FV'" (1) P2(8) PV" (r) 

X (30 P2(0) P+-6LP2(0) P—3P2(0)} —rV' (r) 

x (3 P2(6) P+-6[ P2(6) P+9P2(0)—8}. (A.4c) 





CALCULATIONS OF ENERGY 


For a square well potential the derivatives in (A.3) 
and (A.4) involve 6 functions and derivatives of 6- 
functions at r= Ry. This is, of course, true for any po- 
tential which has a discontinuity. As a result the 
configuration-space representation of the potential 
contains nonphysical entities. The matrix elements of 
the perturbation can, however, be evaluated by partial 
integration. 

Alternatively, the matrix elements (6) for the above 
potential become 
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LEVELS 


(u,H'u’) = futvirs)- V(r) |u'dV 


(A.5) 


nice Vo f 00% bvm f Rw Ryvr'dr. 
Ro 


Expanding the integral in a Taylor series [in powers of 
(po— Ro) | about Ry and introducing the definitions 
(10), one obtains (9). 
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Central, tensor, and spin-orbit potentials are calculated for the neutron-proton triplet state. They allow 
explicit solution of the Schrédinger equation and fit the low-energy data: effective range, scattering length, 
deuteron binding energy, quadrupole moment, and D-state probability. The deuteron wave function as well 
as scattering wave functions which result from these potentials are also computed. The potential and wave 
functions which fit the low-energy singlet state data are also obtained. 


I. INTRODUCTION 


WO distinct methods may be followed in attempt- 

ing to determine interparticle forces phenomeno- 
logically from limited amounts of experimental data. 
One is to assume a particular model for the potential 
which depends on a certain number of parameters. 
The parameters are fixed by comparing predictions of 
the model with experiments. The other method is to 
extrapolate the experimental data until they allow 
more or less unique inference of the potential. The first 
method is the one used ordinarily. The present work 
represents an application of the second technique. 

Our primary object is to determine phenomeno- 
logically a neutron-proton potential that leads to the 
experimentally well-established low-energy data. These 
data, in the triplet state, consist of values for the scat- 
tering length, the effective range, the binding energy, 
the D-state probability, and the quadrupole moment of 
the deuteron. In the singlet state there are only the 
scattering length and the effective range to be fit. The 
triplet state will be our main concern. 

The procedure for the construction of potentials from 
phase shifts (assumed given for all energies) was out- 
lined in principle for central potentials by Jost and 


* Partially supported by the National Science Foundation 

t Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research of the Air Research and De 
velopment Command. 


Kohn,' and for tensor potentials by Newton and Jost.’ 
The process can be carried out in closed form for a cer- 
tain class of phase shifts by which all reasonable ones 
can be approximated. This was done for central poten 
tials by Bargmann,* and for tensor forces by the present 
authors.® The potentials so obtained are the first known 
tensor potentials for which the Schrédinger equation 
admits of a solution in terms of known functions. The 
present work is an application of these explicit methods 
to the low-energy neutron-proton interaction, 

In Sec. II calculations are carried out for the singlet 
state. In this case, in which no fensor force is re 
quired, the result is one of the solutions obtained by 
Bargmann.‘ 

In the triplet state the procedure is the following: 
The S- and D-state elements of the scattering matrix® 
are assumed for the purpose of the explicit method to 
be rational functions of the wave number k. We intro- 
duce the minimum number of parameters required to 


'R. Jost and W. Kohn, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 9 (1953) and previous papers referred 
to there 

?R. G. Newton and R, Jost, Nuovo cimento, 1, 590 (1955) 

+R. G. Newton, Phys. Rev. 100, 412 (1955) 

*V. Bargmann, Revs. Modern Phys. 21, 48% 
unpublished 

§T. Fulton and R. G. Newton, Nuovo cimento 3, 677 (1956) 
We shall henceforth refer to this paper as “I,” and shall refer to 
equations in it as 1(4.6), et« 

® We shall call this S-D state submatrix of the scattering matrix 
simply the S-matrix from now on 


(1949), and 
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yield a nontrivial solution which is physically reason- 
able. Our choice corresponds to taking an a eigenphase 
shift for which the effective range approximation is 
exact, and a @ eigenphase shift which is identically zero. 
One further parameter fixes the mixture angle appear- 
ing in the scattering matrix. 

The next step is to find the matrix function F(R) con 
nected to the S matrix by the relation 


S(k) =F (Rk) FO (—k). 


Krom F(k) we construct’ 


T (k*) =(F?(k)F(—k) }", 


which determines the continuum part of the spectral 
function. Since there is a bound state, the spectral 
function also possesses a discrete part. To fix this part 
a further free parameter, d, is introduced, This allows 
for the existence of a one-parameter family of potentials 
with the same binding energy and S matrix. The spec- 
tral function then determines a function G(s,r) which 
enters the generalized Gel’fand Levitan equation® 


Kis) +60) + fF aicts,K Un 0) 


for K(s,r). This equation is solved by reducing it to a 
set of coupled differential equations which in turn can 
he solved by combinations of spherical Bessel functions. 
The potentials as well as bound state and scattering 
wave functions are then obtained directly from K (s,r) 
In the interest of brevity we shall rely on reference I 
where the method is given in detail, rather than attempt 
to make this paper self-contained, 

The entire derivation of the triplet potentials and 
wave functions is contained in Sec. IIL of the present 
paper. The result is summarized at the end of that 
section and is contained completely in Eqs. (26) to (44) 

Section IV contains the direct application to the 
neutron-proton triplet state. The parameters are fixed, 
and the results are exhibited in graphs and discussed. 
It should be remarked that, although we are using only 
low-energy data to fix our parameters, the potentials 
will lead exactly to the extrapolated phase shift at all 
energies. Once we take a specific functional form for the 
S matrix, assumed to hold for all energies, the whole 
process is exact. ‘To the extent to which the experimental 
phase shifts at higher energies disagree with our ex 
trapolation, the calculated potentials break down, One 
can improve the results in principle by fitting the phase 
shifts to higher energies. This can again be done by 
using an § matrix which is a rational function of the 
wave number but contains more parameters than we 
have used. The calculation of the improved potentials 
would proceed essentially in the same fashion as the 


’ The superscript “7”? means “transposed”’; an asterisk is used 
for complex conjugation, and a dagger, for Hermitian conjugation 
* See references 2 or 3 
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work in the present paper. If an energy dependence of 
the forces is allowed, one may also make the parameters 
energy-dependent. 

We should especially like to note two features of the 
potentials here obtained. The first is the existence of a 
finite repulsive core, and the other is the presence of a 
(relatively weak) spin-orbit force. The latter is a conse- 
quence of the fact that it is not known what restrictions 
the S matrix has to satisfy in order to be associated 
with a velocity-independent potential. 


II. SINGLET POTENTIAL 


In the singlet state we need no tensor force. Hence we 
restrict ourselves to the S part of the scattering matrix. 
The simplest assumption of a rational function of k is 


k+ip\ /k—-ia 
eb 
k—ip k+ta 
where a and § are positive. This amounts to assuming 
that the effective range approximation is exact for all 
energies. Here 
A=, (a- 2ro,/a,)'—1 |, 
B=Toz (1 — 290. a,)' +1 |, 
ry, and a, being, respectively, the singlet effective range 
and scattering length. 


The potential corresponding to the above phase 
shift was given by Bargmann. It is 
V (r) = 28? (a? — B*) (B cosh6r+a sinh#r) 


‘The scattering wave function is given by 
+B? y I a’ —p? 

(kr) ( ) snk ( ) 
k+a? +6? 


8 sinkr cosh8r—k coskr sinh#r 
x( )| ~ sin(kr+6). 


B cosh6r-+a sinhgr 


With the 


experimental values’ 
¥o,=2.6X10~-* cm, 
a,= —23.7X10~" cm, 


10 


the parameters a and 8 become 
a=0.04X 10" cm", 
B=0.8110" cm". 


The resulting potential is plotted in Fig. 1. 
Since the ratio a/8 has the small value 0.05, the 
potential can be approximated by 


V(r) 26°/cosh*pr. 
¥ J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York and London, 1952), p. 71. 
Since these parameters are expressed in units of 10 cm™', the 
potentials are calculated in units of 10% cm~*. If these results are 
multiplied by the square of the nucleon Compton wavelength, the 
potentials are expressed in units of the nucleon rest energy. 
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The approximation 
V (r) = — 54.4/cosh?(0.85r) Mev 
is slightly better. 
III. CALCULATIONS FOR THE TRIPLET CASE 


The S matrix we shall assume is the simplest one 
coupling S and D states whose elements are rational 
functions of the wave number k and which is not 
diagonalizable by an energy-independent transforma 
tion. It is 


1 ( 2x’ k? 
ke +44 kb? eh 
k+ip\ (k+ik | 
(DGD) lee 
X | \k—-1b k—ik ( ) (1) 


rr 2C 


S(k) 


8) 1 


This assumption means that the a eigenphase shift is 
given by 


6,= tan! (o/k)+tan !(x/k) (2) 


and the 8 eigenphase shift is assumed to be identically 
zero. The mixture angle e, in terms of which the asymp 
totic ratio of the D to S-component of the first eigen 


solution is tane, and that of the second, —cote, is 


e= tan”! (k?/2x?). (3) 


The first step in the construction of the potential is 
to find the matrix F(R) which is analytic in the lower 
half-plane, whose determinant vanishes there only at a 
point on the imaginary axis corresponding to a bound 
state, and which is such that 

S(k)=F(R)P(—k), 


F(k)=1. 


and 
lim 
+o Imk<0 


Distance in 10" cm 


' f 
‘es mp pei tt— ——————— 


Energy (Mev) 
> 
° 
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The technique of pair-wise removal of zeros, by which 
F is obtained from a rational S matrix, was described 
in I, Sec. 
ergy —«’, and x, ¢, and « are all positive, then we obtain 


2. If we assume one bound state with an en 


F(k)=(P\(k—id) + (1— Pi) (k-1d*)* | 
x [Pot (1— Ps) (k+ix) (k—ib)* | 


<[P3(k—-id*) + (1— Py) (R—1d) J, (D 


1/(d+x)(x—-KnK) xlxoK) 
n K(o+x) “y 


n= +(O+X) (x4), 
“(' ix(@+ x) iL x?+ (x a 
2n\iLx?+(o+x)? | nt+ix(@+x) . 
'(k) 


and 


Next we form the matrix 
T(k?)=FO(-—k) F? 


which enters the spectral function, Eq. 1(1.9). Following 


I, we construct the polynomial matrix 
F(R?) = (2+ x) (R*+- 44) T(R*) (5) 


from F(k). ‘The result, obtained most simply by the 
technique of successive removal of zeros in pairs, is 


5 (hk?) =[Pa(k?+X2) + Py? (+A) | 


k?+-«? Q 
x( ) Pal (REN) + P(N). (6) 
k? +’ 


We can also write 


M, M) My 
ray=i+(M-)4(M)4(M), 
k?+-? k?+-)? k?+)™ 


with 
’ K* 0 0) 
M, [ Ix?—4y? ImP; ( )I Ik?—4y? ImP;? |, 
o 7 


«'+ ty‘ 


ix? K’—)? () 
M,=M),* p.+( yrs 
x?—)? : @ db’ —d* 


The matrix @ which characterizes the discrete part 
of the spectrum, see Eq. 1(4.6) and 1(1.12), is given by 


C=dc'M,, (%) 


o+K 
d te( ) 
ok 


and ¢ is the arbitrary positive parameter which always 


where 
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enters the potential construction when there is one 


bound state. 
Application of the differential operator 


s(d/ds)s™ 0 
, ( ) 
0) s*(d/ds)s? 


to the left of the Gel’fand Levitan equation leads to the 


differential equation 1(3.21) 
5(—D,"")K(s,r) =0, (9) 

where 

,K(s,r), 


d?/ds?— 2s, 


K(5,r) 
D, 


and K(s,r) is the solution of the Gel’fand Levitan equa- 
tion. The solution of (9) is now somewhat more com 
plicated than in 1, because of the double zeros of & at 
k*=id and 1A*. First there are the solutions, also ob 
tained in I: 


Ve(s)\Kp(r), B=k, , A, r*. 


Vg" is defined in Eq. (44) in terms of spherical Bessel 
functions of imaginary arguments. Kg, must satisfy the 
equation 


y'KRalr) 0, (10) 


vector 7 represents the range"! of the 
§’). In this case, the y’s obtained are listed 


where the 

matrix F( 

in (33). 
In addition, (9) has solutions of the form 


A(0/AX) VV) (s) + BV, (5) 
We write 


F(R) = Fo(k*)[ (R?+-d*)?+ (R?+-A*) pi’ + pr’ | 


where %o(—A*) has an inverse. Then we must have 
a 


+ p;'A—(dA?— 2x”) V 


po’ B—2dp'A=0. 


Because of the first equation, any addition to p,’ of the 
form Mpy»' will not change A and B. Instead of p;’ and 


po’ we may therefore use in this case 


x? —)? Q 
Pi rs( ), 
0 ¢’— 


pe dix? pi Ps. 


) 


" That is, ail vectors of the form a$(—*) are multiples of y. 
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Consequently we may set 
A = P,T 


and solve for B to within the addition of anything 
annihilated by P;'. A solution is 


(S/N ’) 
. . (11) 
XX (K+) (G+A*)? 1 0 


The solution of (9) is therefore 


B=zZP;', 


K(s,r) =D) BV g" (s)Ka(r) 


(Bp) 
+ {Al (8/AA)V (5) +2V. (5) JK, (r)+e.c.}, (12) 
where 
y™ Ky (v7) =0 
and Kg(r) satisfies Eq. (10). This form of K(s,r) is 
substituted in 1(4.25), which takes the place of 1(3.20) 
in the case of a bound state. We collect the coefficients 
of the various linearly independent functions of 5 
appearing on the left-hand side of 1(4.25); they must 
all individually vanish. Use of 1(B.8) and 1(3.25) leads 
to Eqs. (13) to (18). 
The coefficient of @V 4" (s) is 


(1 +>- M, (ae —’)")K,=0, 


la 


(13) 
where 
a=x, h, X*. 


This is satisfied automatically because y‘*) Ky 
The coefficient of 0V,“?(s)/0X is 


(AW, —43M)2Z)K,“ =0, 


I+ > 


(a*#a’) 


where 


Wa M (oe 


a’) i 


Comparison with (7) and use of (6) shows that 


1 x*—)? 0 
V)P;" r( Jes, 
gi)? () ¢’—? 


and hence 


(AV) _ 4M)=)P3? 


r 2 -\? . 
ro(” ja +AP3'Z)P37=0. (15) 
Kn ‘ Xa 0 ?’ Xa 


Consequently, (14) is automatically satisfied because 
PytK,™ 0. 
The coefficient of X-'V,?(s) is 


WARK) + AM U- M&K (rr) Uy 1) 
+M), ms Bxrp YP KetrawW ZK 


(Br 
+2, > M,(ee—)*)?K, 
(aa 


+ M)A*(d/ OA*) xy #0 Kye) M Ex," 1K 0) 


~}M,ZW[(d/A)Vi ; Ux ]K, =0, (16) 





PHENOMENOLOGICAL 


where & is the matrix defined in (36), U,° (r) is defined 
in terms of spherical Hankel functions in (44), Uy is 
the diagonal matrix of U functions given in (43), W is 
the Wronskian, (39), and xas“”’ is a Wronskian of U 
and V given in (38). 

Multiplication of (16) by Ps on the left yields 


ORK, 0, VY PW Z+2d > M,(a- *)-*], 
(ata) 


because P3M),= PW) P37 =0. Now 

OP; #0, 
because the vanishing of the left-hand side would 
imply that 


K’—)? 0 
rf ja +AP,'Z)P 3’ =0, 
Q pr DN 


which contradicts (15). It 
PytK,=0 that K,=0. 
plifies to 


from 
sim 


therefore 
(16) 


follows 
Consequently 


O= By) K+ 


«LU a OF ; &K(r,r) { nN 1Bxxg . Ks |, (iF) 


with 


4x’ (p-+k) 
The coefficient of V,“(s) is 
WV KAM (U.4+dB, 
te! SY Bug Ke 


(St«) 


K?U USK (rr) 


+- dk 1V EK (rr) dk LY Brea Ke | 0, (18) 


p 
with 2," and ¥, defined in (38) and (43), respectively. 
If we set 


v= (1,0)[ le? — 4,2 ImP; |! 


then yM,=0, and (18) implies 


W.K.=0. 


Since y“)K,=0 and yy « (0,1) (Ik 4x? ImP;"), one 


obtains 


YY Ka = (K+ 4x4)! (1,0) (1k? — 4x? Im P37) K,. 
The vanishing of the above expression requires that 
K,=0. 


We shall from now on therefore mean by # only @, A, A*, 
and (18) can be written 


¥ (Ue tdBi tnt DS B(x" 
p 


d2.3" )Ke 


KU, dV,’ )&K (r,r) | 
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We introduce the abbreviations (37) and use 1(3.31) 
and 1(4.34). If the unknown matrix A(r) is defined by 


K(s,r)=>° Ba(s)\Ka(r)+5A (r), 


— 
Py 


(O,1)A(r) =0, 


(20) 


then (17) and (19) can be written 


(yO —VTWD Oy ™ 6B) Ky 


ty (I+ ¥ 


—_— 


DA 


XypKe rr I, 


and 


(UW +dB.4+L 
is 


(X.p+dZ.3)Kep 


dV,)A]=0. (19’) 


Separate handling of the last term in (20) yields 
Kq. 1(3.40), the 
matrix 


with NV given by (35). In terms of 
(34) (42) 


slightly different from those defined in 1), the equations 


functions and (some of which are 


for Ks become 


Ue i yy" V op Ke 0, a=k, A, r*, (21) 


and the solution of the Gel’fand Levitan equation is 


K (s,r) => ¢s)Vg(s,r)Ka(r) —3sr-2N. 


Because of (10), we may introduce the vectors 


(Ky B me B ) 


’ 


and write for any vector a 
aK p=a-y, 5 
Kquations (21) then become 


> 8) MapK 4 


Kayes (22) 


where SIU is detined by (32). We finally obtain 


K(s,r);; > (00) 


— 


')pa(Up(syr)ys'’), 


MK ly'**Uste))y. (23) 


Krom (23) we obtain, by use of 1(1.21 s the potential 


V(r) 2v2V .(r) 
V Y) ( ). (24) 
2v2Vi(r) Ve(r)—2Vi(r) —3Vo(r) 


V, is the central, Vy, the tensor, and Vo, the spin-orbit 
potential. The result is (26). 
The wave tunction &, 1(1.26), is obtained immedi 


ately from (23) and exhibited in (29). &, however, 


not the wave function of most immediate physical 


applicability. A more useful one is (27), where 


L(k) =e 48UTFT(—R), 


here is the same a I 
4) and p. 102, (5.19 
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cose sine 
e 7 ( j ), 
—gsine cose 
expib, 0 
e4 ( ). 
0 exptd, 


The asymptotic value of ¥ is 
0 sin(kr+-6,- z 


1 tane 
x( ) (25) 
~tane 1 


so that its upper row is the a@ eigensolution, and the 
lower row, the § eigensolution. The matrix L is most 
easily obtained by observing that it is a real function 
of k’, and then successively removing its zeros in pairs. 
The result is (28). 

The normalized bound state wave function is given 
by 1(1.28): 


K b+k\! 
voa(r) 2( ) 44-9 4(2y? x?) (—ix,r). 
d @—«K 


~ 


- +5.) 0 


rw 


The function Ff? (ix) (—ix,r) is obtained from #(k,r) 
by replacing 
1)''krhy (— kr) 


uj(kr) by wyi(kr)=1( 


and then taking k=—ix. This is tantamount to the 


replacements 
(kyr) 
W (k,r) 
W a(k,r) 


> LU. (r), 
> X (vr), 


> V9 (9). 
Because of the relation 


A) (x—A*) (@—K)y™, 


(2x? a2) PP (in) = hag (x 
we get (30). 


RESULT 


Corresponding to the S-D sub-scattering matrix given 
by (1), we have obtained, in closed form, the potentials 
of (24), namely 


d 
(> 


dr (a) (p 


[9N(7) |e 


K[Ve(r rr Jy Ualr) +30 Wij}. (26) 


The eigenfunctions of the scattering, defined by the 
asymptotic values (25), are the rows of the matrix 


V (kr) =seceLP(k,r), 
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FULTON 


where 
oye 
0 


0 —( 
L= (+4y/) ( 
1 


x (Id?-+4y? ImPs?), 
(kr) =P (kr)— > [IM(r)"' pe 


(a) (B) 
XLWalkr ri ily ualr) J; 
—3 (kr) (kr) N 4;. 
The normalized bound state wave function is 


goa(r) =D +(x+4)(x-«) 1 
PKWY ((K=-xX)P +X? 
i coayeeaeny 
xd (k+x)?+x? 
where 


Vil) = (YOU) — DL (MN) pa Map (Cy Ua) i 
(a) (8) 
= — di (yU.)— LS (IM) saMap (y Wa); 
cee (31) 
In the first form each of the two terms individually go 


to zero at r=0, in the second, at r= ~. 
The quantities that enter (26) to (31) are defined by 
Mas=y'” Vapyi'” 


(32) 
Map a) = y'«) V py, , Map” a VV gy, 
1 =[xxt+xb—Kp, — 2x7], 
y= (y0)*=[4(A*—«), bd"), 


y“”) = [- ag xOt+Kp+kx |, 


(33) 

and, if y= (y1,72), then y¥1= (¥2, —71)- 

Vyp(r) = Xyp(r)+Lang™ (1) — aap (1) IN, BAA, 

Ve (1) +d¥ ep (1), 

Xep(r)+Laep (7) — x08 (1) IN, 

V ep (r) =Zep(r) +L 208 (1) — 248 (r) JN, 
i(g@*—A?*) 

(A+K) (p wl 


-V,(r) JN}, 


Y.a(r) 


V9” (r) (34) 


1 (@—A)(A—k) 
Yyalr ( 
4? (o-+«) 
AAD, (n) SEB (*) + LV. (7) 
N=— x(¢+«) 
MbE+ (o+x) +8 Det (x-«)] 0 1 5 
xx (o+K)?+¢*L?+(x—K«)?] XO 0 


(_ ') 
. ee i 


i(x?—)?) 


(36) 
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Xap” (r) 0 
X aa(r) -( ), 
0 Lag (r) 
: Zap’ (9) 0 
Z asi) -( ), 
0 Zap”? (1) 


wa” (Rr) 0 
r a = 
WW 8 kr) ( 0 piel 


ap (1) = (2B) WLV 9 (1); Ua (1) 
tap” (1) = (a? 6) WLV 9'(r); Va'(r)), 
wy (kyr) = (k+8*) Waal kr) ; Va" (x), 


where 


and 


WLS; g]=Se'—S's. 


We have also used 


uo (kr) 0 
& (kyr) = ( ), 
0 Uo (kr) 


ImP;? =4[? + (+x) (x- x) } : 


—x(P+K) 
Y ann 
—x? —(x—«x)? 


x’ + (o+x)? 
x(@+x) ) 
Un(r) =Un(r)- LU. (7) — U(r) IN, 

U(r) =U, (r) +du, (r), 

U, (r) =U, (7) -—LU. (nr) —U O(n) JN, 

U. (r) =B,(r)-(V. (nr) — V(r) JN, 

Va(s,r) =Bal(s) +50 [V5 (1) — Vg (r) JN, 

W g(r) = Walk) +R (kr) [Vg (1) — Vig (r) WW. 


Also 


Us, (r) 
U(r) = ( P 


n V(r) 0 
B.()=( . wea 


The elementary functions used are 


ui(kr) = krj (kr), 
V(r) = (—1)' (iBr) j.(ipr), (44) 


Ua! (nr) =1" (tar) hy (tar). 


The number d is a free real parameter of the same sign 
as @—«x. The index a always takes the values x, A, A*, 
and £ takes the values @, A, A*, where A= x(1—1). 
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IV. APPLICATION TO THE NEUTRON-PROTON 
TRIPLET STATE 


We write Eq. (2) in the form 


x k? 
k cotd, -( ) { ( ) 
o+kK otk 


The above expression, exact for all energies, is to be 
compared with the effective range approximation, The 
parameter x is obtained directly from the binding energy 
of the deuteron: 

K? En, 


which is to say, x! is the “‘size of the deuteron”’ (in the 
sense used by Blatt and Weisskopf{"*). The parameter @ 
is obtained from the triplet effective range, ro, and 
scattering length, a;, as follows: 


i) Toe "1 { (1 . 2ror /a,)) |, 
while ro, and a, are related to x by 


2ron a,)' |. 


c=roo(1—(1 

If we take’ 
7o:=1.70K10-" cm, 
a.=5.39XK10-" cm, 


as our input data, we obtain” 


¢=0.944 10" cm", 
«=(0.232K 10" cm“. 


Figure 2 shows 6, as a function of the energy. 

There remain two parameters to be fixed: x, first 
appearing in Eq. (1), and d, defined in Eq, (8). The 
parameter d is related to the average neutron-proton 
separation in the deuteron," and is independent of the 
scattering matrix and the binding energy. Although it 
seems tempting at first to relate x directly to the deu 
teron’s quadrupole moment,'® this step involves an 
approximation which is extremely poor in the present 
case. We therefore leave x and d free at this point and 
fix them at the end to fit the deuteron’s quadrupole 
moment and D-state probability. 


) 


4 Assumed *S~ Phase Shift for Neutron Proton Sc attering 


a 
kcotO=-a,'+ Hoek” 
0, = 5.39 «10°"em 


foe Tn lO "em 





- —— 


2 60 


Se 
80 100 120 
Laboratory Energy in Mev 
Fic. 2. The @ eigenphase shift, as extrapolated for our 
input purposes, as a function of the energy 


48 Reference 9, p. 52 

4 This was shown explicitly in the central force case; 
Newton, Phys. Rev. 105, 763 (1957) 

'6 See reference 9, p. 112, (5.37) 


see RG 
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Levteron Prertias 
with 415% O- State Probability 





— 
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Fic. 3. Neutron-proton triplet potentials for a D-state proba 
bility of 4.15%. V, is the central, Vy, the tensor, and Vo, the 
spin-orbit potential 


Figure 3 exhibits the central, tensor, and spin-orbit 
potentials, and Fig. 4, the corresponding deuteron wave 
functions leading to a D-state probability of 4.15% 
and a quadrupole moment of 2.70 10-*’ cm?. They are 
obtained by setting d=3.1, and x=0.26 10" cm™, 
The potentials of Fig. 3 are, we feel, rather undesirable 
because of their large repulsive “hump” in the region 
of 3X10-" cm. We preferred to take the D state proba- 
bility to be somewhat smaller since such a choice 
eliminates this undesirable feature. 

The potentials obtained after this change of input 


Oevteran Wavetun tone 
(415% O- State ) 








Rodiat Distance (10cm) 


Fic, 4. Deuteron wave function corresponding to the 


potentials of Fig. 3. 
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Fic, 5. Neutron-proton triplet potentials for a D-state proba 


bility of 2.09%. Same notation as in Fig. 3. There is a change in 
' . 
vertical and horizontal scale at 3 10~" cm 
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data are plotted in Fig. 5, and the deuteron wave 
functions in Fig. 6. They lead to a quadrupole moment 
of 2.75X10-*7 cm? and a D-state probability of 2.09%, 
The values of the parameters are d=2.27, x=1.22 
X10" cm™'. The root-mean-square neutron-proton dis- 
tance is 3.70K10~" cm, i.e., the rms deuteron radius 
is 1.85X10-" cm. A number of scattering wave func- 
tions at various energies are plotted in Figs. 7 to 11. 

A very satisfactory feature of the central potential is 
its (of course, finite) repulsive core, for which there is 
some meson-theoretic evidence. The spin-orbit poten- 
tial has a shape similar to the central one, but it is 
very much weaker. It should perhaps be pointed out 
that none of the input data (i.e., effective range, scatter- 
ing length, binding energy, D-state probability, and 
quadrupole moment) force us to a spin-orbit potential. 
It originates from the fact that there is no known way 
to rule out such a force by inspection of the S matrix. 
The assumption (1) automatically leads to it. 

The tensor and spin-orbit potentials obtained have 
relatively long tails. This feature cannot be eliminated 
in the present procedure, save by the use of more 
parameters, which would make the calculations con- 


Oeuteran Wave Function 
2.09% O-State Probotity 
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Fic. 6. Deuteron wave function corresponding to the 
potentials of Fig. 5 
Triplet 
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S-D Scattering Wave Functions 
ot 4.15 Kev CM. Energy 





4 





i5 
5 
Distance in 10 cm 


Fic. 7. Scattering wave functions corresponding to the poten 
tials in Fig. 5, at 4.15 kev center-of-mass energy. Vi; and Wj. are 
the S and D components of the a eigenwave, V2; and V2, of the 
8 eigenwave. Their amplitudes are asymptotically given by Eq 


(25) 
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Fic. 8. Scattering wave functions corresponding to the poten 
tials in Fig. 5, at 415 kev center-of-mass energy. Notation as in 
Fig. 7. 
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Fic. 9. Scattering wave functions corresponding to the poten 
tials in Fig. 5, at 2.58 Mev center-of-mass energy. Notation as in 
Fig. 7. 


siderably more cumbersome. As far as the dominant 
component of the wave function is concerned, i.e., the 
S component in the deuteron and in the @ scattering 
wave functions, and the D component in the 6 wave 
functions, these tails may be cut off with impunity at 
about 2X10~" cm. The small components of the wave 
functions, however, are very sensitive to the tail of the 
tensor force. The simple reason for this is that in the 
wave equation for the small component, the tensor 
force is multiplied by the large component. As a result, 
the D part of the deuteron wave function still has the 
wrong sign'® at the end of the graph and becomes 
asymptotic only much farther out. This is the reason 
for the breakdown of the approximation which relates 
the scattering mixture parameter ¢e to the deuteron 
quadrupole moment by replacing both components by 


'6 The asymptotic ratio of D- to S-component is —x*/2,?, i.e., 
negative. 
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Fic. 10. Scattering wave functions corresponding to the poten 
tials in Fig. 5, at 10.3 Mev center-of-mass energy. Notation as in 
Fig. 7 
Neutron Proton Triplet 

O Scattering Wave Functions at 41.6 Mev C.M. Energy 








15 


i] 
Distance in 10 "om 


Fic. 11. Scattering wave functions corresponding to the poten 
tials in Fig. 5, at 41.5 Mev center-of-mass energy. Notation as in 
Fig. 7. 


‘ ’ 


their “outside” values in the quadrupole integral.'® It 
will be noticed that as a result of the same effect the 
two components of a scattering eigenwave function 
attains the same phase only very slowly. 

For practical purposes it will, nevertheless, be pos 
sible in many cases to cut off the potential tails. Since 
the deuteron D component is very small long before it 
becomes asymptotic, neither the quadrupole moment 
nor the D-state probability would be sensitive to such 
a cutoff. The a eigenphase shift would not be changed 
significantly either. It would be the 6 eigenphase shift 
and, most drastically, the mixture angle which would 
be altered appreciably. 

The authors would like to thank Mr. James H. 
Scofield for very valuable help with numerical com 
putations, 
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Some of the effects of spatial and time inhomogeneities upon the galactic diffusion of cosmic rays are 
studied. It is noted that the ways in which spatial inhomogeneities alter the anisotropy with changing energy 
are very dependent upon the particular model for cosmic-ray origins chosen. The consequences of assuming 
bursts of cosmic rays occuring randomly in time instead of continuously are examined. It is shown that in a 
monoenergetic approximation this possibility would be unobservable, regardless of the frequency of the 


bursts 


The above calculations are first done for generalized medium shapes. They are then applied to a specific 


model in order to examine their consequences 


I. INTRODUCTION 
M?" recent explanations of the nonsolar part of 


cosmic radiation have one important feature in 
common, They assume a diffusion process, in which the 
cosmic rays travel in interstellar space experiencing 
many collisions with some sort of scattering centers. 
These collisions give the cosmic rays a random path 
through space, and in some theories play an important 
part in their acceleration to the high energies observed.'” 
Morrison, Olbert, and Rossi,’ for example, are able to 
account for many observed properties of cosmic rays, 
such as details of the energy spectra of protons and 
heavier nuclei, and the general isotropy of incident 
cosmic rays on the earth. 

This last approach uses a simplified model and 
necessarily makes many assumptions. It postulates a 
continuous distribution of sources in space and time, 
and a homogeneous diffusing medium. It is of interest to 
examine, within the framework of the diffusion ap- 
proach, some consequences of departures from these 
assumptions. One would expect to observe less isotropy 
in incident cosmic rays and less uniformity with respect 
to time. 

II. DIFFUSION THEORY APPROACH 


A model assuming a random walk of cosmic rays 
within the galaxy is probably quite legitimate for 
particles of energy below about 10'* ev per nucleon. 
Above that energy range the diffusing medium must be 
enlarged or the model discarded. The present study 
assumes the scattering mean free path to be much 
smaller than the dimensions of the medium. The use 
of diffusion theory necessarily involves additional 
assumptions; they are legitimate within the degree of 
accuracy desired if the original model is valid. 

As in age theory, one obtains an equation for the 
conservation of particles: 


hd g/dL = (A*0/3) V2 p— 20 e/On+AvS (r)d(n), (1) 

* This paper is based upon a thesis submitted in partial ful 
fillment of the requirements for the degree of Doctor of Philosophy 
at Cornell University. Present address: Physics Department, Uni 
versity of Maryland, College Park, Maryland 

1 E. Fermi, Phys. Rev. 75, 1169 (1949) 

? Morrison, Olbert, and Rossi, Phys. Rev. 94, 440 (1954) 


where ¢(r,t,m) is the scalar flux of particles per cm? per 
second at position r and time ¢ which have suffered 
between n and n+-dn collisions; \ is the transport mean 
free path, v is the velocity of particles, and S(r) is the 
source density function. 

Associated with m, the number of collisions experi- 
enced by a particle, is its probable energy E(n) = Ee". 
(In a model assuming most of the energy is gained after 
injection into the diffusing medium,’ an can be very 
large. In a model assuming injection at approximately 
the final energy,’ an is negligibly small.) 

Nuclear collisions are neglected, with particles lost 
only when they leave the medium. If one takes zero 
reflectivity at the edge of the medium, ¢ falls to zero at 
the boundaries. (Morrison, Olbert, and Rossi have 
found that this does not significantly change the nature 
of the solution from that of nonzero reflectivity, except 
when the reflectivity is extremely close to one. This is 
unlikely.) 

\ and v can be energy-dependent, and thus functions 
of n. Here they are assumed to be constant with n. All 
particles are injected at n=0. 

In the stationary case: 


1dy 
+S(r)b(n) =0. (2) 
A On 


If ¢ is taken as independent of n, this becomes com- 
pletely analogous to the problems in_ electrostatic 
potential theory and can be solved accordingly. Where 
¢ is dependent upon n, the problem is equivalent to 
those of heat conduction in solids, where quantity of 
heat corresponds to the number of particles, time 
to n, etc. 

The time-dependent problem can be readily studied 
when ¢ is independent of n. It also reduces to an analog 
of a heat conduction problem. 

Departures from isotropy of the cosmic-ray flux are 
of particular interest. If one defines the anisotropy as 


6 . 2(J max — J min) ‘(I maxtJ mia); 


*V. L. Ginzburg, Suppl. Nuovo cimento 1, 38 (1956). 
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one finds in first-order diffusion theory : 
6=4r|Ve/¢! . 


III. CONSEQUENCES OF SPATIAL 
INHOMOGENEITIES 


The assumption of a continuous distribution of 
sources, departing only gradually from homogeneity, 
arbitrarily produces a large isotropy in the predicted 
flux. Comparison between these predictions and experi- 
mental results are difficult, but the latter are still con- 
sistent with complete isotropy. If some anisotropy is 
eventually found, it will be of interest to see if it can be 
explained within a diffusion model. 

The consequences of certain sharp departures from 
homogeneity are examined below. They involve a new 
region of different characteristics located within an 
otherwise homogenous medium. In case A the new 
region has a different source function, in case B it acts 
as a sink. Since even the completely homogeneous case 
yields significant anisotropy near the boundary, it is 
studied in case C. All three cases are examined in the 
time-independent solution. 

These studies assume only one region of difference in 
an otherwise uniform medium. The existence of more 
than one such region would not significantly alter the 
results. The vector flux observed due to several such 
regions would be the same as that due to a single region 
whose effective parameters could be calculated from 
those of the actual regions. 

Calculations are made both for ¢ independent of 
and dependent upon it. The former case can be con- 
sidered a monoenergetic approximation. Present experi- 
ments still do not give reliable information about the 
change of 6 with respect to energy. It consequently 
seems reasonable to examine the energy-smeared anisot- 
ropy predicted by a monoenergetic approximation in the 
hope that there will soon be good experimental evidence 
with which to compare it. This approximation is 
particularly valid—tregardless of the success of observing 
the energy spectrum of 6—if there is no significant 
acceleration of cosmic-ray particles after injection into 
the diffusing medium. If this is the case, energy is 
independent of m and the change of 6 with respect to n 
tells us nothing about its energy spectrum. 

Eventually there will be accurate measurements of 
anisotropy as a function of energy. If the energy does 
change appreciably with n, a solution for the n-spectrum 
of 6 is relevant. 

It is not completely obvious just what medium shape 
is appropriate. One can assume the diffusion to be 
within the galactic disk, which is effectively an infinite 
disk, or one can consider only the spiral arms, effectively 
infinite cylinders. Recent evidence indicates that the 
whole galactic sphere is relevant to the diffusion of 
high-energy particles, and perhaps even extragalactic 
space for the very high-energy range.‘ It therefore seems 


4B. Rossi, Bull. Am. Phys. Soc. Ser. II, 2, 53 (1957) 
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desirable to obtain solutions in generalized coordinates 
which can be easily adjusted to conform to a given 
model. 

The cases studied have been solved using two parame- 
ters which can be adjusted to fit different medium 
shapes. The quantity a is a measure of the size of the 
medium ; it is equal to the radius of a sphere or cylinder, 
half the width of an infinite disk, etc. The quantity m 
is a parameter which is of the order of magnitude of 2 
to 6, and varies with the medium shape. With these two 
medium parameters one can find solutions for all but 
the most erratic medium shapes. 


A. Region of Different S within a 
Homogeneous Medium 


S(r)=So in the diffusing medium except inside a 
region where S(r)=S. In solving this problem further 
simplifications have been made. It has been assumed 
that (r/a)?*«1 and (x/a)*<«<1, where r is taken as the 
distance of the center of the different region to the 
observer and x the distance from the center or axis of 
the entire medium to the observer. If the former is not 
true, a significant anisotropy could occur only if the 
new region is of such magnitude as to completely dis 
tort the original picture of a fairly uniform medium. If 
the latter is not true, the nearness to the boundary alone 
would contribute a sizeable value of 6. This case is 
studied below in case C without the distraction of a 
superimposed region of different S. 

In addition it is assumed that the new region is a 
sphere of radius ro. With this simplification one finds 
that got ¢.. The 


the solution ¢ is of the form ¢ 


quantity ¢» is the solution of the homogeneous medium 


problem, with S=S», and ¢, is the solution for a 
spherical source of positive or negative magnitude, 
depending upon whether its value of S=S; is larger or 
smaller than So. 

In the monoenergetic approximation, aided by the 


above simplifications, one finds 


() 

\eJ lita 

where @ is a parameter such that 
4 sr \*fSi rfl 
soe aby gn 
3 \a So a\ma 


l1+a|> ~1/36. 


Given an experimental determination of 6, one can 


This is subject to a limitation that 


choose a value of a within the above restriction and see 
what values of r and of 42(ro/a)*{(S,/S»)—1] it yields. 
rhis last term has obvious meaning as a source-strength 


term. The results are plotted in Figs. 1 and 2. 
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Fi. 1. Anisotropy is plotted against distance from the center of 
a spherical region with a different source function. This is plotted 
for several values of the parameter a. 


In the approximate solution to the many-energy 


problem, one finds 
ry 3/r—r\? 
( ) exp » (9) 
n'y n\ 2d 


4) (S,/So)—1 
5,2 
(39r)'m 


where n<<[ (r—r10)/d |. 
41 (.5,/S9)—1 
5, 
3 
(n/3m)*(ro/r)M2/(r 
x( 


bm+((5,/So) 


r)* 
1 |(n/3m)M(r0/n)[A/(r 
where [ (r—ro)/d PKn<K (r0/d)?. 


6,0, 
where (9o/A)*<n. 

Thus 6, increases from zero with increasing n, but 
then falls to zero. These effects are easily explained. 
Particles of very low n would be highly unlikely to have 
come from so distant a location as the region of different 
S. Thus the relationship between n and [(r—10)/A } is 
important. As m increases, a larger proportion of the 
particles are likely to have come from the region, and 
the disruption of the isotropy of the homogeneous model 
becomes evident. For even larger n, however, the par 
ticles observed represent a wider sampling of the entire 
medium. The unusual effects produced by the region of 
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Fic. 2. (44/3méa) (ro/a)*(Si/So—1) is plotted against the parame- 
ter a used in Fig. 1. It is plotted in units of 44/(3néa). 


different S are spread more widely and _ therefore 
effectively washed out. The anisotropy becomes iden- 
tical to that in the homogeneous model. 


B. A Sink within an Otherwise 
Homogeneous Medium 


The concept of a sink has some physical meaning. It 
corresponds to an irregularity in galactic magnetic 
fields which might permit particles to escape directly 
from the diffusing medium. 

The assumptions made here are almost exactly those 
in case A: (r/a)*<1, («/a)*<<1, and the sink is assumed 
to be a sphere of radius ro. The boundary conditions on 
Eq. (1) therefore become: 


S=So throughout the body of the medium; 
y=0 at the boundaries of the medium and at the 
edge of the spherical sink. 


In the monoenergetic approximation one finds 


4/r 1 
i gree) 
3 r (ry 't'9)- 1 


the many-energetic 


(8) 


The approximate solution to 
problem gives 


4 To 3 f—Fe 2 
ole) a) | 
(3%)! \ nby n\ 2X 


f=—776 2 
for nc( ). (9) 
r 
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Fic. 3. Anisotropy is plotted against the distance from a spherical 
sink of radius ro. The ratio r/ro is taken as a parameter 


47 1 r—fo\? 
5,2 ( )( ) for m>( ). (10) 
3N\r (r ro) —1 A 


As in case A, 6, starts at zero for low n and rises with 
n. In this case, however, it levels off at the same value 
as in the monoenergetic approximation. The small value 
for low n can be understood as above, but for larger n 
there is a significant difference between cases A and B. 
The sink is assumed to be effective at all energies, not 
just at injection energies. Thus 6, increases to a value 
for large n which is independent of n. (See Fig. 3.) 


and 


C. Observations Near the Boundary in a 
Homogeneous Medium 


This problem is relevant because of the possibility 
that the solar system is near the edge of a spiral arm. 
In the monoenergetic approximation one finds: 


4/r 1 
a Naa) 
3X\a/7 \1—(r/a) 


(11) 


In the many-energetic solution 6, rises from zero for 
very low m to a final value identical with the mono- 
energetic value. For very large n the effect of the 
boundaries is independent of n. The results are plotted 
in Fig. 4. 
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Fic. 4. Anisotropy is plotted against distance from the axis or 
center of a homogeneous medium. The distance from the center of 
the medium to its boundary is a. Anisotropy is zero at the center 
or axis 


D. Summary 


Within the limits of the above approximations, the 
energy dependence of 4, is seen to be different in case A 
from cases B and C, In A, 6, starts at zero, increases 
with m, but returns to zero at very large n. This is 
because changes in S(r) only affect the injected par- 
ticles. In the other two cases the effect studied holds for 
all n. Thus 6, rises from zero to a constant value 
identical with that in the monoenergetic approximation. 
See Table I. 

An energy-integrated measurement should enable one 
to set bounds on the parameters involved in a particular 
model of the origin of cosmic rays. An energy-dependent 
experiment may permit one to distinguish case A from 
cases B and C, and to obtain further information about 
the parameters. 


IV. CONSEQUENCES OF TIME CHANGES 


The source function used above was taken as time- 
independent. In practice the individual sources vary 
markedly with time. Under what conditions will this be 
noticed ? 

One can assume many sources of cosmic-ray bursts 
the randomly distributed in space and time throughout 
are diffusing medium. These sources are assumed to be 
merged into a fairly uniform background, and then the 
effect of a single additional source added to the back- 
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TABLE I, The anisotropy which would result from 2 types of inhomogeneities introduced in an otherwise uniform medium is 
studied in cases A and B. Case C examines the anisotropy seen near the boundary of an otherwise homogeneous medium. 


Case A: Spherical region of different S 


Monoenergetic 4/r ] 
approximation j= 
3\r 


where 
4 fro \3/S1 
3 \a So 


Many-energetic n<((r—1r)/AF 


approximation 


4 
(3r)4m'| So 


[ (7-19) /d Peen< 


4\ 5, 
$,= 1 
3 So 


m Ss; 
( 
2 
n> (r/d)* 


6,=0 


ground can be examined, Only the monoenergetic 
approximation is studied. 

For simplicity in interpretation a specific medium 
shape was chosen, The medium was taken as a sphere 
of radius a; however, the nature of the solution is quite 
independent of the specific shape chosen from among 
the many plausible ones. 

The sources were taken to be instantaneous point 
bursts. A more realistic model would tend to smear this 
effect somewhat, rather than sharpen it. The problem is 
solved under the assumptions a’>>Avt and r’<(a—-x)*, 
where x is the distance between the observer and the 
center of the medium, r is the distance of the source from 
the observer, and / is the time that has elapsed since 
the burst under study. This restricts calculations to a 
region in which the effect of the point source can be 
significant, 

Under these conditions, ¢ can be expressed as go+ ¢., 
where ¢o is the result of the background alone, ¢, that 
of the point source alone, and ¢,/¢o the quantity of 
major interest. Bursts are assumed to be of equal size 
and to occur with a frequency f/f. 

One thereby finds 


8 1 ant 
(tua) rower 
go 3/r\1—(27/a*) f 


where y= (4Av//3)'. The function is plotted in Fig. 5. 


Case C: Homogeneous 


Case B: Spherical sink medium near boundary 


ro)/ P: 


This function reaches a maximum when 
t=r*/(2)v). 


It then has the value 


te 0.62 —) 
art) int: € a’) fr’ 


0.15 ( M1 
"puts a’) \(f/V)air 


where V is the volume of the medium. This can be 
re-expressed in terms of the number of bursts which 
occur in the time it takes ¢,/¢o to reach its maximum 
value. 


(13) 


N wx _ Stmax - fr", 2X0, 


(*) 0.31 ( 1 (*) 
£0 ai — (x2/a?) NN inex ye 


max 


(14) 


Most models for the injection of cosmic rays into the 
galaxy would seem to be susceptible to the above 
analysis, but with widely differing parameters. The 
choice of parameters would seem to determine the 
extent to which an effect such as this can be observed. 
The larger f, the smaller (¢,/¢o0) max Will be. 

Thus, if one assumes that most galactic cosmic rays 
originate in ordinary stars such as the sun, it seems 





GALACTIC 


highly unlikely that any significant variation in the flux 
from nonsolar origins can be traced to the time vari- 
ations of sources. Only the closeness of the sun to the 
earth permits a measurable value of (¢,/ 0) max- 

If, on the other hand, most galactic cosmic rays 
originate in supernovae, the value of f is of the order 
of magnitude of hundredths per year. Thus (¢,/¢0) max 
can become measurable even for r of interstellar dimen- 
sions. However, time considerations would make such 
observations unlikely. There would not be time to 
distinguish between y, and go in a monoenergetic 
analysis. The maximum value of ¢,/¢o would be far 
higher than in the other model discussed above, but it 
would be spread over a far longer time interval. A 
specific illustration of this problem is examined below 
in Sec. V. 

The best way to distinguish between these possibilities 
might be to examine the energy spectra which would 
result. This would be informative only if the energy 
change after injection is more significant than the 
energy spread of injected particles.® 

Departures from the simplifications made in the 
above study would tend to further smear the effects. 
Insofar as a single burst is spread over a finite time 
interval and a finite region of space, the distinction 
between y, and ¢p is made even less observable. 


V. APPLICATIONS TO A SPECIFIC MODEL 


The meaning of the above calculations can perhaps 
best be understood by applying them to a specific model 
for the origin of cosmic rays. In this section such a 
model is examined. 

One might consider cosmic rays as originating in 
supernovae. They would diffuse through space as in 
previous models, but with marked changes in diffusion 
mean free path with energy. Particles of low energy 
would diffuse with small mean free path through a 
relatively small volume, while those with higher energy 
would have a larger mean free path in diffusing through 
an effectively larger volume. Thus particles of energies 
below perhaps 10" ev would diffuse in a volume ap- 
propriate to a lifetime of several million years, those 
between 10-10! ev in a volume appropriate to a life- 
time 10 times as large, and those of even larger energies 
would probably diffuse in a volume larger than our 
galaxy. 

We can simplify this model in studying the nature of 
possible consequences. Assume that the volumes men- 
tioned are concentric spheres. Particles of energies 
below 10" ev are taken as diffusing in a sphere of radius 

=5 X10 light years, escaping when they reach the 
outside of the sphere. Particles of energies between 
10"-10!* ev are taken as diffusing in a sphere ten times 
as large—that is, they “see” the whole galactic sphere. 
Details of the rare higher energy particles are neglected. 

6 Such an analysis is made by Iu. A. Popov for a related problem, 


J. Exptl. Theoret. Phys. U.S.S.R. 31, 80 (1956) [translation : 
Soviet Phys JETP, 4, 85 (1957) ] 
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Fic. 5. The ratio of the flux from an instantaneous point source 
of cosmic rays to the background flux is plotted against the time 
since the point burst, V = (y,/go)[3m'(1 —.x°/a*) f Jr*/(adv), and 
t= 4)vt/(3r*), where a is the radius of a spherical diffusing medium, 
x the distance from the observer to its center, r the observer’s 
distance from the point source, \ the diffusion mean free path, » 
the particle velocity, and / the average frequency of such bursts 
in the medium 


All particles in an energy range are assumed to have the 
same mean free path. 

One can take this simplified model and consider 
possible effects within the two energy ranges. The study 
will be in effect monoenergetic within each range, since 
the picture used smears energy-dependent differences 
within each range in assuming a common mean free 
path and volume. 

Consider the likely mean free paths within the two 
energy ranges. They would be: \;1.5 light years, and 
A215 light years in the small and large diffusing 
spheres, respectively. By selecting reasonable values of 
the parameters one can examine what anisotropy 
might result. 


A. Region of Different S 


Examine the effects of a spherical inhomogeneity in 
medium 1 with a radius of 5 light years and with a 
value of S,/So= 100. Examine the effects of a spherical 
inhomogeneity in medium 2 of spiral-arm size (with 
ro—=10* light years) and with $)/So 
6, < 0.02% and 6,<0.04%,. 


10. One gets 


(The observer is assumed to be outside the in- 


homogeneity. ) 
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Only if the assumed values of S;/So are multiplied by 

about 100 can one get a maximum value of 6 of the order 

of several percent. 


B. A Sink 


Using sinks of the same size as the inhomogeneities 
above, one finds 


5:2<10/[r(r—5)], 82 (2% 10*)/[r(r— 10°) ]. 


If one takes r/ro=2, this gives 6;20%, 61%. 
If, on the other hand, one takes r—ro=constant= 5), 
one finds 6;511%, 627%. 


C. Observations Near Boundary 


Near the boundary, 


(=a) 
=~ ; 
3X\a/7 \1—(r/a) 


In each case 6 = 3X 10~4/[ 1— (r/a) |. Therefore d>0.03% 
in each case for observations near the boundary. 


D. Time-Dependent Problem 


Examine the larger sphere considered above. One can 
use fairly realistic parameters in studying the time 
changes in the flux of cosmic rays which are assumed to 
originate in supernovae. 

Assume the most recent source seen visually is a 
supernova 3X10 light years away. Assume further 
that such sources flare up about once every 100 years. 
Take the earth to be 0.7a from the center of the galactic 
sphere. Assume no exact knowledge of A, however. 
From Eq. (13), one gets 


(G/ 90) max==0.02A%,. (15) 


Thus for AX15 light years, (¢./¢0) max=£0.3%. How- 
ever, this occurs at /~3 10° years after the original 
flare-up. At ‘= 3X10" years one instead observes 


yg, 2.25 10° 
= exp ae ) 
Vd r 


This is completely unobservable except for mean free 
paths of the order of thousands of light years. Such a 
large is ruled out, however, by isotropy and other 
considerations. With a reasonable A one can only 
observe effects of flares ~1?/2X years old. 

It is relevant, however, to compare the width of the 
peak with the time between bursts—about 100 years. 


LASTER 


Even taking the width as the time between values of 


¢./ po= 6°" (9./ $0) max, 


Av~2 XO.Abmax=1?/10A>>100 years 


we get 


for most r and reasonable \. Thus most flares produce a 
cosmic-ray flux on the earth which rises slowly to a 
peak, with a peak width much longer than the interval 
between flares. 

For r small enough, (¢,/¢0)max becomes very large 
and ftmsx and Aft become much smaller. However, a 
supernova sufficiently close that At would be appreci- 
ably less than 100 years would be an extremely rare 
event. But even if one had occurred recently enough 
that the above calculations would indicate a noticeable 
change in flux, this situation would be obscured by far 
more important astronomical changes in this vicinity 
of our galaxy. It seems safe to assume that this is not 
the case. 

VI. CONCLUSIONS 


Anistropy can be caused by such inhomogeneities as 
were examined in Sec. III-A. The effects of the in- 
homogeneities are estimated above in the specific model 
studied. 

A very interesting problem can arise in the case of 
observations made in a location near the boundary of a 
smaller diffusing medium, but far from the boundary 
of a larger medium. This would be the case if the earth 
were very near the edge of a spiral arm. In this situation 
6 would be appreciable in the low-energy range, but 
would decrease to a very small number in the high- 
energy range. This is in sharp contrast to the conclusions 
of III-C, where a common diffusing volume was 
assumed. 

Simple measurements of the changes in cosmic-ray 
flux with time would be highly unlikely to yield any 
information about the noncontinuity of the original 
sources. In an energy-independent study one would 
probably observe no significant variations which could 
not be traced to our solar system. Perhaps a study of the 
energy spectrum will prove more fruitful. 
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High-Energy ~—He Experiments: Charge Symmetry and the 
Determination of the K-Meson Spin* 


J. J. Sakural 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received April 25, 1°57) 


The associated production of K particles and hypernuclei in high-energy *—He interactions may be 
studied to verify charge symmetry at small distances, to determine conclusively the spin of the K meson 
(as long as angular momentum is conserved), and to detect a possible effect due to the nonconservation of 


angular momentum. 


XPERIMENTS are now being planned to study 

the x—He interaction in a helium bubble chamber 

at Cosmotron energies.' In this note we show that the 
reactions 


a + Het—,H!*+ RK’, (1) 
at + Het—,He'+ Kt, (2) 


are worth studying for several reasons. 

We first show that there is some reason for believing 
that the reaction (1) may compete favorably with the 
reaction 


a +Het—H?+A'+K’. 
It is known that in the reaction 
r +p—A’+ K° 


the angular distribution for the K” in the center-of-mass 
system is peaked strongly in the forward direction.?* 
This can be best explained by means of the “pre- 
dissociation model” in which the incident pion gives up 
most of its energy-momentum to the At resulting from 
the virtual dissociation of the proton into A’ and Kt.-* 
In the r—He collision, if the strange particles are 
produced by a similar mechanism in the He nucleus, 
the A° that is left behind has little momentum relative 
to the three remaining nucleons and hence has large 
probability for forming a hypernucleus. The probability 
for hypernucleus formation further depends on the 
wave function of the A—H?* system at small distances. 

As is well known, the principle of charge independence 
is the starting point of the Gell-Mann-Nishijima scheme. 
Yet to date there has been no direct confirmation of 
the principle. Moreover, from electron-deuteron scat- 
tering we know that, if pions alone are responsible for 
the charge distribution of the nucleon, charge symmetry 
is clearly violated at distances of the order 0.7 10-¥ 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 We are indebted to Professor E. Harth for informing us of 
recent works on helium bubble chambers by the Duke group. 

2 Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger, 
Phys. Rev. 103, 1827 (1956) 

3 Brown, Glaser, and Perl, Bull. Am. Phys. Soc. Ser. II, 2, 19 
(1957). 

4M. Goldhaber, Phys. Rev. 101, 433 {1956). 

5 J. Schwinger, Phys. Rev. 104, 1164 71956). 

*S. Barshay, Phys. Rev. 104, 858 (1956). 

7D. C. Peaslee, Phys. Rev. 105, 1034 (1957). 

J. J. Sakurai, Nuovo cimento, Ser. X, 5, 1340 (1957) 


cm provided that conventional electrodynamics still 
holds.*"” Reactions such as 


K-+d>2-+p, K~+d-2'+n, 
or 


K~+Het-A'+He'+a-, K~+Het-+A’+H'+7", 


if they occur with the ratio 2:1, can confirm charge 
independence at low energies,'! but they do not supply 
any information concerning the validity of the principle 
in high-energy interactions. 

If charge symmetry holds in r—He interactions at 
Cosmotron energies, the differential cross sections for 
the reactions (1) and (2) (which are presumably peaked 
in the beam direction) have to be equal, Thus we have 
a means of testing whether the manner in which the 
proton is dissociated into A°+K* is identical to that in 
which the neutron is dissociated into A°+ K°. Similarly, 
the reactions 


w +Het—2~+H'+K", wt+Het—2*+ He'+ Kt, 


can be compared to test the charge symmetry of the 
elementary interactions 


port K°, 


If these experiments confirm charge symmetry, the 
observed charge distribution of the nucleon (NV) can 
be best understood along the lines of Sandri’s sug- 
gestion" provided that the KY N coupling (Y=A, 2) is 
strong enough and that the virtual dissociation of the 
nucleon takes place primarily in an S-state.* The 


ned 


+K*, 


9 J. A. McIntyre, Phys. Rev. 103, 1464 (1956) 

” Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
(1957). Other relevant references, including earlier work on the 
scattering of slow neutrons by atomic electrons, can be found in 
this review article 

1 T, D, Lee, Phys. Rev. 99, 337 (1955) 

2G. Sandri, Phys. Rev. 101, 1616 (1956). 

4 Tf the spin of the K meson is zero and that of the Y hyperon 
is 4, this latter condition means that the RYN interaction is 
scalar (scalar), Although weak-coupling calculations with such a 
coupling give attraction for K*—p scattering, which is contrary 
to observation, D. Amati and B. Vitale [Nuovo cimento (to be 
published) ] have shown that strong scalar (scalar) coupling can 
give a repulsion of reasonable magnitude if we use a static model 
similar to the Lee model. Further, our preliminary investigations 
show that a scalar (scalar) coupling constant of the order Gxan?/40 
es2 is not in contradiction with the known experimental data 
on the associated photoproduction of K and A particles. The 
chief contribution in that case is likely to arise from the meson 
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Fic. 1. Angular 
distributions for 6,° 
decays of K® parti 
cles produced in the 
beam direction by 
nw +Het—,H*+ K° 
in coincidence with 
those ,H* hypernu 
clei which decay into 
He*+2~ in the beam 
direction. @ is the 
angle between the 
direction of the 6,° 
decay products (# 
and wt) and the 
beam direction meas 
ured in the rest sys 
tem of the K® parti 
cle 
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‘radius”’ of predissociation given by Peaslee’ is roughly 
0.5 10-8 cm, which is not unreasonable in order that 
Sandri’s argument should work. 

According to Lomon, his most recent analysis of the 
r-meson decay shows that the best fit is obtained when 
the spin of the K particle is two."* Although there is 
evidence favoring spin zero, there has not been con- 
clusive evidence against the spin-two hypothesis. The 
angular-correlation effect in the reaction (1) followed 
by the familiar decays: 


sH\He'+a-, K-90 at tor, 


gives a conclusive answer that may settle the question 
of the spin of the K meson. 

The method we propose in order to determine the 
spin of the K meson is essentially that of Adair.’* We 
select those events in which the hypernucleus and the 
K meson are produced in the beam direction and in 
which, at the same time, the hypernucleus decays into 
He‘ and wr in the beam direction. Then the angular 
distribution of the 6,° decay is uniquely given by 
(28+ 1)| Ps(cos#) |? provided that angular momentum 
is conserved. S here stands for the spin of the K particle, 
and @ is the angle between the direction of the decay 
products (#* and w~) and the beam direction measured 
in the rest system of the K particle. In deriving this 
result it is essential that the spins of He‘ and w are both 
zero so that the spin functions of ,4H* and K simply 
yield Legendre polynomials of the same orders as the 
spins. As seen from Fig. 1, we can clearly distinguish 
spin zero from spin two, 

Some of the cases worth considering are listed below. 
(1) If the angular distribution of the @,° decay is given 
by (5/4)(3 cos*®—1)*, the spin of the K meson is two 
as Lomon’s analysis indicates. The nonoccurrence of 
Kt—»rt+-y,'® the lack of angular correlation between 
current interaction (Marshak’s “photoelectric” term). It is im 
portant to note that, if A is scalar and the spin of 4H4(,He‘) is 
zero, the reactions (1) and (2) are strictly forbidden 

4 FE. Lomon, Bull. Am. Phys. Soc. Ser. IT, 2, 191 (1957). 


1 R. K. Adair, Phys. Rev. 100, 1540 (1955) 
R. Dalitz, Phys. Rev. 99, 915 (1955). 


the production plane and the momenta specifying the 
decay system, the frequency of K pairs produced in 
proton-anti-proton annihilation,' etc., have to be ex- 
plained, (II) If the angular distribution is isotropic, 
there are two possibilities: (a) it is not justifiable to 
take only a few leading terms in the Dalitz-Fabri expan- 
sion because of a peculiar angular-momentum selection 
rule operative in the 7 decay, or (b) angular momen- 
tum is not conserved in the decay of the r meson. 
(III) If the distribution is given by 3 cos*@, it is almost 
certain that angular momentum is not conserved either 
in the 6 decay or in the r decay, since Orear’s model- 
independent analysis (based on the energy dependence 
of low-energy odd pions in the r decay) is clearly against 
spin 1.'* The above view may be further supported if 
the decay mode 6,"—>27", for which there is some indirect 
evidence," is conclusively established. (IV) If the 
angular distribution is not given by (2S+-1) | Ps(cosé) |? 
for any integer S (for instance, if the distribution is 
given by sin" or by a linear combination of two or more 
spherical harmonics), we have unambiguous evidence 
for the nonconservation of angular momentum. 

If angular momentum is not conserved in decay 
interactions of strange particles, the spins of those 
particles have to be determined from their strong 
interactions alone, The reactions proposed by Lee," 


K-+d—p+2-, p+2->K-+d, 


which may take place in a hydrogen-deuterium bubble 
chamber, can be used to determine the quantity 
(2Sy4+-1)/(2SxK+1) where Sy and Sx stand for the 
spins of 2 and K, respectively. The energy dependence 
of the reaction 


K-+d-K°+p+p 


may shed light on the spin of the K meson, as pointed 
out by Case, Karplus, and Yang.” 

The present investigation is stimulated by Dr. 
Lomon’s r-meson analysis, the results of which he has 
kindly informed us prior to publication. Thanks are 
also due Professor H. A. Bethe and Dr. T. Kinoshita 
for illuminating discussions. 

Note added in proof.—-A week after the present paper 
was written, it became apparent to the author that 
charge independence is likely to be violated in hyperon 
production. There remains the important question 
whether charge symmetry still holds in high-energy 
interactions. 


7 J. Sandweiss and M. Goldhaber, Bull. Am. Phys. Soc. Ser. 
II, 1, 385 (1956). 

t It was pointed out by Lomon that the inclusion of higher 
angular momentum states does not make the [0, — ] fit any better. 

8 J. Orear, Phys. Rev. 106, 834 (1957). 

"B. J. Moyer, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956) 

” Case, Karplus, and Yang, Phys. Rev. 101, 358 (1956). 
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Cross Sections of Nuclei for High-Energy Pions* 


J. W. Cronin, R. Coo, anv A. ABASHIANT 
Brookhaven National Laboratory, Upton, New York 
(Received May 14, 1957) 


Measurements of the diffraction and absorption cross sections 
of nuclei for negative pions at kinetic energies between 0.6 and 1.4 
Bev are described. They include the absorption cross section (1) in 
selected nuclei from Be to Pb at 0.97 Bev, (2) in C between 0.6 and 
1.2 Bev, and (3) in Al, Ca, and Pb for 1.5-Bev/c momentum mr and 
protons. Diffraction cross sections were obtained for (1) Be, C, Al, 
and Ca at 0.97 Bev and (2) C at 0.6, 0.8, and 1.2 Bev. 

The data are compared to the optical model of the nucleus. 
Detailed computations are described both for a tapered Fermi 
type distribution of nucleons which fits the high-energy electron 
scattering data and for a uniform square-well nucleon distribution 
of the form R=r,A}. All of the absorption cross sections are shown 


I. INTRODUCTION 


HE absorption and diffraction cross sections of 

selected nuclei have been measured by using 
negative pions at kinetic energies between 0.6 and 1.4 
Bev. These cross sections yield information concerning 
the size, shape, and strength of the pion-nucleus poten- 
tial. Some data are already available in the Bev range 
for neutrons and protons.' 

The usual interpretation of nuclear cross sections at 
high energies has been made in terms of the optical 
model originally proposed by Fernbach, Serber, and 
Taylor.? This model has been extended and generalized 
by many other authors.’ As is well known, the model 
assumes that the detailed structure of the nucleus can 
be described approximately by an average potential. 
The real and imaginary parts of this potential then give 
the diffraction cross section ¢4 and the absorption cross 
section Oa. 

On the basis of general quantum-mechanical prin- 
ciples,* the strength of the potential is related to the 
real and imaginary forward scattering amplitudes of the 
elementary pion-nucleon interaction. For pions, the real 
and imaginary forward scattering amplitudes are known 
as a function of energy.’ The imaginary part is given by 
Im/(0)=0/4mi, where a is the pion-nucleon total cross 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t In partial fulfillment of the requirements for the degree of 
Doctor of Philosophy at The Johns Hopkins University. 

! Chen, Leavitt, and Shapiro, Phys. Rev. 99, 857 (1955); Coor, 
Hill, Hornyak, Smith, and Snow, Phys. Rev. 98, 1369 (1955); 
Booth, Ledley, Walker, and White, Proc. Phys. Soc. (London) 
A 70, 209 (1957). 

?Fernbach, Serber and Taylor, Phys 
henceforth referred to as FST 

3K. M. Watson, Phys. Rev. 89, 575 (1953); N. C. Francis and 
K. M. Watson, Phys. Rev. 92, 291 (1953); G. Takeda and K. M 
Watson, Phys. Rev. 97, 1336 (1955); K. M. Watson, Phys. Rev. 
105, 1388 (1957); Frank, Gammel, and Watson, Phys. Rev. 101, 
891 (1956); L. S. Kisslinger, Phys. Rev. 98, 768 (1955); W. W 
Wada, Phys. Rev. 92, 152 (1953) 

‘H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 

§ Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 


Rev. 75, 1352 (1949), 


to be in excellent agreement for a Fermi distribution with a single 
radial parameter c= (1.144 0.04) At 10 em, which is 6% larger 
than that required by electromagnetic measurements, The data 
are also consistent with the same value of the radial parameter as 
that which fits the electron-scattering data if the range of the pion 
nucleon force is taken to be = 1.0K 10°" em. This range is equal to 
the range required by pion-nucleon scattering data. A uniform 
distribution R=roA! is not consistent with the data 

The diffraction cross sections appear to be 20-30% higher than 
those predicted by the optical model and the dispersion relations 
The implications of this discrepancy are discussed 


section. The real part has been obtained by the applica 
tion of the dispersion relations.® Thus, to the extent 
that the potential description is valid, both the absorp- 
tion and diffraction cross sections can be computed and 
they depend only upon the shape and radius of the 
potential.’ 

The measurement of the elastic scattering of high 
energy electrons by Hofstadter and co-workers® has 
given very accurate values for the radius and shape of 
the nuclear charge distribution. For medium and 
heavy nuclei, they find that the charge density distribu 
tion can be represented by a Fermi-type distribution 
c)/2}+1}, (1) 


Pow (1) = po/Lexpl (r 


where ¢=1.08A'!K10-'* cm, 2=0.53K10-"4 em, and py 
is the charge density at r=0. In the approximation 
that the proton is a point charge, pom(r) is also the 
spatial distribution of the protons p(r). 

A difference in the radii of neutron and proton dis 
tributions should be revealed by a comparison of the 
m* and absorption cross sections at suitable energies.” 
Results of such an experiment have already been pub 
lished.” They show that the difference is less than 3% 
in radius for Pb. Therefore we shall assume in the 
following that the radial distributions of the protons 
and neutrons are identical, which is sufficiently accurate 
for our purpose. 

The optical-model nuclear potential can then be 


*R. Karplus and M. A. Ruderman, Phys. Rev. 98, 771 (1955); 
M. L. Goldberger, Phys. Rev. 99, 979 (1955); Goldberger, 
Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955 - Anderson 
Davidon, and Kruse, Phys. Rev. 100, 339 (1955); RK. M. Stern 
heimer, Phys. Rev. 101, 384 (1956) 

7R. M. Sternheimer, Phys. Rev. 101, 384 (1956); 
Gammel, and Watson, Phys. Rev. 101, 891 (1956) 

* R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). References 
to other data on electromagnetic interaction radii are contained 
therein 


Frank, 


* FE. D. Courant, Phys. Rev. 94, 1081 (1954) 
” Abashian, Cool, and Cronin, Phys. Rev. 104, 855 (1956) ; see 


also W N. Hess and B. J. Moyer, Phys. Rev. 101, 337 (1956); 
R. W. Williams, Phys. Rev. 98, 1387 (1955) 
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written in the form 


V w(r) = Vop(r). (2) 


From the pion scattering and absorption cross section 
one can, in principle, determine Vy(r). In practice, 
however, our measurements are not sufficiently accurate 
to obtain both the radius and the shape of the potential. 
‘Therefore, we shall assume that p(r) has the functional 
form of Eq. (1) and has the same value of the fall-off 
parameter z as that obtained from the electron-scatter- 
ing data. In effect, we assume that the finite range of 
the nuclear force does not appreciably alter the fall-off 
distance of the potential. Our measurements thus lead 
to values of the parameter c for the nuclear potential. 
We also compare our results to those expected on the 
basis of a uniform distribution (square-well potential). 


Il, EXPERIMENTAL PROCEDURE 


To compare the measured cross sections with the 
predictions of the optical model, it would be most 
convenient to obtain the diffraction and absorption 
cross sections separately. A measurement at each angle 
of the momentum distribution of the scattered particles, 
made with sufficient resolution, will in principle com- 
pletely separate the processes. The limited intensity of 
high-energy pion beams, as well as the difficulty in 
obtaining sufficient resolution at this energy, makes 
this method impractical. However, at these high 
energies, the diffraction scattering is confined to a 
relatively small solid angle near the forward direction, 
while the secondaries of inelastic interactions are more 
uniformly spread, Moreover, the angular distribution of 
the diffraction scattering is calculable from the theory 
of the optical model. It is thus possible, as the results 
will show, to make a separation by a measurement of 
the angular distribution alone. For practical reasons, we 
have chosen to measure the integral angular distribu- 
tion; that is, we have determined the attenuation of a 
well-defined beam in an absorber as a function of the 
half-angle @ subtended by a large counter connected in 
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Fic. 1. Schematic arrangement of the apparatus. 
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anticoincidence with a beam-defining telescope.'' The 
data which we obtain are thus the fraction of the in- 
cident beam that scatters or interacts in an absorber for 
which no charged secondary particle falls within a 
cone of semiaperture 6. For each absorber and beam 
condition chosen, we vary the angle @ over a suitable 
range, as will be discussed in Sec. IID. 


A. Beams 


The pion beams were produced by 3-Bev protons 
striking a beryllium target in a field-free section of the 
Cosmotron. The experimental arrangement is shown 
in Fig. 1. A beam of secondary particles was selected at 
an angle of 32° to the incident proton direction. The 
beam was focused by a 12-in. diameter strong-focusing 
magnetic lens and was momentum-analyzed by mag- 
netic deflection through an angle of 20°. It was defined 
by a telescope consisting of five scintillation counters. 
Counters 1A, 1B, and 3 (see Fig. 1) were 34-in. diameter 
plastic scintillators; counter 2A was 3 in. in diameter; 
counter 2B was either 3 in., 2 in., or 1 in. in diameter, 
depending on the beam size desired. The momentum 
resolution for the arrangement shown with a 3-in. 
counter at 2B was calculated to be +2%. When the 
magnets were adjusted to select negative particles, the 
beam consisted mainly of negative pions with a small 
muon contamination (see Sec. IIE). When positive 
particles were selected, the beam contained both 
protons and positive pions. To obtain a pure proton 
beam at 1.5-Bev/c momentum, the proton energy 
incident on the target was reduced to 1.25-Bev kinetic 
energy, which is below the threshold for producing 
pions of 1.5 Bev/c. The mean value of the momentum 
selected by the apparatus was calibrated by a current 
carrying wire to an estimated accuracy of +1.5%. The 
intensity of the circulating beam of the Cosmotron was 
adjusted to give ~400 counts per pulse of 10 milli- 
seconds duration. 


B. Anticoincidence Counter 


The center of each absorber was placed 12 in. behind 
counter 2B on a cart which could be readily moved in 
or out of the beam, The attenuation was measured by 
a 9}-in. diameter counter (shown as number 4 in Fig. 1) 
connected in anticoincidence with the beam telescope. 
This counter was a 24-in. thick cylindrical container 
filled with a toluene-terpheny! mixture and was viewed 
by four RCA 6342 photomultiplier tubes. The half-angle 
6 subtended by counter 4 at the absorber could be 
varied from 2.5° to 20° by moving it along a track in 
line with the beam. The spatial distribution of the beam 
was measured at the smallest and largest angle positions 
by means of a small probe counter. Thus, counter 4 was 


"A similar technique has been used by Chen, Leavitt, and 
Shapiro, Phys. Rev. 99, 857 (1955). 
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Fic. 2. Block diagram of the electronic circuits 


accurately centered on the beam over its entire range 
of motion. 

Tests were performed to determine whether counter 
4 was uniformly efficient over its entire geometrical 
area. The beam defined by the telescope was spread over 
the surface of the counter by the multiple Coulomb 
scattering in 1.5 in. Pb. A small 1-in. square probe 
counter, located behind counter 4, was operated in 
coincidence with the beam-defining telescope. The anti- 
coincidence rate of counter 4 then measured its in- 
efficiency at the location of the probe counter. The 
efficienty of the counter was mapped and found uniform 
over its entire surface. The efficienty was greater than 
98%. 

C. Electronics 


The electronic circuits are similar to those previously 
described.® Figure 2 shows a block diagram of the 
arrangement. Since the singles counting rate of counter 
4 was high (~2X10° sec”'), special precautions were 
taken to minimize dead-time losses in this channel. A 
test of its efficiency as a function of counting rate was 
made. The efficiency was found to be constant over the 
range of counting rates used. 

Accidental coincidence rates were measured by 
inserting artificial delays in various branches of the 
electronic circuits. Only those resulting from the high 
singles rate in counter 4 were appreciable. By shielding 
it with a collimator (shown in Fig. 1 near counters 2A 
and 2B) from most of the particles which do not pass 
through the telescope, the singles rate was reduced. The 
chance coincidence rate was then less than 2%. 


D. Measurements 


The elements used were approximately uniformly 
spaced in A!. The chemical purity of all samples was 
greater than 99%. The thickness in g cm~? was measured 
to an accuracy of +0.5%. The thickness of the absorber 
selected in the case of heavier elements was limited by 
the requirement that loss of beam due to multiple 


Coulomb scattering be negligible. For the light elements, 
the thickness was chosen to absorb about 20% of the 
beam. For a given absorber thickness and sufficiently 
small angle @, the anticoincidence rate due to multiple 
Coulomb scattering becomes a large fraction of the 
apparent absorption. In principle, a correction for this 
effect could be calculated from the thickness of the 
absorber and the beam distribution.’? However, the 
calculation of this correction is very sensitive to the 
exact beam distribution. It was impractical to measure 
the distribution to the required accuracy because the 
apparent absorption due to Coulomb scattering very 
rapidly becomes large compared to the nuclear cross 
section as the angle is decreased. On the other hand, 
the angle @ at which multiple Coulomb scattering losses 
become important can be readily determined experi 
mentally for an absorber of given thickness in radiation 
lengths. We have made absorption measurements with 
Pb of 0.5 and 2.0 radiation lengths as a function of 6 for 
both 2-in. and 3-in. counters at position 2B, Figure 3 
shows a typical result. The angle at which this curve 
begins to rise rapidly is considerably greater than that 
expected for nuclear diffraction scattering and the rise 
is therefore clearly to be identified with Coulomb 
scattering. From this curve one thus establishes, for 


; 


til------ - 


y 4 é 
ANTICOINCIDENCE ANGLE @ IN DEGREES 

Fic. 3, Loss of beam at small angles from multiple Coulomb 
scattering for a Pb absorber of 0.5 radiation length. The flat 
portion of the curve at angles greater than ~4° is due to nuclear 
absorption 


2 R M. Sternheimer, Rev. Sci. Instr. 25, 1070 (1954). 
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example, that the loss at 4° is 0.5% of the beam for 0.5 
radiation length of absorber. In our measurements, the 
angles were always chosen such that the multiple 
Coulomb scattering loss was less than 0.5% of the beam. 
This choice prevented the measurement of the diffrac- 
tion cross section for elements heavier than Ca. Inter- 
ference effects between Coulomb and diffraction scatter- 
ing will be discussed in Sec. IV. 

Measurements of the attenuation as a function of 6 
were made for each element from the minimum angle 
defined by Coulomb scattering loss to a maximum angle 
of 15°-20°. At each angle, a measurement consisted of 
several short runs of target in and target out to avoid 


Taste I. The measured attenuation cross sections of negative 
pions as a function of the anticoincidence angle 


Diameter Measured Statistical 
cross probable 

section error 
(mb) (mb) 


200 3.0 
238 Be 
231 2.6 
186 2.4 
165 2.1 
150 
334 
300 
275 
239 
212 
190 
559 
509 
444 
438 
418 
379 
343 
798 
778 
586 
612 
626 
599 
492 
854 
789 


780 


Anti 
coincidence o 
angle 6 counter 
(degrees) 2B (inches) 


2.89 
4.15 
6.48 
10.10 
14.30 
18.15 
2.04 3.0 
3.95 30 
5.92 30 
9.72 30 
12.95 3.0 
16.50 30 
4.00 2.0 
5.25 2.0 
7.17 30 
9.10 20 
9 38 3.0 
13.50 20 
17.60 2.0 
3.71 30 
4.00 1.0 
6.33 3.0 
8.10 1.0 
8.78 3.0 
10.90 3.0 
15.00 1.0 
7.00 2.0 
7.56 40 
9.39 4.0 
10.30 20 
13.70 2.0 
6.95 3.0 
7.00 2.0 
8.00 3.0 
10.00 30 
10.30 2.0 
13.70 2.0 
7.00 2.0 
8.00 3.0 
10.30 2.0 
13.70 2.0 
6.16 3.0 
14.00 3.0 
24.30 30 
4.84 3.0 
11.20 30 
18.75 3.0 
3.13 3.0 
8.00 30 
13.35 3.0 


Kinetic 
energy 
Hev 
(lab) 


0.97 Be 
0.97 Ke 
0.97 Be 
0.97 Be 
0.97 Be 
0.97 Be 
0.97 Cc 
0.97 - 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
(97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.97 
0.00 
0.00 
0.00 
0.80 
0.80 
0.80 
1.20 
1.20 
1.20 


Absorber 
thickness 
(gcom"*) 


18.75 
18.75 
18.75 
18.75 
18.75 
18.75 
16.88 
16.88 
16.88% 
16.88 
16.88 
16.88 
10.30 
10.40 
10.52 
10.30 
10.52 
10.30 
10.30 

5.11 

7.44 

5.11 

7.44 

5.11 

5.11 

7.44 
22.01 
11.36 
11.36 
22.01 
22.01 
18.30 
18.30 
18.30 
18.30 
18.30 
18.30 
14.18 
10.72 
14.18 
14.18 
16.88 
16.88 
16.88 
16.88 
16.88 
16,88 
16.88 
16.88 
16.88 


Klement 


3.0 
3.0 
3.0 
3.0 
3.0 
3.0 


= 


3 
% 
7 
15 
7 
3 
7 
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errors due to possible slow drifts in the electronic 
apparatus. Subsequent statistical analysis of the data 
did not, in fact, reveal any significant effect of this kind. 

Measurements on Be, C, Al, Ca, Cu, Sn, and Pb were 
made for 970-Mev negative pions. Carbon was also 
measured at negative pion energies of 600, 800, and 
1200 Mev. Measurements on Pb, Ca, and Al were made 
for both negative pions and protons of 1500-Mev/c 
momentum in identical geometry. 


E. Muon Contamination 


Measurements with pions require a correction for the 
muon contamination in the beam. This correction was 
deduced by methods for which a detailed discussion 
has been given previously.” A range curve for the 
970-Mev pion beam gave an upper limit of 0.031 for 
the fraction of muons originating from decays before 
the analyzing magnet and a lower limit of zero. The 
fraction of muons originating after the magnetic 
deflection was found to be 0.080 by an approximate 
calculation and by comparison with more precise 
UNIVAC computations described earlier.» Upon com- 
bining the two results, the muon contamination was 
taken to be 0.09+0.03. Previous experience has shown 
that the contamination varies little over the pion 
momenta used in this experiment. Hence, the same 
correction was applied at each momentum. Electron 
contaminations have been shown to be less than 1%.° 

Table I and Table II list the results for the measured 
total cross sections. In Sec. IV the measured values 
will be separated into absorption and diffraction cross 
sections. The errors quoted are statistical standard 
deviations only and do not include the 3% uncertainty 
due to muon contamination. 


III. CALCULATION OF CROSS SECTIONS 
FROM THE OPTICAL MODEL 


In general, a free pion of wave number ky will have a 
wave number k= ko+-k,(r)+ 47K (r) ina nuclear medium. 
For negative pions in a nucleus characterized by Z and 
A, the optical model predicts for kok that?’ 


ki(r)= [ 2xp(r) /ko \{{ Za, (O)+(A- Z)a,*(0) | A}, (3) 
}K(r) =[2mp(r)/ko }{[Zas-(0)4+ (A —Z)a;*(0) /A}, (4) 


TABLE II. The attenuation cross sections of negative 
pions and protons at momentum 1500 Mev/c. 


Measured 
cross section 
for ® 
(mb) 


421414 
319+11 
607 +22 
524428 
486+18 
1908+72 
1695+64 


Measured 
cross section 
for protons 
(mb) 


4164 3.2 


317+ 2.9 
600+ 7.0 


Anti- 
coincidence 
angle 6 
(degrees) 


Absorber 
thickness 
(g cm~?) 


Al 31.12 9.2 
Al 31.12 17.6 
a 17.34 7.0 
a 17.34 10.3 
a 17.34 13.7 
»} 14.18 6.0 
a 14.18 11.8 


Element 


, 490+ 7.0 
1870+ 36.0 


( 
( 
( 
I 
I 1651432.0 
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Fic. 4. The trajectory S of a particle passing 
through the nucleus in terms of r and b. 


where p(r) is the density of nucleons, a(0) is a pion- 
nucleon forward scattering amplitude, subscripts r and 
i indicate real and imaginary part, and superscripts 
+ and — indicate rt-p and r--p amplitudes, respec- 
tively. Charge symmetry has been used to equate the 
mn amplitude to the mw*-p amplitude. Since a(0) 
=koo./4mr, where o; is the pion-nucleon total cross 
section, substituting in Eq. (4) we have K(r)=p(r)é, 
where ¢=[Zo,-+(A—Z)o;* |/A. For relativistic pions, 
the equivalent complex potential'* is given by 


V (r) =hcBl ki (r)+41K (x) ]. (5) 


The dispersion relations® give values for the real part 
of the forward scattering amplitude. They yield a value 
of k,/K less than 0.1 for kinetic energies between 600 
and 1500 Mev. The value of a4 calculated for k,/K =0.1 
differs from that calculated for k;=0 by less than 3%; 
hence to simplify the calculations they have been 
carried out for k,=0. 

For a square-well nucleon distribution, the cross 
sections can be calculated from formulas given by 
FST? in terms of &@ and R, the radius of the nucleus. 
For the Fermi distribution, this computation can be 
carried out as follows: Eq. (1) is well approximated by 
p(r) =pou(r), where 


u(r)=1, O<r<c—} 


7—C r—c\3 
u(r) 1-3( )+2/ ). ri l<r<cthl (6) 
l l 


u(r)=0, r>c+h 

and po is the density of nucleons at r=0. To fit the 
Hofstadter fall-off parameter z=0.53K10-'* cm, we 
must choose (= 4.2310~'* cm. This gives a 90% to 
10% surface thickness of 2.5% 10~'* cm. We shall define 
units of length in terms of ¢. The parameter c has the 
same meaning in Eqs. (1) and (6) and is the half- 
density radius. For example, to fit the Hofstadter 


14 Equation (5) is the correct form if the potential is expressed 
as the fourth component of a four-vector in a Klein-Gordon equa 
tion, and it is smal] compared to the tota] energy 


1O 


b IN UNITS OF ¢ 


Fic. 5. The effective path length S(b) as a function of 6 for the 
Fermi distribution. The curves are plotted for various values of 
the parameter c in Eq. (6). Units are in terms of the length ¢ 


parameter ¢=1.07A'!X10~" cm, we have, in our units, 
c=0.253A'. The distribution of Eq. (6) for Pb is 
identical to that used by Williams,'* but differs for the 
lighter elements. The central density po for the Fermi dis 
tribution is given by demanding that /p(r)4ardr= A, 
which leads to the result 


C ( I 
ix( + )| (7) 
3 20 


The expressions for all cross sections contain the 


Po A 
in units of /. 


integral 
4 is 


J Kds pa f u((s?+-b*)')ds, (8) 


where b is the impact parameter and 5 is the distance 
along the path defined by 6 (see Fig. 4). The integral on 
the right side of Eq. (8) is a function of 6 only, which we 
call S(b), the effective path length in the nucleus. For 
the Fermi distribution, we have calculated S(b) for 
values of ¢ ranging from 0.5 to 1.5 which describe nuclei 
from Be to Pb. Figure 5 gives curves of S(b) for different 
values of the parameter c. 
The cross sections are then given by 


an f {1—exp[ 
0 


an f {1—exp[—apoS(b) |)*bdb, 
0 (9) 


26po5(b) |} bdb, 


| o 
[da (6) /dQ \a bof {1—exp[—dpoS(b) |} 
¢ 


) 


, 


K Jy ( Rob sind) bdb 


4 R.W. Williams, Phys. Rev. 98, 1387 (1955 
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Fic. 6. The integral angular distribution f4(@), which is defined 
in Eq. (10), as a function of 6. The curves are plotted for C and Pb 
in the case of infinitely good angular resolution. Curves 1 are for 
a Fermi distribution with ¢=1.13A'X 10°" cm and curves 2 for a 
uniform distribution with r=1.3A'*K10™ cm and @=32 mb; 
curves 3 are for a uniform distribution with r=1.3A1X10™" cm 
when one assumes a completely opaque nucleus. 


These cross sections have been evaluated by numerical 
integration, Figure 6 shows integrated curves of 
| da (0) /dQ |\q for a typical set of parameters both for the 
Fermi and uniform distributions. The essential differ 
ence is that the Fermi distribution gives less large-angle 
diffraction scattering. 

To deduce the diffraction cross sections from the data, 
it is necessary to compute the fraction of the scattering 
which fails to strike counter 4 when set at a given angle 
6. The required integral, which takes into account the 


Pase IL. The absorption and diffraction cross sections for 970 
Mev negative pions. » is defined in Eq. (11’), Sec. IV 


Diffraction 
cross section 
oain mb 


76415 
78421 
217441 
2904-60 


Absorption 
cross section 


” 
@.in mb* barns sterad™ 


0.164-0.02 
0.24+0.03 
0.35+0.05 
0.54+0.05 
0.64+0.11 
0.69+-0.19 
0.48+-0.48 


@d/@a 


0.384-0.08 
0.314-0.08 
0.49+0.09 
0.47+0.10 


Klement 


Be 1974+ 9 
: 252+ 13 
Al 442+ 20 
Ca 6184 27 
Cu 806+ 35 
Sn 11994 52 
Pb 1690.4 100 


* A small electrostatic correction has been applied as explained in Sec. VA. 
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finite angular resolution, is 
fa(0) =2eag f [do (0’)/d2|4R(6—6’) sind’de’. (10) 
0 


R(6—@’), which expresses the angular resolution, rises 
from zero at 6’=(@—Aé@) to unity at 6’ =(6+A0) and 
remains unity thereafter. The form of the function R 
is obtained from the measured beam distribution. The 
value of 46/6 was approximately 0.3. 


IV. ABSORPTION AND DIFFRACTION 
CROSS SECTIONS 
To carry out the separation of o,,(@) into oq and o4 
in a systematic manner, we represent the measured 
cross section o,,(8) as 


‘ 
om(8) =o. f [da (8)/dQ)qdQ+- fa(O)ou, (11) 
0 


where [do(@)/dQ), is the angular distribution of the 
detectable charged secondaries resulting from absorp- 
tive collisions. 

We shall assume that the angular distribution fa(@) 
is correctly given by the optical model. The form of 
fa(@) depends, of course, on the radius and form of the 
assumed potential as indicated in Sec. III. Thus, after 
assuming a trial radius and form of the potential, the 
resulting 7, and oq must be compared to the predicted 
cross sections for the same potential. The consistency of 
a, and oq deduced in this way with the computed 
values then allows us to deduce the best radius and 
form of the potential. 

Although the measurements at large angles indicate 
that [do(0)/dQ), does not vary rapidly over this range 
of angles, we have no a priori knowledge of the form of 
this function from nuclear theory. For the purpose of 
extrapolating o, to zero angle, we shall assume that 
| do(0)/dQ2\, is constant over the range of angles 
measured here. Fortunately one can easily show that 
for our purpose this approximation is very good if the 
true distribution does not vary too rapidly with de- 
creasing angle. If the true distribution can be approxi- 
mated in the form 


[do(0)/d2 \a=>. n| an|cos"6, (12) 


then the error introduced in extrapolating to @=0° from 
points at 0=7.5° and 15° is less than 2% for n<12. The 
rise in a» itself between 7.5° and 15° is considerably less 
rapid than cos'@ so the assumption seems well justified. 
There is some additional evidence, though indirect, 
from the high-energy secondaries generated by neutrons 
of «1.4 Bev.' Extrapolating this observed distribution 
to zero on the basis of our assumption*’would lead to'an 
error of 1%. 

In accord with the foregoing discussion, we have made 
a least-squares fit to our data of the form 


om(9) = fa(O)oat+o_—2xn(1—cos6), (11’) 
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TABLE IV. The absorption and diffraction cross sections for carbon as a function of energy. ‘The computed values are for a Fermi dis 
tribution with c=1.13A!X10-" cm; the values of 6 and &,/K are given in the last columns 


Measured 
diffraction 
cross section 
oa in mb 


Measured 
absorption 
cross section 
oain mb 


216+10 
238412 
252413 
246+ 14 


Kinetic 
energy 
Mev 
(lab) 


00 
800 
970 


Measured 
74/Ca 


0.32+0.07 
0.42+0.08 
0.31+0.08 
0.43 +0.09 


70+ 16 
99+-19 
78+21 
105+ 22 


in which the values of oa, oa, and y are then determined 
from the data. The results are given for the negative- 
pion data in Tables III and IV. 

In elements heavier than Ca, the multiple Coulomb 
scattering effects discussed in Sec. IID, prevent us 
from obtaining a value for og. For these elements, we 
must make some assumption about the value of oq in 
order to evaluate its contribution at large angles. For 
pions, as previously discussed, both the real and 
imaginary forward scattering amplitudes are known 
and a4 can be calculated from the optical model. More- 
over, at least for the light elements, our results for a4 will 
be a check of the validity of this computation. It is easy 
to see that a, is not sensitive to the value of oq. For Pb, 
which is the worst case, oq contributes less than 3% at 
large angles while o4/a, is expected to be about 0.8; thus 
a 40% error in the value of og would introduce an error 
of only 1% in the value of o, deduced. 

In writing Eqs. (11) and (11’), we have neglected 
contributions from multiple and single Coulomb scatter- 
ing for the reasons given in Sec. ILD. This conclusion 
was based on measurements made in Pb at angles such 
that the coherent diffraction scattering amplitude a, (4) 
was negligible. However, in the light elements where we 
wish to measure gq, the value of a,(6) is not negligible. 
Thus, interference with the Coulomb amplitude may 
contribute to the measured cross section. It is possible to 
calculate approximately the contribution of such inter- 
ference terms.!® The result is that the contribution could 
be neglected except at the smallest angle measured for 
Ca. Therefore this angle was omitted in the analysis 
of the data. 

V. RESULTS 


A. Absorption Cross Sections for 970-Mev 
x Mesons 


Table III gives the values deduced for o, at 970 Mev 
for the selected elements. The values of n=(.do(@)/dQ|, 
for the charged secondaries of inelastic collisions are 
noted in the last column. 

The function f4(@) in Eq. (11’), which was used to 
obtain the values of a, in the table, was that which 
applies for the Fermi distribution with c=1.13A! 
10-4 cm, ¢= 32 mb, and = 4.23 10~'* cm. However, 
the values of o, are not sensitive to the model used in 
obtaining f4a(9), since a, is principally determined at 


4K, Gatha and R, J. Riddell, Jr., Phys. Rev. 86, 1035 (1952). 


Computed Computed 
absorption diffraction 
" cross section cross section 
barns sterad™ gain mb gain mb ki/K 


0.09+0.01 216 45 0.072 
0.12+0.02 240 60 0.036 
0.24+40.03 244 61 3 0.050 
0.26+0.05 236 59 0.076 


angles for which fa(@) is always small. For example, 
a, would be smaller by only 3% for a uniform distribu 
tion as can be seen directly from Fig. 6. 

The error given for a, is an estimate of the systematic 
uncertainty compounded with the statistical errors from 
the least-squares analysis. The systematic error is an 
estimate of the uncertainty in extrapolation to zero 
angle as discussed in Sec. IV. ‘The extrapolated corre 
tion to obtain o,(0°) from measured values at the larger 
angles ranges from 4% in Pb to 10% in Be. We feel that 
a generous estimate of the uncertainty is +4% in oz. 

For high-Z elements, a small correction has been 
applied to take account of the electrostatic attraction 
of the pion by the nucleus. At this energy where A is 
small compared to nuclear dimensions, the deflection 
of the orbits can be treated classically. The correction 
factor® is [1—2Ze?/RE | which, for example, reduces o4 
in Pb by 2.8%. 

For ¢=33 mb, the weighted average of the free 
pion-nucleon cross sections, we have computed the 


expected absorption cross sections for a Fermi distribu 


tion with various values of the parameter c. Figure 7 
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lic. 7. A comparison of the experimental absorption cross 
sections with the Fermi tapered model. The cross sections are 
divided by wR,? where Ry = (1.13A4+-2.116) X10" cm 
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hic. &. Comparison of experimental a, with a uniform model 
All cross sections are divided by rR? where Ro=1.3A!XK10 ™, 
Computed curves of the uniform model are displayed for radii of 


R#13A'K10" cm and R=1,5A'K 10% cm 


shows a comparison of the measured and computed 
values. The experimental cross sections are a good fit 
to the shape of the computed curves. The best value of 
the radius parameter is c= (1.14+:0.04) A! 10" cm. 

The heavy elements are the most strongly weighted 
in the determination of c. They are insensitive to the 
value of @ since do,/a,=0.2dé/é for Pb. On the other 
hand, the light-element cross sections are insensitive to 
c but are quite sensitive to é. For example, do,/o. 

().6dé/é for carbon. Thus for the model, in addition 
to the radial parameter ¢ obtained from the heavy 
elements, the light elements give an experimental 
measure of ¢ which is quite insensitive to the value of c. 
If ¢ lies in the range 1.07 to 1.194!XK10~-" cm, the C 
and Be experimental values yield the result ¢=34+43 
mb, which is clearly in excellent agreement with é= 33 
mb obtained from the free pion-nucleon cross sections. 

In Fig. 8, the measured values of o, are compared to 
those computed for a uniform distribution with 
R=1.30 and 1.50A!X10-"* cm. It is clearly not possible 
to fit the shape of the experimental points with a single 
parameter of the form R=roA!. A reasonable fit to the 
data can be obtained for a uniform distribution in the 
form R=[rA'+b| with ro=b=1.11K10" cm al- 
though there is no evident reason to choose a distribu- 
tion of this form. 

The radial parameter c=1.144'X10-" cm which 
gives the best fit to the Fermi distribution is 6% larger 
than that obtained from electron scattering.’ Such a 
difference could well be the result of the finite range of 
the pion-nucleon interaction. The range of interaction 
can be considered in a phenomenological manner'* by 
describing the probability of an interaction between a 


nucleon at position rand a pion at position r’ by a func- 
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tion F(r'—r). Then if F is normalized to unity, an 
effective nuclear density p’(r’) may be obtained by 
“folding in” F(r’—r) with the nuclear density obtained 
from electron scattering: p’(r’) = fp(r)F (r’—1r)d*r. The 
effective density has been computed for a square well 
interaction; F(r'—r)=[(49/3)ao°}"' for |r'—r| <ao, 
F(r'—r)=0 for r> ao, and ay is the range of interaction. 
The absorption cross section has been computed for 
c=1,08A!X10~'* cm and various values of a». For 
ay=1.0K10~-'* cm one obtains the measured Pb cross 
section. This is in agreement with the radius of inter- 
action for elementary pion-nucleon collisions obtained 
by Walker et al.'® 


B. Diffraction Cross Section 

Table III gives the measured values of og at 970 Mev 
for the light elements; Table IV gives oq in carbon at 
various energies. To obtain ou, the function f4(@) used 
was that appropriate for the Fermi distribution which 
fits best the values of the absorption cross section. 

The error is estimated by noting that oq is essen- 
tially obtained by subtracting the deduced value of 
ao, from the measured cross section at small angles; 
0 d= (Om—a)/fa(O). The error in a4, discussed in detail 
before, is the principal source of error in oa, thus 
Ao ¢=Ao./ fa(@). The variation in f,(@) by changing the 
parameter c within the range allowed by the fit to oq 
leads to an uncertainty of +3% and is therefore 
negligible in comparison, 

Values of oq and a,/o, have also been calculated for 
the various elements. They depend on the real, as well 
as the imaginary potential through the parameters 
k,/K and @ defined in Sec. II]. Curves of o4/o, are 
plotted in Fig. 9 with k,/K as a parameter. The real 
parts of the pion-nucleon forward scattering amplitude 
deduced from dispersion relations lead to ki/K about 
0.05. The experimental points all lie somewhat above 
the predicted curve. Although the errors on each point 
are large, taken together they lead to a best value of 
k,/K=0.40+0.15. Thus the experimental diffraction 
cross sections appear to indicate a larger real potential 
than that predicted from the free pion-nucleon cross 
sections and the dispersion relations. If oq is deduced by 
assuming a uniform distribution of nucleons, this con- 
clusion is not altered. 

The reason for this discrepancy is not clear. Although 
we feel that the errors assigned are generous, it is to be 


TaBLe V. Comparison of experimental pion and proton absorption 
cross sections with the predictions of the optical model. 


b6=[oul(p aalm)\/aalw) 


Predicted 


o(p) 
in mb 
39.7 
40.0 
38.4 


Experimental 


0.006+0.038 
+-0.0244+0.043 
+-0.017 +0.046 


Element 


+-0.06 
+0.06 
+-0.01 


16 Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956) 
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noted that almost all systematic errors are in a direction 
to make the measured og appear larger than the true 
value. For example, in the discussion of multiple 
Coulomb scattering, given before, an upper limit to the 
beam lost by this process was placed at 0.5%. If the loss 
were this large, it would increase the apparent value of 
aa by 10% in Be and 20% in Ca. Nevertheless, the 
results do suggest that there may be an effective real 
pion-nucleus potential several times larger than that 
predicted by dispersion theory. More precise experi- 
ments will be required to verify this conclusion. 


C. Dependence of «, on Energy 


Table IV gives the measured values of o, for carbon 
as a function of kinetic energy. They are deduced in the 
same way as those given in ‘Table III. 

According to the optical model, the energy de- 
pendence of a, depends only upon the energy depend- 
ence of ¢. Carbon was chosen for the measurement since 
it is sensitive to changes in 6; daa/oa=0.6da/é. Table 1V 
gives the values of @ at corresponding energies and the 
absorption cross sections calculated from them. 

The measured absorption cross sections are in very 
good agreement with the calculated values. At 600 Mev, 
a, is somewhat smaller than at higher energies which 
reflects the lower value of & at this energy. 


D. Comparison of Pion and Proton Absorption 
Cross Sections 


_ In Table II, values of the absorption cross section 
measured at each of two “poor geometry” angles are 
given for negative pions and protons of 1500-Mev/c 
momentum in Al, Ca, and Pb. For comparison purposes, 
it was convenient to choose the same momentum since 
the angular dependence of the diffraction scattering and 
the multiple Coulomb scattering are the same. More- 
over, the comparison requires no change in the appara- 
tus other than a reversal of the direction of current 
in the magnets. Thus the relative absorptions are more 
precise than the absolute values. The results of the 
measurements at the two angles allow us to state that, 
within the error, the angular dependence of the in- 
elastic secondaries is the same for pions and protons. 

For the purpose of comparing with predictions ofthe 
optical model, the values of 6=(a(p)—oa(m~) |/aa(r~) 
are given in Table V. The experimental values have been 
corrected for the electrostatic effect explained in Sec. 
VA. A 3% error has been included due to uncertainty 
in the muon contamination. The same optical-model 
parameters used to fit the absorption cross sections at 
970 Mev have been used to obtain the predicted values 
of 6. The values of & for protons were obtained from 
Chen et al.” 

The experimental values of 6 for Al and Ca are some- 
what smaller than the predicted values but are scarcely 


'7 Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 (1956) 


OF 


970 Mey 
6800 Mev 
1200 Mey 


Fic. 9. A comparison of the measured values of o4/o, to those 
calculated from the Fermi distribution for various values of the 
parameter ki/K. The dispersion theory gives k,/K =0.05 


outside the error. A small error should also be attached 
to the predicted 6 from uncertainties in the free cross 
sections. We conclude that the experimental results are 
reasonably consistent with the optical model using the 
free pion-nucleon and proton-nucleon cross sections to 
obtain &. Some small corrections to @ which are in a 
direction to improve the agreement are discussed in the 
next section. 

The very recently reported work of Booth ef al.' for 
incident protons of 900 Mev can be directly compared 
to our results at nearly the same energy. For Al and Pb, 
the measured absorption cross sections at each angle 
are within the experimental errors quoted, The tendency 
for light elements like Al and Ca to give a smaller cross 
section than that predicted from the Fermi distribution 
as noted above is even more pronounced for their 
values in C, These lower cross sections in the light 
elements allow them to fit a square-well potential with 
ry = (1.26+0.03) K10-'* cm, which does not seem to be 
possible for pions (see Fig. 8). A correction for the Pauli 
exclusion principle tends to reduce this difference 


E. Corrections to o 


As is well known, there are two corrections which 
should be applied to the value of ¢, which in the above 
discussion was obtained directly from the elementary 
pion-nucleon cross sections. They are (1) a correction 
for the effect of the Pauli exclusion principle which 
reduces ¢, and (2) a correction for the direct absorption 
of pions which tend to increase é 

The Pauli exclusion principle forbids collisions in 
which the energy transferred to the struck nucleon in an 
elastic collision is too small to raise it to an unoccupied 
state. To estimate this effect, we treat the nucleus as a 
Fermi gas and suppose that collisions are inhibited for 
which the momentum transfer is less than the maximum 
Fermi momentum ky. This effect prevents scattering in 
a solid angle r(k»/ko)* about the forward direction. The 


correction to @ is Aé m(ky/ky)*| da(O)/d2 |. The 
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forward differential elastic cross sections are known®'* 
and we take ky=200 Mev/c. The resulting correction 
reduces @ by about 10%, 

The value of & derived from elementary pion-nucleon 
processes does not include the possibility of direct 
absorption by two or more nucleons. Reactions such as 
x +p+n—n-+n and r +p+p—-p+n are known to be 
very important at low energies. These reactions are 
discussed by Brueckner, Serber, and Watson.'* They 
have shown that the direct absorption cross section 
in heavy nuclei is given by a factor I’ times the cross 
section for the reaction m+d--n+n. The factor [ 
which depends only on the structure of the nucleus is 
essentially the ratio of the probability for finding two 
nucleons close together in a nucleus to that in the loosely 
bound deuteron. An analysis of the low-energy experi- 
mental data gave I’ ~ 10. 

We can obtain an estimate of the direct absorption 
cross section in deuterium by detailed balancing. 
If we assume charge symmetry, the cross section of 
x +d—n-+n for 1370-Mev pions is equal to that for 
p+p-—-nt+d with 3-Bev protons. The present data, 
though very crude, indicate this cross section is roughly 
0.5 mb.” Thus the r~-p cross section in nuclear matter 
should be increased by ~5 mb, which would increase é 
by 2.5 mb to take account of direct absorption processes. 

The above considerations show that the two correc- 
tions are approximately equal in magnitude but op- 


posite in sign. Therefore, for pions our use of @ derived 
from the free cross sections is justified. However, since 
there is no direct absorption of protons analogous to 
that for pions, é(p) should be reduced relative to (7) 
by about 10% to compare proton and pion absorption 
cross sections as in Sec. VD. Indeed, this correction is 


in the direction necessary to improve the agreement 
between the measured and computed pion and proton 
absorption cross sections. The data are consistent with a 
correction of this magnitude. 


'® Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956) 

” Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951) 

* Block, Harth, Cocconi, Hart, Fowler, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 103, 1484 (1956). 
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VI. SUMMARY 


Measurements of the absorption cross section in 
nuclei for high-energy pions have been compared to the 
predictions of the optical model. The measurements 
which were made were chosen in order to vary asmany 
of the parameters entering into the model as was 
experimentally feasible. They included the following: 
(1) for elements from Be to Pb, a, at 970 Mev; (2) for 
C, oa between 600 and 1200 Mev; and (3) for Al, Ca, 
and Pb, o, for 1500-Mev/c negative pions and protons. 

All of the measurements of o, are completely 
consistent with a potential having the shape of 
the Fermi distribution and a single radial parameter 
c= (1.14+0.04)A'x10- cm. The shape of this poten- 
tial is consistent with that required for the nuclear 
charge distribution as determined from electron-scatter- 
ing data. The parameter c is, however, 6% larger than 
the best value for that of the charge distribution. This 
difference is well accounted for by a range of the pion- 
nucleon interaction equal to ~110~'* cm, which is 
also the value deduced from the elementary pion- 
nucleon interaction. The experimental absorption cross 
sections will not fit a uniform potential with one 
parameter R=1A}. 

The measured diffraction cross sections are 20-30% 
larger than those predicted by the optical model. This 
result indicates that for pions the real potential of the 
nucleus may be several times larger than the value 
deduced from the optical model and the dispersion 
theory. It is conceivable that the discrepancy may be 
due to an unknown systematic error in the measure- 
ment. Further experiments will be necessary to verify 
the existence of such a potential. 
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By using the Chew-Low theory, meson production cross sections in meson-nucleon collisions have been 
calculated. The various production amplitudes, in the one-meson approximation, yield integra! equations 
whose kernels involve scattering phase shifts. For these, experimental or theoretical phase shifts were used 
Calculations with pseudoscalar mesons show that, for coupling constants deduced from scattering, the Born 
approximation differs greatly from the results of the one-meson approximation. Agreement with experiments 


at 470 Mev is good but not decisive. 


1, INTRODUCTION 


HEW and Low’ have recently shown that low- 

energy p-wave pion-nucleon scattering is ade- 
quately described by pseudoscalar mesons with pseudo- 
vector coupling to an extended nucleus. In spite of 
ignoring recoil and pair terms, they reproduced the 
experimentally measured (3,3) phase shifts including 
the resonance. Their calculation leads to a set of non- 
linear coupled integral equations which in the one-meson 
approximation can be solved approximately. They re- 
tained some of the features of relativistic field theories 
by satisfying the crossing theorem of Gell-Mann and 
Goldberger’ and the requirement of unitarity. The only 
adjustable parameters in this calculation are the coup- 
ling constant and the cutoff. 

We calculate meson production cross sections in 
meson-nucleon collisions in the pseudovector meson 
theory using the one-meson static approximation, That 
is, in virtual scattering processes states containing 
more than one meson and one physical nucleon have 
been ignored. Although the nucleon is represented by 
the lowest eigenstate of the complete Hamiltonian and 
is given enough degrees of freedom to represent its 
charge and spin states, it is not given translational mo- 
tion. These two approximations are clearly unjustified 
for high-energy processes, but no attempt was made to 
determine the limit of their validity. Configurationt 
containing two mesons will probably be importans 
near a resonance for double meson production, Our 
solution is consistent with the restriction arising from 
the unitarity of the S matrix in the one-meson approxi- 
mation, whereas crossing is not exactly satisfied. To 
facilitate numerical integrations all the phase shifts 
except the (3,3) are taken to be zero. Experimentally 
measured phase shifts are used when available. 


* Based on a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of Chicago. 

+ This work was supported by a grant from the U. S. Atomic 
Energy Commission. 

1G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

2 M. Gell-Mann and M. L. Goldberger, Proceedings of the Fourth 
Annual Rochester Conference on High-Energy Nuclear Physics 
(University of Rochester Press, Rochester, 1954. ) 


2. INTEGRAL EQUATIONS FOR THE 
PRODUCTION AMPLITUDE 


We shall use the notation of Chew and Low through 
out, with the exception of using mesons in definite 
charge states; hence 


M(ritire), n=+1 


73 iN 0 


’ 


where 7, T2, 73 are the Pauli matrices, 

The production matrix for a transition from an 
initial state containing a nucleon Wo=Wo(m) and a 
meson q toa final state containing a nucleon Vo! = Wo(m’) 
and two mesons pj, p» is* 


(Wo' | dp Vi2 t+ ape py 1/0, 


T gm( Pipwm) 
This expression for the production matrix is equal to 


CW’ pipe? | Vg | Wo) 


q 
on the energy shell. ‘The latter is very complicated off 
the energy shell and is not used in obtaining the follow 
ing integral equations, 
Let 


io) aps po” ! + dp2\ py” ‘, 


As a consequence of the equations of motion, 


) vw) 
T+wy | 
| 
Hw 0 Vo). (2.2) 
wy— H+ 


a 


(Wy (m’) 0 y ‘r) bap (Vo’ V pe 01 Vo) 


t bap2(Vo | V py" | Wo) (ws Vo “ 


The Kronecker delta functions are simultaneously 
diagonal in charge and momentum. It also follows that 


] i 
(WV, v (n)|O|Wo) — (vo(n) 8) v."lW) 
H+w 


¥ 


| 
+ vo(n) yor O vs). (2.3) 
w,—H~ie 


¥ 


+N. Fukuda and J. S. Kovacs, Phys. Rev 104, 1784 (1956) 
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Delta functions do not appear in this expression, and 
a, and O commute. 

Let us define a new quantity 


(Vo! |O!\W, (m) )’ = (Wo |O\W—5'*) (m)) 


ban (Vo V pt Vo) — ba po(Vo' V py * Vo). (2.4) 


(Wo |O\W, (m))’ => 


n Wpi— Wa 1€ 


t 


Wy 


Ol OY, | V5 | o) 


+ 


r W,— W_—1e , 


and 


(wy, (n)\O WV) | 


wyt Wp 


| 


Wy 


— (Vo(n) | VO", ov, | 0) Wo) 
4 


p W,— Wy tte 


: (Wo! | V po" |Wo(n)) (Wn, (n) | Ve |Wo) 
4- 
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On the energy shell this is equal to 


(Wo |O|W, (m)). 


Using (2.4) in (2.2) and (2.3) and summing over inter- 
mediate states, we get 


(Vo | V pt j Vo(n))(v po (n) | Ve |Wo) 


Wpa— Wa LE ., cum 


(y,’ | Ve” | WVo(n))(Vo(n) | 0 | Vo) (Wo! | O | Vo(n))(Vo(n) | Ve Wo) 


Wq 


(Y'| Vv, lw,‘ + Yop,’ “7 (O|Wo) 


’ 


2.5) 


Wy tw, 


(Wo(n) | Vp," |W of S) MW py‘ '(s) | V,r? Wo) (Wo(n) | Vp 1 |Wo(s))(W pot (s)| Vt | Wo) 
4 caiebaneai — 


wy +wp2 


(Vo(n)|O|Wo(s)) ols) | VOW) bo(n)| V,*| Wo(s))o(s) || Wo) 


wy 


(Wo(n)|O)H,PY | VOT Wo) 
, fl (26) 


t Wet wre 


Equations (2.5) and (2.6) are the equations that will be solved to obtain the production matrix when the inter- 
mediate states are limited to one nucleon and one-meson—one-nucleon states. 
To exhibit the crossing symmetry of the production amplitude it is convenient to rewrite (2.2) on the energy 


shell after eliminating O 


1 1 1 
Liew (pipom) (ws Vo of (Vs. ms Vp," + Vn," ’ vn") 
H+w, H+wp H+wp. 


1 
| Vp," (V» oy 
Wy WPi H l€ Wy 


I 1 1 | 
(Vou Vo a Vv, vn") vs) (2.7) 
W@q—-Wr— H-+-te Wa -~H+16« wrotH 


} V ry 0)t 


The crossing symmetry is equivalent to requiring the 
production matrix to be invariant to the substitution 


V (0 Z 


q 


>V pt, 


Wy tte —wpi, 


y,° z >V no t 


Wot leq Wpe. 


Equation (2.7) is seen to be unchanged by this substi- 


tution. This substitution exchanges elements in the 


third term of (2.2) with those in the fourth term of the 


same equation. Thus both these terms must be calcu- 
lated to the same accuracy to satisfy the crossing theo- 
rem. In the pseudovector theory, in order to obtain an 
analytic solution, additional approximations beyond 


i ae 


) « - V.@ vn") 
~H +-1e wmtH 


those mentioned above are necessary. These approxima- 
tions are made in terms which always have a positive 
energy denominator and which thus are presumably 
smaller than those in the fourth term of (2.2). We shall 
return to this point. 

In distinction to the behavior of our solutions under 
crossing, unitarity as consistent with the one-meson 
approximation is strictly satisfied in our solution. The 
unitarity of the S matrix requires that 


a|T\ f)*—(f| Ti) 


2mi > b(E,—E,)(n|T f)*(n|T\i), (2.8) 


where E,= Ey. 

In the one-meson approximation the solution will be 
required to satisfy (2.8) when the states (m! are limited 
to one physical nucleon and one nucleon-one meson 
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scattering states. It is readily shown that if 


(f| ! 1)= T om(pPipom’) = (Wo O vy,“ '(m)), 
then 


G|T) f)=(Hy (m) | O18 Wo). (2.9) 


Upon comparing (2.9) with (2.2), it is seen that (7| 7) f)* 
differs from (2.2) by the replacement of « by —e. ‘Thus 


G|T| f)*—(f| Ti) 
=i F n(Wo(m’) | O\n)(n| Vo |Wo(m))b(E, 


— Wy), 


and unitary is automatically satisfied by the equations 
of motion. The following is clear: in (2.2) the term with 
always positive energy denominator has nothing to do 
with unitarity, whereas the last term of (2.2) is re- 
sponsible for unitarity and must be treated to a corre- 
sponding degree of accuracy as the requirement of 
unitarity demands. In the pseudovector theory the 
one-meson approximation requires the retention of 
one-nucleon-one-meson scattering states in the last 
term of (2.2). 

The solution of the coupled integral 
(2.2) and (2.3) in the one-meson approximation is 
further simplified by using an angular and isotopic 
spin eigenstate decomposition of (Wo(m’)|O|W,) and 
(VW, (n)|O\Wo).4** The coefficients of the former 
quantity in this decomposition will be labelled by 
T (s,1), a, Corresponding to final mesons of total orbital 
angular momentum / and a total angular momentum of 
the whole state J. The isotopic-spin subscripts 7, ¢ have 
similar meanings. 

Our procedure may now be compared to that of 
Barshay,’ Franklin,* and Rodberg.’ Barshay starts 
with the relativistic pseudoscalar meson theory in the 
Heisenberg representation and obtains the meson pro- 
duction amplitude which he later reduces to the static 
limit. After establishing Eq. (2.7) he sum over both 
intermediate states, keeping terms containing one 
nucleon in both, and one nucleon in one and a nucleon 
and a meson in the other. On the other hand, Franklin 
observes that the meson production matrix off the 
energy shell has a singularity of the type seen in (2.2). 
After identifying only one of the 5g», 5gp2 singularities, 
he obtains an integral equation of the type (2.5). In 
this integral equation he omits sums over intermediate 
states containing one-meson-one-nucleon states, i.e., 
the fifth and sixth terms in Eq. (2.5). The result is the 
inhomogeneous part of his integral equation. But be- 
cause only one of the 6-function singularities was iso- 
lated the resultant expression is not symmetric with 
respect to the final mesons, at the end he symmetrizes 
this expression. Although the inhomogeneous part of 


equations 


*B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950) 


*B. d’Espagnat, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 2B, No. 11 (1945) 

*L. S. Rodberg, Phys. Rev. 106, 1090 (1957) 

7 Saul Barshay, Phys. Rev. 103, 1102 (1956). 

§ Jerrold Franklin, Phys. Rev. 105, 1101 (1957). We thank Dr 
Franklin for communicating his results ahead of publication 
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Eq. (2.5) contains some of the terms in Eq. (27) of 
Franklin, it does not contain all terms whereas our 
inhomogeneous terms involve a further sum over one- 
meson intermediate states and presumably higher order 
effects. Franklin gives a further comparison of Barshay’s 
approximation to his. The result of Barshay’s and 
Franklin’s approximations is that their result does not 
obey unitarity in the one-meson approximation. Since 
unitarity implies bounds for partial cross sections of 
given angular momentum, our resultant production 
cross sections are smaller than theirs. In distinction to 
the pseudovector theory, in the charged scalar theory 
we’ have calculated the meson production amplitude in 
the one-meson approximation without any further 
assumptions; that is, a solution obeying unitarity and 
crossing symmetry has been obtained. This may afford 
an interesting comparison as to the influence of violat- 
ing the crossing symmetry in an approximate solution. 
Rodberg® uses equations of the type used by Franklin 
which also treats the two final mesons differently but 
retains one-meson states in terms with singular de 
nominators. Thus he obtains a single linear integral 
equation. 


3. RESULTS AND CONCLUSIONS 


Meson production cross sections have been calculated 
in the one-meson approximation in the pseudovector 
theory. The solution obeys unitarity as demanded by 
the one-meson approximation. When the production 
matrix is expanded in terms of angular momentum and 
isotopic spin eigenstates, the resultant amplitudes yield 
integral equations which are coupled to only one other 
equation if (3,3) phase shifts alone are used. Of these 
amplitudes 74,4), 2,2) can be solved exactly, This 
amplitude is independent of the (1,1), (3,1), and (1,3) 


phase shifts. At low energy, when the (3,3) phase 
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Fic. 2, Calculated total meson production cross section for the 
reaction x*+p-+ p+axt+2" vs meson kinetic energy in the 
laboratory system. For comparison the Born-approximation 
result is included 


shifts only are used, this turns out to be larger than 
any other eigenamplitudes. Since the calculation of 
T4.).@.2 makes no approximations in the crossed 
terms, the crossing theorem is strictly obeyed for this 
amplitude. On the other hand, the calculation of 
T4,), 1, ete., require the approximation of terms 
which come from crossed diagrams with lower order 
expressions; thus crossing symmetry is not exactly 
satisfied for these amplitudes, But since these ampli- 
tudes are smaller than 74), ¢2,2) at low energy, our 
solution obeys the crossing theorem to a high accuracy 
in this region. The calculation was done with f/?=0.08 
and a 6.3 wc? meson energy cutoff; the production 
cross sections are shown in Figs. 1, 2, 3, and 4. The 
(3,3) phase shifts are taken from Bethe” and Margulies" 
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Fic. 3. Calculated total meson production cross section for the 
reaction r°+p—>n+x7>+a* vs meson kinetic energy in the 
laboratory system. For comparison the Born-approximation 
result is included 


 H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1955), Vol. 2, pp. 121-126 
"'R.S. Margulies, Phys Rev. 100, 1255(A) (1955). 
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up to 400 Mev. For higher energies these phase shifts 
are extrapolated. This cannot be done with a great 
deal of arbitrariness. Nevertheless the low-energy pro- 
duction cross sections will probably be independent of 
the high-energy phase shifts. At 500 Mev and above, the 
phase shift is taken to be constant and equal to x. This 
is undoubtedly wrong but in absence of experimental 
information the most convenient choice was made. The 
other p-phase shifts have been ignored. This is per- 
missible for less than 400-Mev meson kinetic energy. 
As a consequence of these two approximations the 
production cross sections calculated on this basis will 
be too low for high energy. 

The crossed-diagram contributions which were treated 
to a lower approximation could have been handled 
equally well in the presence of all the p-phase shifts. 
Therefore the use of (3,3) phase shifts alone was not 
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Fic. 4. Calculated total meson production cross section for the 
reaction «> +p — p++ vs meson kinetic energy in the 
laboratory system. For comparison the Born-approximation 
result is included. 


critical in obtaining solutions for the production 
amplitudes. 

At threshold for the process r*+p— n+at+ nr", 
only 74,4), 2) contributes if (3,3) phase shifts alone 
are used. For this process the cross section at threshold 
is ~13 times the Born approximation result. Again at 
threshold the cross section for #*+p— p+at+7° is 
~13 times the Born approximation result. The cross sec- 
tions for +p n+r°- +2 and r +p— ptr +r 
are increased by factors of ~6 and ~7, respectively, 
over their values at threshold in the Born approxima- 
tion. These conclusions, as discussed in the previous 
paragraph, could not be very far from the strict use of 
the one-meson calculation. This increase of all cross 
sections is a consequence of the resonance in scattering 
at an energy of 2.1 yc? in the center-of-mass system. 
Since x++-p is in a pure isotopic spin triplet, whereas 
x +p is not, for reactions starting from the former 
initial state greater enhancement is obtained. 

It is clear that at very low energies s-meson produc- 
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tion will exceed p-meson production. But by comparing 
the s-phase shifts with p-phase shifts at low energy 
it is clear that when the kinetic energy available to 
each of the final mesons exceeds 50 Mev the mesons 
will be predominantly in p states. 

The experiment of Blevins, Block, and Harth" shows 
that for 470-Mev r* energy the r++ cross section is 
10% inelastic. This would indicate an inelastic cross 
section of 2 mb. If the total kinetic energy available in 
the center-of-mass system is interpreted to be available 
to the mesons, the calculated #*+ p — n+a*+-2* cross 
section is 1.4 mb and the r++p— p+at+2° cross 
section is 0.68 mb. Although the sum of these cross 
sections agrees with experiment quite well, the Born- 
approximation result gives 1.48 mb and 0.60 mb, 
respectively, for the above cross sections. Thus agree- 


Blevins, Block, and Harth, Bull. Am. Phys. Soc. Ser. II, 1, 
174 (1956). 
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ment with experiment at this energy is not decisive for 
the determination of the static one-meson approxima- 
tion. Nevertheless, for 400-550 Mev incident pion 
energy the final mesons are above the range of s-meson 
production and below the energy where the approxima 
tion of high-energy (3,3) phase shifts with w and the 
neglect of the other p-phase shifts has an appreciable 
effect ; thus agreement with experiments in this range 
should be good. Since the one-meson approximation 
differs from the Born approximation by as much as a 
factor of three in this energy range, further experiments 
at these energies will be enlightening. 
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A method is proposed for obtaining limitations on the shape and possible energy dependence of the force 
in a given scattering state of the two-nucleon system, from a knowledge of the phase shift in that state 
over the nonrelativistic domain, and is illustrated for 1S waves 


I. INTRODUCTION 


HE purpose of this paper is to give a method for 

translating the results of a partial-wave analysis 
of nucleon-nucleon scattering data into equivalent 
information on the nuclear force. Our concern is not 
with the general mathematical problem of deducing a 
potential from the complete two-body S-matrix.' 
Rather, we seek to obtain only those properties of the 
nuclear force which are determined by experiment. 
Just as all potential models must imply the correct 
effective range’ in order to fit the low-energy data, so 
they must all contain the properties we seek in order 
to fit the higher energy data. Thus, by setting an upper 
limit to the energies under consideration, we limit the 
detail with which the incident nucleon is able to observe 
the force by which it is scattered. All potentials of a 
class yielding the experimental phase shifts over this 
energy region may then be considered equivalent to an 


* A preliminary report of this work can be found in the Pro 
ceedings of the Sixth Rochester Conference on High-Energy Nuclear 
Physics (Interscience Publishers, Inc., New York, 1956) 

1In this connection see, for example, K. Jost and W. Kohn, 
Phys. Rev. 87, 977 (1952); $8, 382 (1952) 

2J. M. Blatt and J. D. Jackson, Phys. Rev 
H. A. Bethe, Phys. Rev. 76, 38 (1949) 


76, 18 (1949); 


“effective force,” obtained by neglecting fluctuations 
in members of this class over interparticle distances 
much smaller than the wavelength of the incident 
nucleon, For example, at sufficiently low energies the 
nature of this equivalence is well known as the shape- 
independent approximation,.? What limitations are im- 
posed on the “effective force’ by data at higher ener- 
gies? 

In Sec. Il a method is developed, within the context 
of S-waves, for deducing this information from the 
given phase shift on the assumption that the force is 
static. In essence, the dependence of the phase shift on 
the force is schematized by replacing the latter by its 
value at a discrete set of radial points, whose position 
ratios are so chosen that the representation of the 
matrix elements of the force is an “optimal” one in the 
sense of a Gauss-Jacobi quadrature approximation. It 
is then possible to employ these points as probes of the 
force by allowing their positions and associated ampli- 
tudes to be fixed by the experimental phase shift in its 
dependence upon energy. The latter is assumed, for the 
sake of clarity, to be developable in a power series 
which converges at least asymptotically in the domain 
of interest. The order of quadrature theorem to be 
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used, and hence the number of points representing 
the force, depends on the number of terms used in a 
power-series expansion and thus carries with it a 
corresponding energy range of validity. In this manner, 
successively higher orders of quadrature become pro- 
gressively more sensitive to the details of the nuclear 
force, thus reflecting the physical situation in which 
the nucleon also becomes more sensitive to the details 
of the force by which it is scattered as its energy 
increases. In any order of quadrature, force ratios thus 
specified may be regarded as constituting an operational 
definition of the “effective force” alluded to earlier. 

In Sec, II] the quadrature method is applied in the 
lowest three orders. In each order, a system of algebraic 
equations is set up whose solution gives the dependence 
of the force ratios upon the coefficients of the power- 
series expansion representing the phase shift. The 
gross features of the force may be obtained analytically 
as limiting cases. Thus the lowest order of quadrature, 
valid in the energy interval 0-15 Mev, establishes a 
mean interaction distance and hence corresponds to 
conventional effective-range analysis. The two succeed- 
ing orders, valid in the energy intervals 0-40 Mev, 
0-120 Mev, respectively, establish narrow bounds on 
the shape parameters P,; and P, (respectively, the 
coefficients of E? and E* in an effective-range expansion) 
corresponding to an infinite short-range repulsion. It 
is observed that the Feshbach-Lomon (FL) semi- 
empirical analysis’ of nucleon-nucleon scattering accu- 
rately confirms these bounds. More detailed information 
is obtained by resorting to a complete numerical solu- 
tion. Thus, values of the core radius are obtained which 
agree well with the results of calculations based on 
core-type potentials, In the second order of quadrature 
a single force ratio is derived as a function of P;. Asa 
further illustration of the method, interaction wave 
functions are constructed directly from P, and com- 
pared with wave functions calculated from a corre- 
sponding potential model. Turning to the third order 
of quadrature, a pair of force ratios are obtained as 
functions of P; and P». It is shown that the effective 
force strongly correlates the scattering at different 
energies. Thus, the bare requirement of a static force 
is sufficient to strongly restrict the range of values that 
P, can assume for a given value of P). 

It is entirely possible that a consistent description of 
nucleon-nucleon scattering cannot be achieved with the 
aid of static forces, even at quite low energies. In Sec. 
IV, the quadrature method is generalized to provide a 
useful technique for the analysis of nonstatic forces. 
The qualitative success of the quadrature method in 
'§ states, its operationally well-defined character, and 
the simplicity of the numerical analysis involved, all 
encourage a more extensive application. With the 
advent of more accurate data, application of the 
method both in higher orders of approximation and to 


*H. Feshbach and E. L. Lomon, Phys. Rev. 102, 891 (1956). 
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additional scattering states will become feasible and, 
it is hoped, prove a fruitful source of information about 
the two-nucleon force. 


Il. METHOD OF QUADRATURES 
We begin with the Schrédinger equation for S-states, 
[d?/dx?+ K*+ f(x) ju(x) =0, (1) 


where f(x) is the radial dependence of the potential 
in this state expressed in units of its range R; 
\= (MV oR?) /h?, where Vo is the strength of the force 
(positive for attractive potentials) ; and K?= (MER?) /h® 

a notation we shall adhere to throughout this paper. 
It is convenient to re-express Eq. (1) as an integral 
equation : 


u(x) =xjo(Kx)A(K cots) f dx’ x! jo( Kx’) f(x’)u(x’) 
0 


+af dx'G(x,x") f(x")u(x’), (2) 


0 
in which 


G(x,x')=—(1/K)(Kxe) jo(Kxe)(Kxs)no(Kx>). (3) 


Here j» and my are spherical Bessel functions, 6 is the 
'§ phase shift, and x (x5) denotes the lesser (greater) 
of x and x’. For each energy the integrands in Eq. (2), 
which shall be denoted by /, are the product of an 
oscillatory function and another function w(x) having 
limited spatial extension corresponding to the finite 
range of the force. Let us schematize this behavior by 
making the assumption 


(4) 


where m2,_;(*,E) is a polynomial in x of degree 2n—1, 
the coefficients of which depend upon the energy. As 
the energy increases, the rate at which the integrand 
oscillates within the range of the force becomes more 
rapid. The value of n used in Eq. (4) must therefore 
depend upon the energy region in which the scattering 
is considered. 

The usefulness of the assumption Eq. (4) is due to 
the following theorem. Let p,(x) be a set of polynomials 
orthogonal in (0,0) with weight function w(x). Then 


J 


where xp, is the rth zero of p,(x), and Ang, are the 
Christoffel coefficients, which are related to the mo- 
ments of w(x). These coefficients are given by 


1 = w(x) pn(x) 
Pr’ (Xnr) 0 t—<Xar 


The usefulness of the quadrature theorem Eq. (5) in 
approximating any definite integral /¢*dxw(x)g(x) is 


[~w(x) ton i(x,£), 


a 


(5) 


Fon—1(x)w(x)dx= DT Anrtoni(Xar), 


rl 


(6) 
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obvious, and requires only that the integral exist in the 
Stieltjes sense in order for the sequence of quadrature 
approximations {Q,} to converge. Such an approxi- 
mation scheme is “optimal” in the sense that, if 
g(x) is represented accurately by a m2,-1(x), then 
JSo*dxw(x)g(x) requires the specification of g(«) at only 
the m zeros of p,(x) in order to be represented with 
equal accuracy.‘ 

When the integrals of Eq. (2) are approximated in 
this manner, one obtains 


u(x) =xjo(Kx)A(K cot») S Anrtnrjo( KX nr)U(Xnr) 


r= 


+A ¥ AnG(x,Xnr)U(Xnr); (7) 
r=l 


where 
Aar=Anrf(Xar)W"'(Xae), (8) 


and 6, is the phase shift corresponding to the mth order 
of quadrature. At this point, it may be observed that 
Eq. (7) is the forma! solution of Eq. (1) corresponding 
to the potential 


Afn(x) =A DY And (x—Xar). (9) 
r= 


That is to say, the effect of the assumption Eq. (4) is 
to replace the continuous function f(x) by an equivalent 
set of 5-function shells, whose strengths are related to 
the values of f(x) at the zeros of an appropriately 
chosen set of orthogonal polynomials by Eq. (8). 

The phase shift 6, is determined from Eq. (7) by the 
vanishing of the determinant of the simultaneous alge- 
braic equations for u(x%,,) formed by setting x succes- 
sively equal to the zeros of p,(x). It will in general 
depend upon the m quadrature strengths A,, and a 
characteristic range R,,». The essence of the method 
lies in considering these as unknown quantities to be 
fixed by the experimental phase shift in its dependence 
on energy. For this purpose it is useful, though not 
necessary, to express the experimental phase shift as a 
power series in the energy, 


K cot6= &%"'+4(22)K?+8P #PK'+32P 3K 


+++ ++(28)*"1P, K%, (10) 


which is assumed to be an accurate transcription of the 
experimental data at energies E<E,. Here &=a"'?, 
where a is the scattering length and #~1.23K10~" cm 
is half the effective range. The P,’s are the “shape- 
dependent coefficients” of the scattering? The n+1 
unknowns entering into 6, are now to be fixed by the 
n+1 terms of Eq. (10). The significance of this is that 
the P;’s contain the characteristics of the force operative 
for E<E,,; that is, they represent the “effective force’’ 

‘ A thorough discussion of the Gauss- Jacobi quadrature theorem 
may be found in G. Szegé, Orthogonal Polynomials (American 


Mathematical Society Colloquium Publications, New York, 
1939), Vol. 23, pp. 46-8, 340-54. 
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referred to in Sec. 1—modified, of course, by whatever 
experimental uncertainty is present. If Eq. (4) is indeed 
valid, then one may expect the shape information 
contained in Eq. (10) to be equivalently expressed in 
terms of the ratios of the quadrature strengths A,, 
through the formula 


fa(Zn, 1) [- W(4Xn,r "| An rn! 
- ( ) (11) 
I A@ar) An rt W(Xn, v) Re 

Once the orthogonal polynomials to be used in the 
quadrature analysis have been specified, the prescrip- 
tion for obtaining the force ratios of Eq. (11) from the 
phase-shift data is unambiguous and may be regarded 
as their operational definition, It is true that this 
characteristically intimate relationship to the data 
makes the method peculiarly difficult to justify in a 
mathematically adequate way. However, it may be 
noted qualitatively that there are two mechanisms 
operating to enforce a rapid convergence to the correct 
set of force ratios for some initially specified potential 
f(x). First, the ‘optimal’ mathematical convergence 
afforded by the quadrature theorem assures a good 
representation of the integrals in Eq. (2) even if Eq. 
(4) is only a rough approximation. Second, there is the 
strong condition that the quadrature strengths A,, 
must produce the phase shift corresponding to f(x). If 
the quadrature theorem were exactly applicable at a 
given energy, this condition would be automatically 
satisfied. It may be hoped that, even when such is not 
the case, the above condition will force a rapid conver- 

gence to the correct force ratios. 


Ill. 'S EFFECTIVE FORCE 
n=1 


The lowest order of quadrature is equivalent to 
replacing f(x) by 
(12) 


fi(x) Ay 6(x 1) 


in the integrals of Eq. (2). Here the characteristic range 
R has been set equal to Ry, the radial position of the 
zero of p(x). The corresponding quadrature phase shift 
is easily obtained by the method described in II: 


K cots, = Ary ‘io *(K)| 1 . Aji jo(2K) |. (13) 


The over-all potential strength A occurring in Eq. (2) 
has been absorbed into A,,. Comparison of the first 
two terms of a power-series expansion of Eq. (13) with 
the first two terms of Eq. (10) leads, in the limit of 
zero binding® (infinite scattering length), to the identi- 
fications 

An=1; R 


§7~2.0K 10 cm. (14) 


The location of the 6-function shell which reproduces 
the observed S-phase shift for E<E, is thus fixed. 


® For the purposes of this paper, binding corrections are unim 
portant 
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However, no shape information can be obtained even 
if Eq. (4) should be satisfied exactly in this energy 
range. Thus the lowest order of quadrature corresponds 
precisely to the shape-independent approximation. The 
energy region in which Eq. (13) is valid is that for which 
the scattering length and effective range represent the 
phase shift accurately, i.e., 0< E<E£,y~15 Mev. 


n=2 


Turning now to the second order of quadrature, use 

of the potential 
f(x) = No6(x— x1) + And (x—1) (15) 
in the integrals of Eq. (2) produces, in the same manner 
as above, the second-order quadrature phase shift: 
[1 Aoi%1jo(2K x) {1 —Avejo(2K) 
—_ AgA 22%" jo? (Kx) cos’K 

K cotbs 


Anes je(Kx1)[1+Age jo(2K) ] 
+AoojeP(K)[1 —A%1jo(2Kx1) ] 


(16) 


In Eqs. (15) and (16), A has been absorbed into the 
quadrature strengths Ag, R= Re, and #)= Re/Re<1. 
Consider the basic quadrature polynomials to have 
been chosen, so that x, is fixed. There are thus three 
free parameters in Eq. (16)—-R, Aa, Aex—which are to 
be fixed by the conditions that the phase shift shall 
correspond to the observed scattering length, effective 
range, and shape-dependent parameter P;. Assuming 
zero binding, equating the first three terms of a power- 
series expansion of Eq. (16) with the corresponding 
terms of Eq. (10), one obtains the conditions 


K®: Aowts=(1—Ag2)/(1—p), 


K*: 38 


17) 

R —p'+ (3—x;)u+2x, (18) 
6 

K*: SS (an+P1b,)u" =0, (19) 


newt) 


in which w= Aeo(1—x,) and a,, 6, are functions of x, 
alone. 

Numerical methods are needed to obtain a complete 
solution of Eqs. (17)-(19). However, some general 
features may be seen analytically. Assume that the 
amplitude A» of the outer shell is positive (attractive). 
Then Eq. (17) shows that the inner shell is repulsive 
for 1—«#,;<p<1-— indeed becoming infinitely so at u=1. 
From Eq. (19) one easily determines P,;’, the value 
of P, corresponding to an infinitely repulsive inner sheli : 


P\O=—F a,/>Z bz 


— (3 40) (2,4 2) 3(4 3+ 2x°+8x, 4 4). (20) 


By definition, the ratio of zeros x; must lie in the 
interval (0,1); and from Eq. (20) P;® is observed to 
be monotonic in Equation (20) thus 
provides bounds on P,: 


this region 


0.0416 < P< —0,0375. (21) 
1 aa \ 
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It is then sufficient that these bounds be obeyed experi- 
mentally in order for the data to be consistent with a 
force having a short-range repulsion. By using the first 
three terms of the power-series expansion Eq. (10), it 
is seen that Eq. (21) implies a maximum in the 'S 
phase shift in the range 40-60 Mev. The method is 
thus shown to be consistent since, if the force be static 
and well-behaved, the core feature follows directly 
from the existence of such a maximum. 

In order to understand the effect of the shape 
parameter P, on the force, one must choose a physically 
appropriate set of polynomials orthogonal in (0,%), 
i.e., a set whose weight function reflects the spatially 
concentrated nature of the force. Choose for example 
the Laguerre polynomials L,‘® (x), with weight function 


w(x) = x%e~ (a) 2 (22) 


in which the scale factor c(a)=a+2+(a+2)! is such 
that x».=1, corresponding to Eq. (15). As a becomes 
very large, it is easily shown that x; approaches unity 
as a limit. One may use Eq. (18) to define a “core” 
radius as the radius of the inner shell corresponding to 
infinite repulsion : 


3x 
r= Ra0=(— )r 
x1+2 


As the core region grows in size, the attractive region 
grows narrower and deeper by virtue of the imposed 
binding. In the limit a= one obtains an infinitely 
repulsive region bounded by a 6-function attractive 
shell of infinite amplitude having radius f. In view of 
the physical unreasonableness of such a narrowly 
confined attractive region, further detailed examination 
will be limited to the choices a=0, 1, and 2. This does 
not affect the limits of Eq. (21) on P; seriously. In 
fact it can be shown that Eq. (21) remains correct for 
these values of a, provided one allows the inner shell 
to have a finite amplitude. The bounds on the core 
radius are 

0.26% 10-8 em<r,<0.50K 10~-" cm, 


(23) 


(24) 


in which the lower limit corresponds to a=0 and the 
upper limit to a= 2. These bounds are consistent with 
core radii obtained from potential models® for which 
P, lies in the range of Eq. (21). 

It remains to investigate the dependence of the 
second-order force ratio upon P, for the three choices 
of a. Solutions of Eq. (19) were obtained as a function 
of P, by use of the computing facilities at the University 
of California’s Livermore laboratories. The outer shell, 
located at Ry slightly greater than Ry, always has 
amplitude As»~1; while the inner shell, located at 
41 R2»~0.2—0.6X10-" cm, has an amplitude Ag; de- 
pending sensitively on P,. The force ratio is given by 


", (%) 


J(%a1) a (a+2) e ' 
. ey (at 


f (x22) Age(Pi)Lat24++/ (a+2) 
*R. B. Raphael, Phys. Rev. 102, 905 (1956). 





GENERALIZED 


Equation (25) is plotted in Fig. 1 as a function of P, 
for a=0, 1, 2. All three curves exhibit the same general 
behavior, which is also in qualitative agreement with 
what is expected on the basis of potential-model calcu- 
lations. As P; decreases from large positive values, the 
force becomes progressively less attractive at small 
distances until, at P;= —0.0375, it becomes repulsive 
at the inner-shell radius R.;. Note that this value of 
P, is only weakly dependent upon x, as is reasonable 
from Eq. (17). Below the asymptotic value P,‘%’, the 
force ratio decreases from values corresponding to 
infinite attraction at R»,. This behavior cannot be 
readily interpreted in terms of a smoothly varying 
“effective force” having binding appropriate to '§ 
states even though the shells themselves maintain this 
binding. Accordingly, P;”) will be taken as the lower 
limit in P, for which the quadrature method in this 
order gives meaningful results. In Fig. 2 the radius Ra 
of the inner shell, in units of 7, has been plotted as a 
function of P, for the three choices of a. Again the 
curves for different a exhibit a similar behavior. It is 
of interest that in each case R. attains its minimum 
value near the “core’’ region, and that this minimum 
value equals r, to a good approximation. 

An energy range of validity must now be established 
for results in the second order of quadrature. Most 
simply, it is the energy region over which the first three 
terms of a power-series expansion of K coté, represent 
this function within a few percent. However, due to the 
rapid variation of K coté, with energy above ~15 Mev, 
it is not the most suitable function for representation 


by a power series. It is much more appropriate to make 
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Fic. 1. The ratio of amplitudes of the effective force f:(x), as 
specified at the two zeros of the Laguerre polynomial L,'® (x) by 
Eq. (25), in its dependence upon the shape parameter P, for 
a=(, 1, 2. The cross-hatched area, corresponding to Eq. (21), 
shows the bounds on P, sufficient for a short-range repulsion in 
the 1S force. Also shown are force ratios calculated from typical 
potential functions. Observe the excellent agreement in the case 
of the exponential potential which is the weight function for the 
polynomials L,‘ (x) 
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Fic. 2. The radial position R»; of the inner shell as a function 
of P; for the three quadrature polynomials L,'(x), a=0, 1, 2. 
R», may be viewed as a core radius for P, lying within the core 
region specified by Eq. (21). 
use of the logarithmic derivative 


l's= K cot(K#+ 4s), (26) 
in which & is so chosen that I’, satisfies the condition 


7) Ae 
| =0, E=0, 
OK* \r=2 


(27) 


The parameter Z thus determined is, for zero binding, 
identical’ with that occurring in the effective-range 
expansion Eq. (10). Because T, has a much weaker 
dependence on energy than K coté,, its power-series 
representation is valid over a much broader energy 
interval. This is particularly evident in the case of core 
configurations, for which 6, passes through zero in the 
vicinity of 150 Mev. In contrast, K cot(K#+62) re 
mains well behaved over the entire nonrelativisti 
domain. In the case of zero binding, the approximation 
to I’, which corresponds to a knowledge of P, is 


Pa! = — (8P,+-4)#K¢, (28) 


In Fig. 3 the quantity 


e= (l.—-l,’) ry? (29) 
is plotted as a function of energy for a=0, 1, 2 and for 
values of P; representative of various potential func 
tions. With few exceptions, I',/ agrees with I’, within 
15% below 40 Mev. The interval 0< E<40 Mev is 
therefore attributed to results obtained in the second 
order of quadrature. 

Let us now discuss what value of /; best fits the 
scattering. For this purpose, it is most convenient to 
refer to the Feshbach-Lomon (FL) analysis,’ which 
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Vic. 3, The accuracy e, (Eq. (29) ] with which the logarithmic 
derivative T',=K cot(K2+-6,) is represented by the first non 
vanishing term (of order *) of its power-series expansion, is 
shown as a function of energy; and ir a number of values of 
shape parameter /, representative of both monotonic and core 
type potentials. The illustration is for the typical case a= 1 


provides a charge-independent fit of nucleon-nucleon 
bound state and scattering data below 250 Mev. FL 
use a specific model which confines the nuclear force 
in each state to a sphere of radius ro, within which the 
interaction is assumed sufficiently strong to be inde- 
pendent of the relative kinetic energy of the colliding 
particles. This permits a description of the scattering 
in terms of energy-independent boundary conditions 
applied to the logarithmic derivative of the interaction 
wave function evaluated at r=ro. Now it has been 
shown® that the FL parameter ro is equal to # within 
experimental error. The success of the FL fit suggests 
additional restrictions on the energy variation of T,: 
als 
0, £ , (30) 
O(K*)* Ir=2 


Hence one obtains the condition 


P,= —0.0416. (31) 


Thus if the logarithmic derivative were rigorously 
constant with energy P, would be equal to the lower 
limit of P,” in Eq. (22). However, the logarithmi: 
derivative may change somewhat with energy and still 
preserve the FL fit. Uncertainties in the extent to 
which higher partial waves contribute to P-P scattering 
in the 30-Mev region cause a corresponding uncertainty 
in ?;. Bounds on P,; which generously allow for this 
effect are® 

0.0416< P< —0.03067, (32) 


which corresponds closely to Eq. (22). A more direct 
empirical confirmation of these bounds is highly de- 
sirable. 

It is of interest to express the dynamical information 
obtained by the quadrature method directly in terms 
of interaction wave functions. The wave function «, (x) 
corresponding to the mth order of quadrature clearly 
consists of m+1 sine-wave segments joined at the 
positions of the » zeros of the quadrature polynomial 
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p.»(x). The discontinuity in slope at these points is 
governed by the force ratios, which are themselves 
fixed from the phase shift. The quadrature wave 
functions u2‘* (x) (normalized to unit incident particle 
density) corresponding to P,;= —0,.032, E=100 Mev, 
is plotted in Fig. 4 for a=0, 1; and for comparison, the 
exact wave function upg(x) for the rectangular well 
which has this value of P;. In this typical case, the 
changes in slope at the zeros of the Laguerre polynomial 
L,‘” (x) conspire, for each a, to produce a phase shift 
in good agreement with that for the rectangular well. 
The behavior of the quadrature wave function within 
the range of the force has considerable latitude, as is 
indicated by comparing curves having different a- 
values. This arbitrariness reflects the insensitivity of 
the scattering to the details of the force at small dis- 
tances. Nevertheless certain qualitative features of the 
interaction wave function are specified once P, is given. 
In Fig. 5 we plot the quadrature wave functions u, (x) 
at E=50 Mev for a range of P; values. When P, lies 
in the range given by Eq. (21), the core-like behavior 
of the force is clearly indicated. The qualitative de- 
pendence of the u,(x) on P, is to be expected from a 
consideration of usual potential shapes. 


n=3 


To what extent do these results remain valid as the 
energy is increased? In particular, what conditions 





Sg" 0.4137 
5, 0.4789 
3{* 0.5029 





Fic. 4. The wave function u,‘@(r) as constructed from the 
shape parameter P,=0,.032 (corresponding to a rectangular well) 
is illustrated at 100 Mev for a=0, 1. The wave function u,g(x) 
(dashed curve), constructed from the rectangular well, is shown 
for comparison. Also listed for comparison are the corresponding 
phase shifts 5,‘” and dp. All wave functions are normalized to 
unit incident-particle density. 
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must be satisfied by the phase shift at higher energies 
in order to retain a “static” interpretation of the 1S 
force? In order to answer these questions and to obtain 
an understanding of how the higher energy data 
determines shape, a detailed examination of the third 
order of quadrature has been made. In this order, 
application of the quadrature theorem is equivalent to 
solving Eq. (1) with the potential 


f(x) =Agi5(a— y) + Aged (x— 2) +-Ag96(a—1). 


Here R= R,;, so that y= Ryi/Ras, 2= Raa/R33; and the 
order y<z<1 has been adopted. Just as before, an 
expression is derived for K coté;, expanded as a power 
series in the energy, and compared with the first four 
terms of Eq. (10). The four parameters Aj; and R are 
thus fixed by the scattering length a (chosen infinite), 
the mean interaction distance 7, and two shape param- 
eters P; and P». 

The bounds Eq. (21) on P; corresponding to a hard 
core remain unchanged in this order as does Eq. (23) 
for the core radius. However, the following restriction 
on the parameter P, must hold simultaneously with 
these in order for the higher energy data to be con- 
sistent with a hard core: 


0.00234< P, <0,00416. 


(33) 


(34) 


In order to observe the effect of variations in P; and 
P; upon the force, numerical calculations were carried 


out using the Laguerre polynomials L, (x), for which 


P+-0.035 
R*-0,038 
B-0.040 











Fic. 5. The interaction wave function u,(r) is illustrated at 
50 Mev for various values of P; representative of monotonic and 
core-type forces. Note especially the suppression of the wave 
function at small distances as P; approaches the ‘“‘core’’ region of 
Eq. (21). All wave functions are normalized to unit incident- 
particle density. 
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Fic. 6. The range of values which 7’, can assume consistently 
with a static force (unshaded region) is shown as a function of P; 
Along the dashed lines, the quantity es=(I'y—I'y/)I’s"' assumes 
roughly constant values as indicated, The point Py= —1/24, 
P,=1/240, where the bounding curves intersect, corresponds to 
a constant logarithmic derivative I’, in accord with the FL 
analysis. The rectangle marks off the values of P; and Py, corre 
sponding to a short-range repulsion, as specified by Eqs. (21) 
and (34). 


y~0.0661, 2-~0.3648. Consider Ay; and R fixed by 
means of conditions analogous to those of Eqs. (17) 
and (18). A given value of P, then specifies, by means 
of a condition analogous to that of Eq. (19), a restricted 
range of values of As; and Aj» [ just as it had previously 
given a unique value of A», Eq. (19) |. This restriction 
in turn implies a limitation on P, by means of a con 
dition, similar to the preceding ones, on the 
term of a power-series expansion of K coté,. That is, 
if one is able to find P; by means of a good knowledge 
of the scattering below 40 Mev, it then becomes 
possible to place restrictions on the scattering at higher 
energies by requiring that it be caused by the same 
force. Conversely, conformity to this condition by the 
phase shifts at the different energies is a sufficient 
condition that the force responsible for the scattering 
be static. This limitation is plotted in Fig. 6 as a 
function of P;. In Fig. 7, the two force ratios specified 
by this order of quadrature are plotted as functions of 
P, for several choices of P,;—these choices being con 
sistent with the static limitation of Fig. 6. The overall 
variation of the force with P, at middle distances 
(~2f) remains substantially unchanged from that 
observed in second order. However, large variations 
can be induced by P2 without being inconsistent with a 
static force. Thus for P;= —0,039, a small decrease in 
the strength of repulsion at ~0.4K10~" cm requires, 
by virtue of a binding condition analogous to Eq. (17), 
a very great increase in the strength of repulsion at 
~10-4 cm. Note that when P, takes on values corre 
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Fic. 7. The two ratios of the effective force /;(x), as specified 
in the third order of quadrature, shown in their dependence on 
P, for several values of P?;. Curves labeled “Z’’ denote the ratio 
fy(2)/fa(1); while curves labeled “Y” denote the ratio 0.1 f5(y)/ 
f,(1). The interaction range R (radial position of the outermost 
shell) is an increasing function of P; and varies from R™1.3? for 
P,= —0.039 to R&2.07 for P;=0.012. The radial positions of 
the inner and middle shells are given by Ry=yR, Ra=2zR 
respectively. The outer-shell amplitude Ayy™1 for P)= —0.039, 
and decreases to Ags™0.5 for P,*+-0.012. Neither R nor Ags 
depend strongly on P; as long as the latter is consistent with the 
restriction of Fig. 6 


sponding to monotonic forces, the effect of P: is no 
longer concentrated at small distances. 

The energy range of validity of these results is 
obtained by comparing the logarithmic derivative 
I'y;=K cot(K#+4;) with the first few terms of its 
power-series expansion : 


Ps! = — (8P,+-4)BK+ (32P:4+8P,4+))2K* (35) 


Within the core region, the discrepancy e;= ('3—T'y/)'s" 
is less than 10% at 120 Mev. However, as is shown in 
Fig. 6 the agreement rapidly grows poorer on moving 
into the monotonic region. 

The restriction of Eq. (34) on P: seems to be con- 
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sistent with experiment. Thus the point in Fig. 6 where 
the pair of curves delimiting the “static” region join, 
corresponds exactly to the constant logarithmic deriva- 
tive employed by the FL semiempirical analysis. How- 
ever, it must be emphasized that the data is not 
sufficiently accurate to exclude the possibility of a 
nonstatic or nonlocal force, especially if such a force 
does not lead to a strongly energy-dependent loga- 
rithmic derivative. We turn briefly to consider this 
alternate interpretation in the light of the quadrature 
method. 


IV. NONSTATIC FORCES’ 


Let us now take the view that the ‘S$ force is non- 
static; and that it is the energy dependence rather than 
the detailed shape which is of greatest importance in 
reproducing the data. There exist very many ways of 
describing a nonstatic force. All of these should possess 
in common the property that, for sufficiently low 
energies, nonstatic effects are negligible. This is in 
strict analogy to the static situation, in which the many 
ways of describing static forces must all be equivalent 
at sufficiently low energies. We may then ask what the 
energy dependence must be in order to fit the higher 
energy data, in the same way that we have previously 
asked for the shape dependence. 

As a first orientation, consider a rectangular well the 
depth of which is energy dependent : 


Ver(x,E)=X(E), x<l 


(36) 
=(), a>. 


The range R and the strength A(0) are fixed by the 
scattering length and effective range. Let us determine 
\(E) by requiring that the logarithmic derivative 
Cr=K cot(K%+6p) constructed from Vr be constant 
with energy, in accordance with the FL analysis. Not 
unexpectedly, we observe that the force must become 
progressively less attractive as the energy increases, 
and indeed change sign at E~130 Mev. That nonstatic 
effects are negligible at low energies is shown in Fig. 8 
by the least-squares fit® A’(Z)=2.2916—14XK10°R 
which accurately reproduces \(£). 

These results may be obtained both more simply and 
more generally by means of the quadrature method. 
So long as the force is a local and smoothly varying 
function of position and energy, Eqs. (13) and (16) 
remain valid expressions for the first-order and second- 
order quadrature phase shifts. The quadrature ampli- 
tudes A,, are now considered functions of energy. Thus 
in Eq. (13) write® Ay=An+Ay.%F, and allow R, 
Ay, Au to be fixed by a, 7, and P; in the usual way. 
Choosing P;=—0.0416 in accordance with Eq. (32), 
one obtains immediately R= $f, Ay®=1, and Ay” 


7A portion of this material may be found in the author’s 
doctoral thesis, Harvard, 1954 (unpublished). 

* Terms linear in the energy may be ignored, since they amount 
to a redefinition of the effective range, and may be compensated 
for by a scale transformation. 
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=—1.8X10-*. Higher orders of quadrature may be 
used when the energy dependence is not uniform over 
the interaction volume. As an example, suppose that 
the force appears static if the colliding particles are 
separated by distances of the order of a meson Compton 
wavelength, so that in Eq. (16) Av.=const; but assume 
further that Ao)=A2;” E*. One then finds Aw =1, R= FF 
as before, and Ag = —(1.810~°)a;*. Thus a force 
which at low energies is purely attractive develops a 
short-range repulsion as the energy increases, this 
repulsion being the stronger at a given energy the more 
narrowly it is confined. 

The data below 100 Mev is insufficient to distinguish 
between static and nonstatic forces. However, scattering 
and polarization data at higher energies have not as 
yet been reconciled with static forces. The quadrature 
method should be of use in a further testing of the 
consequences of an assumed energy dependence. 


Generalizations to nonlocal forces are also easily made 
and have been found useful in an area where the 
standard approximate methods are often not adequate. 


V. CONCLUDING COMMENTS 


In recent years, nucleon-nucleon scattering tech- 
niques and methods of empirical analysis have improved 
rapidly. It is reasonable to suppose that the lowest 
partial waves contributing to nucleon-nucleon scatter- 
ing will soon be known to good accuracy over much of 
the nonrelativistic domain. In this paper we have 
inquired how much detailed dynamical information can 


Energy E (Mev) 





200 





Fic. 8. The variation with energy of the strength A of a rec 
tangular well necessary to insure constancy of the logarithmic 
derivative 'r=K cot(K2+6n) in accordance with the FL 
analysis. Above 130 Mev, the force becomes strongly repulsive. 
The least-square fit \’(/) = 2.2916 —0.000 14/7 is seen to be an 
accurate approximation to A(Z) below 200 Mev. 


EFFECTIVE 


RANGE THEORY 1143 
be extracted from this knowledge. The limitation on 
the energy region under consideration implies that one 
cannot expect to identify a unique functional form for 
the force. However, it remains meaningful to ask for 
the properties of an “effective force,” in which fluctu- 
ations occurring in distances small compared to the 
Compton wavelength of the colliding nucleons have 
been averaged out. In this fashion the concept of an 
“effective range” is generalized to that of an “effective 
force,”’ to be known in progressively greater detail as 
the data over wider energy regions is taken into account. 
The assumed smooth variation of the effective force 
with position (and perhaps energy) makes possible, by 
the application of a quadrature theorem, an optimally 
accurate representation of the scattering by force 
ratios, the number of which is dependent upon the 
energy region in question and the accuracy desired. 

There exists a number of physically appropriate 
choices of orthogonal polynomials upon which the 
quadrature theorem may be based. The results which 
have been obtained are, for the most part, not strongly 
dependent upon which of these is chosen. Thus, gross 
features of the force, such as its range and the existence 
of a short-range repulsion for suitable values of the 
shape parameters P, and P, are quite insensitive to 
this choice. For the three choices of polynomials 
examined in order n= 2, the core radius remains within 
fairly narrow bounds, while the qualitative behavior 
of the force ratio with P, is the same in all cases. 

It does not seem possible to adduce any mathemati 
cally binding arguments for the validity of the quadra- 
ture method. However, in addition to being physically 
plausible by construction, it yields results which are 
qualitatively in agreement with those obtained using 
the more familiar potential models. This is the case 
with the n=2 force ratio in its dependence upon Py, 
and is also well illustrated by the interaction wave 
functions constructed from the phase shift. One is thus 
encouraged to extend the region of application of the 
method, and also to make use of the quadrature 
amplitudes as an alternate description of the scattering. 
As compared with potential models, such a description 
is computationally simpler and more systematic. 

In order to conveniently compare the results obtained 
by quadrature analysis with experiment, use was made 
of the Feshbach-Lomon (FL) semiempirical analysis. 
This analysis must be substantiated by more direct 
methods in order for the comparison to have weight.’ 
Careful measurements of p-p scattering in the 40-Mev 
region in progress at the time of this writing,’ should 
provide this check. Another reason for emphasizing 
accurate intermediate-energy experimentation" is the 
strong correlation which was observed between P; and 


* For a critical discussion of the FL analysis, see A. M. Sapere 
stein and L. Durand, Phys. Rev. 104, 1102 (1956) 

L., H. Johnson (private communication). 

4 Tn this connection, see also H. P. Noyes, Bull. Am. Phys. Soc 
Ser. II, 2, 72 (1957). 
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the shape restrictions imposed by higher energy data 
(P2). 

At present it seems permissible to treat the 'S force 
below 120 Mev as static. However, such treatment is 
by no means mandatory in view of uncertainties in 
both the data and the analyses thereof. It has been 
seen that the quadrature method is easily modified to 
take account of nonstatic forces. For example, it was 
shown that the FL requirement of a constant loga- 
rithmic derivative permits a force which, monotonic at 
low energies, contains a short-range repulsion at higher 
energies. Generally speaking, the quadrature method 
can be useful in the analysis of complicated energy- 
dependent, and especially nonlocal, interactions for 
which simple analytic approximation methods are not 
available. 

It has been implied that a power-series representation 
of the data is by no means necessary in order to apply 
the quadrature method, For example, the convergence 
problems associated with the use of power series can 
be avoided by using the phase shifts themselves as 
input data. The force ratios in a given order would 
then express how the force must be restricted as a 
result of specifying the phase shift at several energies. 
While inappropriate to the systematic presentation 
with which we have been mainly concerned, this 
technique has the advantage of being more easily 
adapted to experiment.” 

The extent of application of the quadrature method 


"Such modifications are being investigated by H. P. Noyes 
and T. Northrup 
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is limited only by the amount and accuracy of available 
phase-shift information. Its generalization to higher 
angular-momentum states and tensor forces is very 
straightforward and easily amenable to machine compu- 
tation. It is hoped that as more data becomes available 
the method will prove useful in its twin capacities as a 
tool for analyzing phase-shift data and as a simple 
way of examining the consequences of assumed laws 
of force. 
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An approximation technique for quantum-mechanical problems based on the expectation values of the 
powers of the Hamiltonian is developed. The mathematical foundations on which this approach is based are 
the method of moments employed in probability theory, and the theory of orthogonal polynomials. In 
practice this method constitutes an extension of the Rayleigh-Ritz principle and gives a systematic method 


of improving the trial function. 


I. INTRODUCTION 


HE general problem in quantum mechanics is the 
diagonalization of the Hamiltonian operator. In 
the method of moments the procedure is to assume that 
an arbitrarily chosen state vector is expanded in the 
complete set, the members of which are the eigen- 
functions of the Hamiltonian. The problem is then to 
determine the unknown eigenfunctions occurring in this 
expansion, their eigenvalues, and the associated expan- 
sion coefficients. To achieve this end, a step-by-step 
method is prescribed that will remove all but one term 
in the expansion. 

It is not necessary in the course of this calculation to 
assume any separation of the Hamiltonian into per- 
turbed and unperturbed portions. It will frequently be 
convenient, however, from the computational point of 
view, to take the initial vector to be an eigenfunction 
of a portion of the Hamiltonian. The basic numerical! 
quantities that enter into a calculation are the matrix 
elements of the powers of the Hamiltonian in the chosen 
initial state. Because these quantities are simple to 
calculate, it is feasible to carry the calculations to 
quite high orders. 


II. DESCRIPTION OF THE METHOD 


The system to be treated is described by a Hamil- 
tonian 1, The system is assumed to be enclosed in a box 
in order to assure that the state vectors occurring are 
normalizable to unity. The normalized eigenfunctions 
of the Hamiltonian are ¥(£,,a;). The a’s are the eigen- 
values of additional operators A that commute with 
the Hamiltonian and that are necessary to completely 
describe the states. The y’s satisfy the equations 


HYy(E,,a;)= EW (E,,a;), 
Ay (E;,a;) aw (£4; ). 


The w’s and the £,’s are of course unknown, although 
the a,’s will in general be known. To proceed it is 
necessary to choose a trial function @. It is most con 
venient if @ is an eigenfunction of the auxiliary 


* Based on a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of California. 

This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

} Present address: Palmer Physical Laboratory, Princeton 
University, Princeton, New Jersey. 


variables A. In this event the expansion of ¢ in the set 
of y’s is 
=D ayW(F,). (1) 
The dependence of the p’s on the a’s has been dropped, 
as ¢ is an eigenfunction of the A’s and only one set of a’s 
can appear for each £, 
It is convenient to introduce the function 


(2) 


associated with this expansion. /’4() is a nondecreasing 
function of bounded variation that vanishes for sufh 
ciently small £. The first property holds because fy (2) 
changes only by amounts |a,|? at the points 4. The 
second property is a result of taking @ to be nor 
malizable. The eigenvalues /,; of 17 describe the allow 
able energy levels of a physical system, therefore there 
must be a smallest one and hence a smallest point of 
increase for ',(E). 

The function F4(2) contains essentially all the in 
formation about the physical system. The eigenvalues 
are immediately evident as points of discontinuity of F 
and the eigenfunction that belongs to Jy is given by 
the formula 


I] U/— E¢. 


Ak 


y(E,) 


The matrix element of any function of /7 in the state @ 
is given by the expression 


(| G(H)|\¢) f ecoar.y, (3) 


Thus the quantum-mechanical problem is equivalent 
to determining the function FP. 

The function F is a probability distribution function, 
and there are procedures for the determination of such 
a function, The method to be employed is called the 
method of moments, and consists in developing an 
approximating sequence of functions F4'" (£) that it is 
hoped will converge to /4(/). The quantities employed 
to compute /’,'" (4) are the moments //,, of the distri 
bution F,(). These are defined by 


H,= (| H"\) _f Bede (t) (4) 
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There is a difficulty in principle that should be noted at 
this point. The moments may not uniquely determine 
the distribution. A very simple way in which this may 
occur is if some of them are infinite. 

‘The requirement on the approximating function 
F,'” (E) is that it be a step function with n points of 
increase such that its first 2n moments agree with 
those of F,(4). The nth approximating function de- 
pends on 2m numbers; the nm values of the argument 
es”, 62°, «++, en™, at which Fy“ (£) is discontinuous 
and the n real positive numbers b,, bo, ---, b,™, 
which are the magnitudes of the discontinuities. These 
numbers must satisfy the 2n relations 


N= f FMP ,(E)= | EMP (E) =D", 
(k=0, 1,2, ---, 2n—1). 


It has been shown that the following prescription gives 
the unique function satisfying these requirements.' The 
polynomial ?,,(/) defined by 


| E BF --- & 

Ho IT, HH» oa H,, 

i, Hy, Hy Hass 
P(E) ' ’ . 





H, 1 Ho», 1 
is constructed, The polynomial P,() has n real dis- 
tinct roots. These are the correct values for the e”’s. 
It is now possible to solve the n linear equations 


I; =) €fmep fo) (k =O, 1, 2, a *,n—1) 
il 


for the b'™’s. 

The approximating function F4(£) is now com- 
pletely determined. It has the following useful proper- 
ties. All the e, lie between the greatest and least 
points of increase of F,(£), or the smallest ¢;” is an 
upper bound for the lowest eigenvalue of H and the 
largest ¢;‘" is a lower bound for the largest eigenvalue. 
Between any two points of increase of F4"() there is 
at least one point of increase of F,(E), and at each 
point of increase ¢," the inequality 


Fy (e <P ole) SF y™ (e*) 


holds. Thus there is an eigenvalue of H between any 
successive ¢’s. These remarks also apply if F4(£) is 
replaced by fy) (£) forn<N. 

The lowest-order approximation is given by fF," (£). 
This function has a single point of increase given by 


1J. V. Uspensky, An Introduction to Mathematical Probability 
(McGraw-Hill Book Company, Inc., New York, 1937). The 
theorem stated above is a trivial generalization of those proved 
in this book. References are given to the original work here and in 
reference 2. 


FRANCIS R. 


HALPERN 


the root of the equation 


1 &E 
P,(E) = | =0 
Hy Hy 
This solution is 
«= H,/Ho, 

and 5 is just Ho. 

The inequality stated above is to this order the 
Rayleigh-Ritz principle. That is, the smallest eigen- 
value of H, Emin satisfies the inequality 


EwinS E= H,/ Ho. 


A slightly different approach is also possible. From 
the set of functions 1, Z, E*, ---, it is possible by the 
usual Schmidt orthogonalization procedure to construct 
a set of polynomials p,() with the properties 


f pn(E) pn: (E)dF 4(€) =Snn’. 


Except for a normalization constant we have p,z=Pr, 
and the determinantal form is just a convenient method 
of writing the Schmidt process. Most of the results 
quoted above then follow from the properties of the 
roots of sets of orthogonal polynomials and _ their 
associated distribution.? 

If all that is desired is an estimate of the eigenvalues 
and their spacing, it is sufficient to calculate the roots 
of the determinants. If wave functions are desired, then 
appropriate polynomials in the Hamiltonian of the form 
I] (7—«,”) are used to operate on the initial vector. 

It is possible to construct m vectors ¥” in this form. 
The y™ are given by 


we =TT (He). 


ink 
The vectors Y™ are orthogonal, 


(ha Wer) = Bene (Wa We). 
This result may be proved by expressing the matrix 


element in terms of the original vector @¢: 


(ude) = (ITT (He) TE (He) |). 


ink ixk’ 


The properties of the energy-distribution function 
F,(E) are employed to write this expression as an 
integral, 


(We Wee) 


ixth ,k’ 


J mew II (E-«™)dF(E)=0, kk’ 


| II (E-«™)%4F,(E)>0, 


iatk 


k=k’ 


2G. Szegd, Orthogonal Polynomials (American Mathematical 
Society Colloquium Publications, New York, 1939), Vol. 23. 
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where the usual properties of orthogonal functions have 
been used. 

A similar argument is used to compute the expecta- 
tion value of H in the state y” : 


(We,W.) = (TI (1-6) TT] (H—e) | 6) 
Ak 


tk 


=| |] (E-«™)*(E-ata)dF,(E) 


Ak 


I] (E—«™)dF,(E) 


ixk 


=€x'” 


=e (yi y,(™). 
To test the adequacy of the state y as approxima- 


tions to the eigenfunctions of H, the quantity o de- 
fined by 


e. 4 
os=( Wall -_ _ ) 
(We We) 


. 
E 
4 


g? , K+w 
0 - [bXon—n" n( — - )} 
(2x)? m 


The solution of this equation is 
g? K3 
(‘)- 
(2mr)*X\ 3 
E= 


\(2m)*L 2 
For large K, where the logarithmic terms and the 
difference between K and wx can be neglected, this 


becomes 
9 pg? \t 
p= 4K] 14-(1+- ~) | 
8 (21)? 


The negative root diverges linearly to — © just as the 
correct value of the self-energy does. The constant 
1—[1+(9/8)g?/(2r)*]! is smaller than the correct 
value. 


IN QUANTUM 


g¢ /K*\7 g’ [Kwx K+wx 
tS Ios 
(2r)?\ 3 (2r)*L 2 m 
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is introduced. Here oy” is always non-negative and 
vanishes only for an eigenfunction. 


Ill. EXAMPLE AND CONCLUSIONS 
A simple example of this technique is the following 

application to the problem of neutral scalar mesons 
interacting with static nucleons. The notation is the 
same as that by Wentzel.’ A cut-off K is employed, 
since the moments are divergent. The first four moments 
of H in the state oo(a@o=0) are 

Hy = 3; 


H,=0 


 [Kox ut /K+wx 
H,= | ae in ) P 
(2r)*L 2 2 m 


2” (—) 
(am 3 7 


In the linear Rayleigh-Ritz approximation there is no 
change from the noninteracting system. The quadratic 
approximation is determined by solving the equation 


Hy 


FE? 


gr K+ 
[Kir —y? nf 
(2)? 


)} 


y? i, (2h) | 


The advantages of this method are that it is inde- 
pendent of the magnitude of the interactions, and the 
basic quantities are relatively simple to compute. The 
chief shortcoming is the requirement that a sufficiently 
good initial state @ be chosen so that all the moments 
are finite. A detailed calculation of the phonon-polaron 
problem is being carried out and will be published 
shortly. 


*G. Wentzel, Quantum Theory of Fields (Interscience Publishers, 
Inc., New York, 1949), 
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Analyticity of the Schrédinger Scattering Amplitude and Nonrelativistic 
Dispersion Relations 
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The Fredholm theory of integral equations is used to give a rigorous proof of the analyticity and bounded 
ness of the ordinary nonrelativistic scattering amplitude for a fixed momentum transfer. The results follow 
from ordinary quantum mechanics and certain conditions on the potentials. These conditions are stated 
explicitly, and the bound states are treated with rigor. It is shown that the amplitude vanishes in the limit 
of large momenta, and thus simple dispersion relations are derived. Finally, it is proved that the partial-wave 
expansion is convergent in the unphysical region, provided the potentials satisfy the same conditions as 


above. 


I. INTRODUCTION 


N relativistic field theory it has been rigorously 

proved by Bogoliubov' that the S-matrix has the 
required analytic properties necessary to derive the 
dispersion relations for scattering at a fixed energy- 
momentum transfer. These relations were first heuris- 
tically derived by Goldberger in the forward case, and 
by Goldberger and others for fixed momentum transfer. 
It is of both theoretical and practical interest to see 
precisely under what conditions similar relations hold 
in ordinary quantum mechanics for the scattering of 
particles from potentials. 

Such relations have been conjectured by Goldberger.’ 
They follow easily if one assumes the uniform con- 
vergence of the Born series for the scattering amplitude, 
since one can see by inspection that every term in the 
perturbation series is analytic in the momentum for a 
fixed momentum transfer.’ However, this is a very 
strong assumption and amounts to assuming the result. 

In this paper we shall consider the ordinary nonrela- 
tivistic Schrédinger scattering amplitude, written as a 
function of the magnitude of the momentum, &, and the 
magnitude of the momentum transfer, r. Under certain 
explicit assumptions on the potentials, which are quite 
general, we shall rigorously prove that the scattering 
amplitude for a fixed r is analytic in the upper half- 
plane of &, and uniformly bounded there as well as on 
the real axis. Our approach is inspired by Jost and Pais’ 
successful application of the Fredholm theory to the 
scattering integral equation. We shall follow their 
notation rather closely, and denote by J.P. their paper 
which we shall refer to often below. 

In Sec. 
scattering integral equation and from that get the cor- 


II we write out the Fredholm solution of the 


responding expression for the scattering amplitude, 
writing it explicitly as a function of & and 7, the mo- 


* Lockhead Fellow, 1956-57. 

''N.N. Bogoliubov, mimeographed notes (unpublished). 

2M. L. Goldberger (private communication) 

* After this work was completed a preprint of a paper by D. Y 
Wong was brought to the attention of the author. In it these dis 
persion relations were written down on the basis of such an 
assumption, 


*R. Jost and A. Pais, Phys. Rev. 82, 840 (1951) 


mentum and momentum transfer respectively. The 
expression will have the form of a quotient of two 
functions. In Sec. III we shall prove that for a large 
class of potentials, essentially those for which the 
integrals, Jo” r|V(r)|dr, and Jo” exp(ar)r*| V(r) \dr 
are finite, the numerator of the scattering amplitude is 
analytic in k in the upper-half complex k-plane, and 
uniformly bounded for Imk20, if 7 is real and 
tr<a (a0). 

The use of the Fredholm theory enables us to handle 
the bound states rigorously and easily. In Sec. IV we 
shall show that the Fredholm denominator is analytic 
and bounded as above. We shall also prove that for real 
potentials the zeros of this denominator occur only on 
the positive imaginary axis of k, and that, except for the 
zero at k=O, all the other zeros correspond to bound 
states. Thus our scattering amplitude will have poles on 
the positive imaginary axis whenever we have bound 
states. 

In Sec. V we show that, except for the Born term, 
the scattering amplitude actually vanishes on a large 
semicircle in the upper half-plane of &, in the limit as 
the radius approaches infinity. We also show that 
restricting the singularity of the potential at the origin 
makes the scattering amplitude vanish faster for large 

k|. In Sec. VI we apply the Cauchy integral formula 
and get the dispersion relations. 

Finally, in Sec. VII, we prove rigorously that in the 
unphysical region, |k| <47, the partial-wave expansion 
written in terms of & and 7+ converges absolutely if 
r<a. This gives us a method of getting the value of 
the scattering amplitude in the unphysical region from 
the phase shifts. 

In all our proof we do not use anything which is 
foreign to the usual formulation of quantum mechanics. 
In the field-theoretic case the microcausality condition, 
expressed in terms of the vanishing of the commutator 
outside the light cone, plays a major role. Below we 
make no such explicit assumptions, and we do not have a 
precise definition of what causality means for a poten- 
tial of infinite range. But the analog to the commutator 
condition is certainly built into quantum mechanics. 

Certainly the choice of the Green’s function that we 
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use in our integral equation has quite a lot to do with 
our results. But that is not all, and the fact that we 
use a local potential is quite important. For even if we 
had used the same Green’s function, but an interaction 
of the form /V(x,y)¥(y)d*y, our results would not 
have followed. Of course, if V(x,y) is zero outside a 
finite region, we can make our scattering amplitude 
bounded by multiplying by exp(ika), a being the range 
of V. But including functions with essential singu- 
larities at infinity in the dispersion relations is rather 
meaningless. 

We just mention here for completeness that if V (x,y) 
=6(x+y)V(|y|) ie., the pure exchange potential, all 
our results, except for the first Born term, will still 
hold. But this case is rather an exception, and the 
results are probably due to its form being very similar 
to the local case where V(x,y)=6(x—y)V(|y)). 

In what follows we shall restrict ourselves to central 
potentials, but the generalization to noncentral poten- 
tials is not difficult. We have also applied the same 
techniques to the case of the Dirac equation. The 
Green’s function is similar and the results follow easily 
except for stronger restrictions on the behavior of the 
potential at the origin. The amplitude in this case will 
not vanish for large , and we get dispersion relations 
with one subtraction. The integral in these relations will 
extend from E=™m, to infinity, and we have to deal 
with only one unphysical region, namely m<E 
<(m?+-47*)'. We shall discuss these results in more 
detail in a later paper. 


II. SCATTERING AMPLITUDE IN TERMS OF 
THE FREDHOLM SERIES 


In this section we shall write down the Fredholm 
solution of the scattering integral equation, and from 
it express the the scattering amplitude in terms of the 
Fredholm series. The amplitude will be written as an 
an explicit function of the magnitude of the momentum 
and that of the momentum transfer. We follow the 
notation of J.P. 

The Schrédinger equation, 

[V?+k?—AV (r) (ge) =0 (1) 
is written in the usual dimensionless form. The potential 
strength A is defined by normalization of V(r) at small 
distances. 

We look for the solution of (1) which for large r 
behaves like a plane wave plus an outgoing spherical 
wave. 


V(x) =explik-x)-+2 f K(xy)W(y)dy, (2) 


K(x,y)=—V(y) exp(ik|x—y|)/49'x—y!. (3) 


The solution of (2) is a solution of (1), and the Green’s 
function which we have chosen guarantees that our 
solution will satisfy the required boundary conditions. 
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The asymptotic form of the solution of (2) is 
v(x) ~exp(tk-x)+ |x|~! exp(ik| x!) f(k,r), (4) 
where /(k,r) is the scattering amplitude, and 
T ki 2(1—cos@) |! 


is the magnitude of the momentum transfer. 

Since A (x,y) is singular for x= y, we cannot directly 
write the Fredholm solution of (2). Instead, we iterate 
(2) once and get 


v(x) = F(k,x) be f Ka(xyv (odds, (5) 


where 


F (k,x) =exp(ik- x) Hr f K(x) exp(ik-y)dy, 


and 


K.(x,y) [kook Gaya 


The solution of (5) is given formally by 


A(\*,k; x,y) 


v(k,x) = /'(k,x) pe f F(k,y)dy, 


where 


» (—)?*)” 
A (Nk; x,y) =Ka(x,y) +20 Joes fam 
nel n 


A(X, k) 


xX B™(k; X,Y,Xi,°° "yKXn)y 


( \*)" 
fax: s fas, 
n! 


XD (Rk; x1,°° 


and 


A(X*,k) 


*Sab. (CEO) 


The Fredholm determinants B“” and D” are given by 
BO (ke; X,y,X1,° °° Xn) 


Ki(x,y)  K2(x,x,) 
| K2(X;,y) K2(x1,%;) 


Ko(X,Xn) 
K(X, Xn)| 
| 


1y 


Ko(Xn,y) KeolXn,X1) K o(Xn,Xn) 


and 
D™ (BR: X1,° ++ Xn) 
K o(x1,X1) 


Ka(Xn,X1) K o(Xn,Xn) 


Under very general assumptions about V(r), namely 
that V(r) < M’'/#*, and fo* r| V(r) |\dr< M <«@, Jost and 
Pais have shown that for any finite |\| the series implied 
in (8), (9), and (10) converges uniformly and absolutely, 
and that if \ is real y(k,x) will have no singularities for 
k real except possibly at k=0. 
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Starting from (8), we shall now derive a similar 
expression for the scattering amplitude. The scattered 
wave, ¥,(k,x) is given by 


v.(k,x) rf K(x) exp(ik- y)dy 


A(d*,k; x,y) 

+ f ————F(k,y)dy, (13) 
A(d*,k) 

and the scattering amplitude is 


f(k,r)= lim [|x| exp(—ik|x|)y,(k,x)]. (14) 


|jz|~« 


After taking the limit in (14), expanding the deter- 
minants of the numerator in (13) in terms of co-factors 
of their first rows, and rearranging terms, we get 


r 
Mhyr)=——— f exp(—ik-y) V0) exp(ik- y)dy 


»? 


— J exp(—ik’-2) VK (ay) Fy) dady 
4n 
\ 
~ J exp(-it-2) V(@)K (a,x) 
4n 
A(d?,k; x1,y) 
A(R) 


F(k,y)dzdx;dy, (15) 


where k’ = kx/| x). 
Substituting (6) for F(k,y), we get 


f(k,1) =— fen ik’. y)V(y) exp(ik- y)dy 
4n 
x? 
— f exp(—ik’-2)No(z,y) exp(ik- y)dzdy 
4n 
ty 
- J exp(-ik-nvs,y) exp(ik- y)dady 
4n 


N,(2, 


y) 
— — f exp(—ik'-2 ——— exp(ik- y)dzdy 
4 A(A?,k) 


NN N4(1,y) 
~ ff exp(—in-a)- —— exp(ik- y)dzdy, 
4n A(d?,k) 


’ 


(16) 


where 
N2(2,y) = V(2)K (z,y), 
N,(2,y) =V(2)K2(2,y), 


Na(n,y) =V(2) f K(a,x;)A(0%,R; x1,y)dx, (17) 


olay) =V(e) f K (a,x) 08,45 1,82) (aay duds 


N. KHURI 


Now we introduce a set of new variables corre- 
sponding to those used in field-theoretic dispersion 
relations. We let 


z=h(k+k’); r=y—z, 

c=k—k’; R=}(y+z). 
From these definitions it easily follows that x-«=0; 
w= k?—47?, and cos@= (1—1*/2k?). We can now write 
for (16) 

De 
f(k,7) = _ V(r) +G2(k,r)+G;(k,7) 
G4(k,7) G;(k,7) 


+——, (19) 
A(n*,k) A(K*,R) 


(18) 


where 
ni 


Gj(k,r) =-—— f exp[i(k?—37*)in-r | 
4 


«N,(R—4r, R+4r) exp(ie- R)drdR, 
j=2, 3, 4,5; 


(20) 


n=z/|z|, 


V(r) = f exp(ie-y)V (y)dy. (21) 


We note that G;(k,r) does not depend on the direction 
of « nor on the direction of n. Furthermore, it is easy 
to see from (17) that V,(k)=N,;*(—k). Hence we have 


G;(k,r) =G;*(—k,*). (22) 

For any physical scattering, i.e., |k| 247, all the 
series and integrals in (20) converge uniformly and are 
well defined for a large class of potentials, namely those 
for which the integrals Jo*r|V(r)|drand fo*r’| V(r) | dr 
are finite. This is already clear in J.P. However, in the 
next section we are going to let k be complex, and let 
it vary in the upper-half plane. In that case we have to 
define the scattering amplitude in the unphysical 
region on the real axis, |k| <47, and the integrals in 
(20) will not be convergent there for r#0 unless the 
potential falls off fast enough. 

In field theory one is able to define the scattering 
amplitude in the unphysical region by going back to 
the Fourier transform of the corresponding four-fold 
vacuum expectation value. Here, if we want to stay 
within the bounds of ordinary quantum mechanics, we 
have no such underlying structure, and to the best of 
our knowledge restrictions on the potentials are 
necessary. 


Ill. ANALITICITY AND BOUNDEDNESS 
OF THE G,(k,*) 


In this section we shall extend the domain of defini- 
tion of G;(k,r), in (20), into the upper-half complex 
k-plane, while keeping r real and fixed. We shall prove 
the following lemma. 

Lemma I .—If the potential, V(r), satisfies the three 
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conditions, 


[V(r)| <M'/P, (A) 


f nvolacuce, (B) 


(C) 


i) exp(ar)r’|V(r)|drgL<o, a20, 
0 


then for real r, $7 <a, the G,(k,r) are analytic functions 
of k regular in the region Im k=x>0O and uniformly 
bounded in the region «20. On the real axis they are 
continuous boundary values of the above analytic 
functions, with branch points at k= +4r. 

For later use we note there that the conditions (B) 
and (C) imply that 


f exp(ar)r|V(r)|dr go M"<«%, a20. (B’) 
0 


The proof of Lemma I depends mainly on a theorem 
concerning the integrals of analytic functions over a 
parameter. We shall state this theorem at this point, 
as it will clarify our approach. 

Theorem I.° If (k,x) is analytic in k, regular in a 
certain region I’ of the complex &-plane, and if &(k,x) 
is continuous in the closed region composed of I’ and 
its boundary B, then if 


f(k) = f ©(k,x)dx, 
A 


f(k) is analytic in k, regular and uniformly bounded 
and in the region I, provided that there exist W(x) such 
that |@(k,x)| < W(x) for all & on B, and provided that 


[v@ace, 


A 


Of course, we can also say that for & on the boundary 
B, {(k) is continuous in k. Furthermore, recalling the 
fact that an analytic function takes its maximum value 
on the boundary of a region of analyticity, we can 
conclude that if |@(k,x)| <W(x) for all & on B, this 
inequality will also hold for all & inl’. 

Our method of attack will follow the conditions of 
theorem I. The closed curve B in our case will be the 
real axis from —kpz to +k, and a large semicircle in 
the upper half-plane with radius ky. We shall show that 
in the integrals in (20) defining the G;(k,r) the inte- 
grands are analytic in k, for «>0, and that for k on B 
they are bounded by a function of r, R, and 7 which is 
integrable if 47 <a. 

The proof of our lemma is trivial for the case of 
G:(k,r). One sees by inspection that the integrand is 

5 See for example E. C. Titchmarsh, The Theory of Functions 
ey University Press, New York, 1939), second edition, pp. 
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analytic and regular for «>0. From (20) and (17), one 
easily gets for k>0 


|r| 
JGx(b.r)| <— f expen) |V() R441) 


-|V({R+4r|)|(1/r)dRdr. (23) 


Changing back to the variables z and y we get 


2 


|| 
Galt < of oltre) 
yr 
|V(s)|-|V(y)| 
7 d 


wy, (24) 
\z—y| 

This last integral is finite, by (B’) and (C), as long as 

4r<a. Thus the conditions of theorem I are satisfied. 

On the real axis of k, the integrand in (20) has branch 

points at k= +47, and hence G;(k,r) will have branch 

points there too. 

For the remaining three G,(k,r), 7=3, 4, 5, the proof 
of our lemma depends on finding an upper bound for 
the iterated kernel K2(x,y) and for the numerator of 
the Fredholm resolvent, A(\*,k; x,y) in the region «20. 
We shall write 


K2(x,y)= A(x,y)V (y)/4ary, (25) 


where from (3) and (7) we have 


exp[ik| x—x’| ] 
ly| x V(x’) exp[ik| x’— y| ]dx’ 
A(x,y)= f- ; on | 
" [x—x'|+|x’—y| 
For x20, we have 
ly| | V(x’) | 
1A (x,9)| Sexpl—elx—y1f a") 


4 |x—x'|-|x’—y| 


In J.P. it is shown that for any V(r) satisfying (A) and 
(B) the integral on the right hand side of the above 
inequality is always less than a constant, Therefore, 
for x20, 


|A(x,y)| <N expl[—«|x—y| ], 


| Ko(x,y)| <N exp[—«|x—y| ]|V(y)|/(4ry). (2) 
For large & in the upper half-plane one can see from 
(26) that | A(x,y)| will become very small since it will 
either oscillate to zero for large Re k or be damped to 
zero for large x. In Appendix I we shall prove that for 
any € no matter how small, one can find k, with || 
large enough, so that 


|A(x,y)| Se exp[—x«|x- «20. (28) 


yi J, 


It is clear from (26), (27), and theorem I that 
K,(x,y) is analytic in k, regular for «>0. Furthermore, 
using (27) we shall show at the end of this section that 
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A(d*,k; x,y) is analytic in k, regular for x>0O and that 
it, has the following bound: 
A(A*,k; x,y) | [C2|V(y)|/(4ry), «20, (29) 
where C, is a constant. 
On the other hand, using (28), we shall show that 
for |k| large enough, 


A(d*,k; x,y) 

< eC; exp| h1i-7 J V (y) / (44ry), k20, (30) 
where C, is a constant. This last inequality gives an 
upper bound for A for k on any large semicircle in the 
upper half-plane. 

We remark here that both Ke(x,y) and A(\?,k; x,y) 
are continuous in & for «20. For 7=4, 5 we use (29) to 
estimate the integrands in (20) for k real, and (30) for k 
on the large semicircle. For the case 7=3 we use (27) 
to get a bound on the integrand. Hence we get from 
(20) and (17) that for k on B, 


IG,(k,1)| < ality f exp(}r|z—y|] 


V(z)|-|V(y)| 
4 dady, (31) 


4ry 


where the L,’s are constants. Now since the integrand 
is (20) was analytic in the region inside B, then (31) 
holds for any & inside B also, Consequently, since we 
can choose ky as large as we please, (31) holds for all 
k such that «20. From (B’) and (C) one easily sees that 
a the integral on the right hand side of (31) 
On the real axis one sees from (20) that the 


for 7/2° 
is finite 
G,(k,r), for j7=3, 4, 5, also have branch points at 
k=+1/2 
about A(\*,k; x,y) the proof of our lemma is completed. 
We now prove that A(A’,k; x,y) is analytic in k 
regular in the region x>0, and we also derive the 
bounds (29) and (30). From (11) and (25) we see that 
the Fredholm determinants B‘"(k; x,y,X1,°°°,X,) can 
be written as follows: 


Hence, except for the assertions we made 


Bw (k; X,Y,Xi,° ++ Xn) 


Viy)\ » /V(x;) 
0 (bs xt) )ii( : ), 
4ry J int \4nx; 


where A‘")(k; X,y,X1,°°°,Xn) are the determinants with 


A(x,,x,;) substituted for K2(x,,x;). Using Hadamard’s 
lemma® and (27), we get 


BO (ks x,y,X1,°° Xa) | < (n4+-1) det) NV mt 


IViy)|\ = s| V(x) | 
“(oe (~—}. 
4ny / im! 4x; 


* See reference 4 for detailed references on this point. 


«20. (32) 


KHURI 


From (V) it follows that 


fe ")(R; X,Y,X1,°°*,XnJdX1* + dXy 


|V(y)| 
< ing ayveowovessaga( , «20. 
4rry 


(33) 


Now the determinants B“” are analytic in k, and hence 
from (32), (33), and Theorem I we see that the series 
(9) definining A(\’,k; x,y) is a series of analytic func- 
tions which are regular for x>0 and furthermore 


|V(y) c x n 
A(d,k; x,y)| SN (n+1)i(mt) 


4ary 


V(y) 
Kx N*M : 
4ary 


k20. (34) 


The series on the right is convergent for finite |\| and 
we thus get (29). Also A(\*,k; x,y) is analytic in k 
regular for «>0, for it is defined by a uniformly con- 
vergent series of analytic functions. 

To get (30), we use (28), and we have, for large ||, 


|B (R; X,y,X1,°**,Xn)| 


< (n+1)!e"+4 exp[—«|x—y| ] 


n | V(x,)| 
x( )u( ), «20, 
A 4x; 


where we have intentionally not used the Hadamard 
lemma so as to enable us with the help of the triangle 


\V(y)| 
(35) 
dry 


inequality to get the exponential on the right hand side. 

We can now easily get an analog to (34) with ¢€ sub- 

stituted for .V: 

Sie LV) | 

| A(A*,k,x,y)| <e —expl[—«|x—y| ] 
4iry 


KES [n+ temy, «20. (36) 
n=l 


For |k| large enough, e could have been chosen small 
enough to make the series in (36) convergent. This 
proves (30). It is also clear from (36) that in the limit 
as |k|—+%, x20, A(d*,k; x,y) vanishes. 


IV. ANALYTIC PROPERTIES OF A(%,k) AND THEIR 
RELATION TO THE BOUND STATES 
In this section we shall show that A(\*,k) is an 
analytic function of k, regular for x>0, and uniformly 
bounded in the region x 2 0. Furthermore, we shall show 
that the zeros of A(\’,k) are related to the bound states 
of (1). 
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From (10) and (11) we have 


o (—)?) n 
A(A*,R) =1+2 —— — fax: fax, 


n= 


XD” (k; x1," * Zn), (10) 
and 

| K2(x1,%1) K o(X),Xn) 
»X,)= . . . (11) 


| 


K2(Xn,Xn)| 


D™ (Rk; X1,°°° 


Ko(Xn,X1) 


Since Ky is analytic in k& regular for «>0O, then 
D\™ (k; X1,***,Xn) is also analytic in k. Now from (25) 
we have 


V (x;) 
D™ (k; X1,° ++, Xn) =A (Rk; X1,°°- x) IT ( ). 


4x; 
Using Hadamard’s lemma and (27), we get 


" n (V(x) 
oicvwnt(—), «20, 


j=l 4x; 


|D™(R: xi,+++,x 


and hence, 


fora: X1,°°*,Xn)dX1+**dX,| SL N"M™m"?, 
| 
x20. (37) 
We conclude by theorem I that the series (10) is a 
series of analytic functions. Furthermore, we have 
oe 
|A(M,k)| <1+)5 


n=l n! 


nnl2Nayn, (38) 


Kk20. 


The series on the right hand side of the inequality is 
convergent for any finite ||. Hence, A(A?,k) is analytic 
in k, regular for x>0O and uniformly bounded for «20. 

Considered as a function of A, A(A*,k) vanishes for 
A=-+A,, where dA, are the eigenvalues of the homo- 
geneous equation, 


Wn(k,x) rx f K(xyWalk,y)dy. (39) 


In this case the resolvent kernel A(\?,k; x,y)/A(A*,k) is 
not an irreducible fraction. According to Poincaré,® one 


can factor out an entire function of \ from both the 


numerator and denominator, and get 
A(y?,k; HY) | A (A,k; x,y) 


A, (A,k) 


(40) 
A(x? jk) 


where A,(A,k; x,y) and A,(\,) have no zeros in common, 
This procedure will not change the convergence proper- 
ties proved earlier, and correspondingly G4(k,7)/A(\?,k) 
and G5(k,r)/A(d?,k) will respectively become Gy" (k,7) 
Ai(A,k) and Gs (k,r)/Ai(A,k) with the same analytic 
properties as before. 
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Now if we fix A, then as functions of k A,(A,k; x,y) 
and A;(\,k) will have no zeros in common. Thus if 
Ai(\,k)=0, this means that there exists at least one 
solution of the homogeneous equation, 


Wn(k,,x) “fx (x,y)Wn(k,,y)dy. (41) 
For k, real, k, #0, Jost and Pais have shown that A 
must be complex in (41). Hence for real A, 4)(A,) will 
have no zeros on the real k axis, except possibly at k= 0. 
Now for A real, and x,>0, we claim that all the zeros 
are on the positive imaginary axis, and that y,(k,,x) 
are the bound states. The possible zero at k=0, may 
or may not correspond to a bound state. For large |x|, 
Vn(kn,x)~|x|~ exp(ikna| x|) fn(hn,O). (42) 

From the Schrédinger equation, we have 
iv . (Wn* Vn —Vn Vn") i(k,” k,? Wra*Wn- 


Integrating over a large sphere, we get 


(43) 


ig (Wn* Ven—WnVn*) dS 


=i(kn—kn?) | |Wn|*dx, (44) 


V 


and substituting the asymptotic form on the left, we 
have 


= (Ra+kn*) expLi(kn- kn*)|x,| if fn( Rn) |*dQ 


=i(k,* ba) f Iola (45) 
5 


For x,>0 we divide both sides by (k,*+&,), and get 


- exp[ 2kn| Xv! If | fal bas) 299 den f |val'd (46) 
. V 


This is a contradiction, and therefore, we conclude that 
k,*+k,=0, i.€., kn=ikn. 

For x,=0, and k,#0, we also get a contradiction. 
Hence as in Jost and Pais, if k,=0, then k,=0, if A is 
real. The states ¥,(k,,x) are all (except for k,=0) 
normalizable, and they are solutions of the 
homogeneous equation, they are the bound states 

It is a known fact that if Jo% r|V(r)|\dr< M<@ the 


the x, 


since 


number of bound states is finite.’ Furthermore, 
will finite corresponding to the 
lowest energy state. 

Finally, we claim that for |k|->*%, «20, A(d*,k)- 1. 
This follows from (28). Using the same steps we used 
to get to (38), we can show that for |k| large enough, 


have a maximum, 


nn? 


A(d*,k) 1j/<> r?\ eM", k (38) 
n=l ! 


nN. 


7V. Bargmann, Proc. Natl. Acad. Sci. U. S. 38, 961 (1952), 
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The right hand side of this inequality could be made 
arbitrarily small, 

We note there that all our work up to this section 
holds even if \ is complex. However, as we have seen 
above, we have to take \ real to get a relation between 
the poles and the bound states. As we have mentioned 
above, it is proved in J.P. that for complex A, there 
might be poles on the real & axis. 

Finally, we remark here that all the results of this 
section follow from the conditions (A) and (B) only, 
and hence are valid for a very large class of potentials. 


V. ASYMPTOTIC BEHAVIOR OF THE 
SCATTERING AMPLITUDE 


In this section we shall discuss the behavior of the 
scattering amplitude for large |k| (x20). 

It is already clear from (28) and (36) that the G,(k,r), 
for j7=3, 4, 5, vanish in the limit as |k| approaches 
infinity. Furthermore, by the Riemann-Lebesgue lemma 
one can easily show that G2(k,r) will vanish® for large 
k, (where k,= Re k). 

In field theory the behavior of the scattering ampli 
tude for large values of the energy is not known exactly. 
What one knows is that it increases not faster than a 
polynomial in the energy. This behavior is closely 
related to the singularities on the light cone. 

In our case everything is well defined, but a somewhat 
similar behavior, though rather restricted, is caused by 
the singularity of the potential at r=0,. We have suc- 
ceeded in proving that if we restrict the behavior of the 
potential at zero more than it already is restricted in 
(A) and (B), then not only do the G,(k,r) for, 7= 3, 4, 5, 
vanish for |k| approaching infinity, but they vanish as 
1/\|k|. Namely, one can show that if the potential 


| 


satisfies the following two conditions, 


x 


[ nvolace, 
fi volarce, 


in addition to (A), (B), and (C), one can get a bound 
for A(x,y) for large |k| of the form 


(kK) 


|A(x,y)| <——exp[—«|x—y|], «20,  (28’) 


\k 


instead of (28). It would be interesting to relax the 
conditions (A) and (B) as far as the singularity at zero 
is concerned, instead of making them stricter as in (D) 
and (E), and then see what the behavior of the ampli- 
tude at infinity would be. 


* This is enough to make the Cauchy integral of G2, on a large 
enough semicircle in the upper half-plane, arbitrarily small 


KHURI 


VI. DERIVATION OF THE DISPERSION RELATIONS 


We rewrite (19) as follows: 


Go(kr) Gs (kyr) 
Ai(\,k) 


g(k,r) =G2(k,r)+-Gs(k,r) +——-+ 
A,(A,k) 
where 


g(k,r) = f(k,r)+/44 V(r). (48) 


We have already shown in the preceding sections 
that for }r<a, g(k,r) is analytic in &, regular in the 
region x >, continuous and uniformly bounded for « 2 0, 
except for a finite number of poles at the zeros of 
Ai(A,k) which for real ) all lie on the positive imaginary 
axis. Furthermore, on the real axis g(k,r) has branch 
points at k= +-4r. For |k| approaching infinity g(k,7) 
vanishes. 

As usual we shall derive our dispersion relations in 
terms of the energy variable EZ, where E=k’ in the 
proper units. 

Let us write $(/,7)=g(k,r). Then $(£,r) will be 
analytic everywhere in the Z plane except for a branch 
cut on the real positive axis and the poles on the nega- 
tive real axis. We apply the Cauchy formula to ¢(£,r) 
and integrate over the contour C shown in Fig. 1. We get 


$(E’,r) N_ R,(r) 
g dE! =2ri + : 
c R-E int E;—E 


Ej< (49) 


where R;(r) are the residues of (’,r) at the bound 
states £;. The integral over the large circle vanishes as 
the radius becomes infinite, and after taking the con- 
tributions from the two small circles, and letting the 
lines approach the real axis, we gett 


1 * Im $(E’,r) nN R;(r) 
Re $(E,r) = pf ————_—_dF'+> . 
Tv 0 E'— ; : 


E iO E-E; 


(50) 


where Lo=0, P indicates the principal value of the 
integral, and Ro(r) is the residue at E=0. If we now 
let f(k,r) =M(E,r) we get the desired dispersion rela- 
tions, 


1 p*Im M(E’,) 
Re M(E,r) =— P f seinen? 
T 0 F'-—E 


NW RAT) i... 
$2, —— Vir). G1) 


insO R—E; 4 


We finally remark that all the residues R;(r) are real. 
This follows from the fact that for k on the positive 
imaginary axis both AK(x,y) and K.2(x,y) are real. 
Hence, all the resolvent kernals in (20) are real, and 
since the G;(k,r) depend only on the magnitude of 1, 

| Note added in proof.—Here we used the fact that ¢(£+ie,r) 


=*(E—ie,r), E20. This follows from (22) and the fact that 
A(A*, &) = A*(A, —R), 
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they are real too. Thus for k on the positive imaginary 
axis f(k,r) is real, since V(r) is also real for a central 
potential. 

The relations (51) hold as long as 4r<a@. Hence for 
potentials which fall off as a Gaussian or faster, (51) 
holds for all finite r. In applying (51), one has to 
integrate over the unphysical region, 0< EF’ <}r?, and 
the experimental data do not give us M(£’,r) in that 
region. In the following section we shall show that the 
partial-wave expansion can be used to determine the 
scattering amplitude in the unphysical region from the 
phase shifts. 

In the forward direction, r= 0, (51) holds even if a=0 
in (C). This leaves a very large class of potentials. 


VII. CONTINUATION OF THE PARTIAL-WAVE EX- 
PANSION INTO THE UNPHYSICAL REGION 


In this section we shall show that the partial-wave 
expansion for f(k,r) is convergent in the unphysical 
region 0<k<4r if r<a. Thus one can use it to define 
f(k,r) in the unphysical region. (The variable k is real 
throughout this section.) 

Since cos#= 1—1?/2k?, we can write 


f« 
f(k,r)=— ¥ (21+1)Lexp(2i5,(k)) — 1] 
ik to 


«* Pi(l—7?/2k?). (52) 
For k real and k> 41, (52) is convergent for a large class 
of potentials, which certainly includes the potentials 
that sayisfy (A) and (B). 

As k becomes less than 47, r being kept fixed, the 
argument of the Legendre polynomial becomes less 
than —1; and for k—>0 it approaches — «. 

Carter® has shown rigorously that the absolute value 
of the phase shift for large / is always bounded by the 
Born-approximation expression for 6, for large /; i.e., 


« 


|8,(k)| <cf r| V(r) | Jayy2(krddr. (53) 


Now if (B’) is satisfied, Jo” exp(ar)r|V(r)|dr<M”, 
then since r|V(r)| is integrable at zero, and J1,,(0*) 
vanishes very fast for large /, we can write 


|5,(k) | <crf exp(—ar)Ji,pP(kr)dr; a<a. (54) 
0 


The integral in (54) can be evaluated exactly”: 


1 
f exp(—ar)J 144?(kr)dr =—O,(1+-07/2k"), (55) 
0 T 
9D. S. Carter, thesis, Princeton, 1952 (unpublished). 
 G. N. Watson, Theory of Bessel Functions (Cambridge Uni- 
versity Press, London, 1922), p. 389. 


AMPLITUDE 








—— 


Fic. 1, Contour of integration in /-plane. 


where Q) is the Legendre function of the second type. 
From (52) we have 


1 « 
| (kyr) | < > (21+-1) | {exp (215,(k)) — 1} | 
2| RI l=) 
-|Pi(1—77/2k*)|. (56) 
lor large 1 we have 
ac 
-|Qu(1-+a2/ 2k") 


’ 


|exp(216)) -] | 2 5, | < 
rr | 


2!(L!)? 
|Ou(x) | = to 


_ ’ 


| a| 7 l, 


|x| >1. 


Hence for large / each term in (56) is of the form 
| 1—17?/2k?| #/| 1-+4-4?/2k3| 41, 
and the series will converge, in the region 0<k<4r, if 


|1— 13/284| <| 1402/24] 


i? 


(57) 


T<4, 


Since a<a, we have, finally, r<a. 
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APPENDIX I 


In this Appendix we shall prove the inequality (28). 
The proof is essentially an analog of the Riemann- 
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Lebesgue lemma. From (26) we write 


Atk xy) =f expt(itl—a|+ z—y\)} 
4n 
V (z)da 
x , 
ee! 


To simplify the notation we let 
af V(z) ) 
4x \|x—2|-|2—y|7" 


|x—2|+|z—y|. 


O(1) = (A-2) 
and 


(A-3) 


w(z) 


From J.P. we know that for potentials satisfying (A) 
and (B) we have 


fiowiacn <a, (A-4) 


Hence there exists a (,(z) such that for any ¢ the fol- 
lowing inequality holds, 


fio -O.) ane (A-5) 


where (,(z) is continuous, differentiable, and vanishes 
with its first partial derivatives outside a large cube 
with center at origin. Furthermore, |Q,(z)| <C,, and 
|00,.(a)/d2;|<C2, t=1, 2, 3, where C, and C, are 
constants. If we now write for (A-1) 


Ag - fexpLitw(a \O(a)dz, (A-1’) 


we get 


Ag=AQ-QetAQ. (A-6) 


Using (A-5), and the fact that w(z)<|x—y]|, we get 
for x20 

|Ag—a| <«expl[—x«|x—y] ]. 
Hence, we now have 
(A-7) 


|Ag| <eexp[—«|x—y| ]+]Aa,|. 


z3 such that 
we have, 


We choose Cartesian coordinates 2), 22, 
x and y lie in the [23] plane. In that case 


Ow(2z) 2 2) 
w,(Zz) (A-8) 


t 
Oz, (|x—z| |2-y| 
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From (A-1’) we have, 


O.(2) 
saa)=f f f taeda” anaes (A-9) 


We now want to integrate (A-9) by parts over 2; to 
get a factor 1/k. But w,(Z) is zero at z;=0. Hence we 
have to exclude the plane z;=0 from our region of 
integration, and write 


Q.(2) 
= ) ] 1 )--- d id 3 
AQ fff expLikw(z) }w @ 2 d2_dz 
A 


+f ff exrtitw}0.)ae, (A-10) 


where 6 is a thin infinite slab with the plane z;=0 as 
its median plane, and A is the rest of the space. If we 
now do a partial integration on the first term, we get 


1 
|Aa| < [ff fi ept-x-vi9 
|k| 
A 


‘/ 


mr) 
ldedendsy-+ <4 exp[ —«| x— y| ] 
| 02) w,(z)| | k| 


fff exp[ikw(z) ea (A-11) 
é 


The first integral is finite, and in the second one the slab 
can be chosen thin enough to make f4|Q,|dz<e. We 
thus get 


0 QO.(2) 
x 


C:; 
i expl—«|x—y| ]+eexp[—«|x—y| ], 
(A-12) 


where C; is a constant. 

Substituting back in (A-7), we get the desired ine- 
quality, since we can always choose |k| large eough to 
make C/|k| <¢ and C,’/|k| <e. 

An estimate of the form |A(k,x,y)| <(C/|k|) 
Xexp[—«|x—y| ], is not always possible if V(r) satis- 
fies only (A) and (B). One can easily give a counter- 
example if one sets x=0 in (A-1), and performs the 
integration. It is clear in this case that one would 
need condition (E) to give a bound that goes as 1/|k|. 
In general, the addition of conditions (D) and (E), 
given in Sec. V, to (A) and (B) is enough to prove the 
inequality given at the beginning of this paragraph. 
This inequality is needed in the Dirac case and we shall 
give its proof elsewhere. 


|Aa| < 
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The Einstein equations of the general theory of relativity are solved for an energy-momentum tensor 
derived from a linear scalar field theory specialized to a static spherically symmetric field of a point-like 
source. This is the scalar analog to the structure of the field about a point electron. However, the mathe 
matics is more complicated. A two-parameter family of line elements and associated fields is discovered, 
of which the Schwarzschild solutions form a one-parameter subfamily. The gi, and field variable V can be 
only implicitly expressed as algebraic and logarithmic functions of r, except for special one-parameter 
subfamilies where explicit expressions are obtainable. However, asymptotic approximations for large and 
smal] radius are derived except for one of the one-parameter subfamilies 


1. INTRODUCTION 


EWTON’S theory of gravitation is a scalar theory 
in 3-dimensional Euclidean space. The field 
variable V satisfies the Poisson equation 


VV =p, (1) 


where p is the mass density. The observable effect of 
V consists of the influence of the motion of a mass body 
according to the equation of motion 


@x/d?=—VV, (2) 


where x is the position vector of the center of mass. 
The (unobservable) field energy balances the changes 
in the kinetic energy of the mass body. 

Classically, electromagnetic phenomena are governed 
by a vector field theory, with field variables E, B. The 
sources of the field are only those masses which carry 
electric charge. The source function is a vector function, 
with three components of current density and one of 
charge density. The equation of motion, 


d’x dx 
m- -e( E+ xB), (3) 
dt? dl 


permits the measurement of E and B through their 
effect on the motion of a particle of mass m, charge e, 
and position x. 

The requirement of Lorentz-invariance imposed by 
the special theory of relativity led to a revision of (1), 
(2), and (3) as discussed in Abraham.! 

This work was soon superseded by the general theory 
and later unified field theories, in which all forms of 
energy are considered on the same level. For example, 
the electric vector E will influence the metric tensor 
(g.;), that is, the metric properties of space measurable 
with rigid rods and ideal clocks. The influence of a 
scalar gravitational field on the metric properties of 
space has not been considered in this theory, since the 


* Now at University of New England, Armidale, N. S. W. 
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1M. Abraham, Jahrb. Radioakt. Elektronik 11, 470 (1914). 
See also O. Bergmann, Am. J. Phys. 24, 38 (1956). 


tensor (g,;) which describes the metric properties also 
determines the gravitational forces as inertial forces. 
So far, the solutions of Einstein’s equation, 


Rie—4giuR=—1xTur, (4) 


where (giz), (Ru), and (7) are the metric tensor, 
curvature tensor, and energy-momentum tensor, R is 
the curvature scalar, and «x is the gravitational con- 
stant, have been found only for fairly simple (7'). 
For Ti, = (6(x')5(x?)5(a4))b., so that 7% vanishes except 
on the world line x'= 2? =a? =0, we find the generalized 
Schwarzschild solution? 


2m 2m\~ 
ds? (: — ae (1 - ) dr’ 
r r 


rd? —r sin*Od¢’*, (5) 
where (7,06) are spherical coordinates of the test 
particle. The constant of integration m must be inter- 
preted as the mass of the particle times the gravitational 
constant in order to make the equation of motion 


0) (6) 


d?x* k \ dx‘ dx! 
HI 
i ids ds 


ds? 


reduce to (2) for small velocities. 
The line element for a charged particle, 


2m @é 2m 
ds? = ( + )ae (1 
ar. 


rdf —r sin*Add’, (7) 


is obtained by insertion in (3) of the Maxwell energy- 
momentum tensor specialized to spherically symmetric 
field variables E and B. 

Note the presence in (5) of the singularities r=0 and 
r=1/(2m) (Schwarzschild singularity) and in (7) of 
the three singularities r=0, 1/r=m-+-(m?—e*)', 1/r 

m— (m?— e*)4 for charge eX#0. 


2A. S. Eddington, The Mathematical Theory of Relativity 
(Cambridge University Press, New York, 1924), second edition. 
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We present here the calculation of the (gu) (and 
hence the line element) and the V(r), for the (7%) 
obtained from a particle surrounded by a spherically 
symmetric static scalar field V(r). If the 7, reduces to 
the singular case Ty = (6(2')6(x*)6(2*))by, the Schwarzs- 
child solution is recovered, The interpretation of the 
scalar field is open, but it is tempting to consider the 
physical property “mass” as on the same level as charge 
and introduce accordingly a field connected with mass 
particles. Some such procedure seems unavoidable for 
a mathematical analysis of Mach’s principle. A similar 
theory has recently been proposed by Szekeres.’ 

A wide variety of behavior is found to be possible, 
including what could only be interpreted as “hard 
sphere” fields and a Newtonian-type field. The physical 
significance of some of the solutions is questionable (as 
are the Schwarzschild and charged-particle solutions) 
on account of positive finite singularities. However, 
there is a two-dimensional set of solutions without 
positive finite singularities. To choose between the 
solutions, the equation of motion must be derived, 
preferably by the Einstein-Infeld-Hoffmann method, 
and this has not yet been completed. A later communi- 
cation will discuss the equations of motion. 


2. THE FIELD EQUATIONS 


We consider the action principle, 


fi g)*(R+yg""V, mV, ,)d“x=extremum, (8) 


where the scalar field V is to be varied as well as the 
metric tensor (gi). The necessary condition of Euler 
for the variation of V in (8) gives the wave equation 


OV =0, (9) 


where ()? is the D’Alembertian in general curvilinear 
coordinates. The Euler condition for the variation of 
(gix) in (8) gives an equation of the Einstein form (4): 

Ra dguR KT x, (10) 
where 

KT n= w(V, Vi a—AginV, mV, ng”). 
The physical meaning of » will only appear from a 
study of the equation of motion. 
Since the covariant derivative of the mixed tensor 

density 

(—g)*(Ra‘—4dge'R) (11) 
vanishes identically, we find the conservation law 


[(—a)'T4Jje=0. 


Moreover, the energy density (—g)!7 oo of the field 
must be positive in a local Galilean frame 


(12) 


gu Lo=Ras= —Koo=1, Kin Sir for i#k., 


*G. Szekeres, Phys. Rev. 97, 212 (1955). 
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LEIPNIK 
As Eddington has shown, the line element of a static 
spherically symmetric universe can be written as 
d= e'd?—edr’—rd?’—r* sin*bd¢* (13) 


in spherical coordinates, where v and \ are functions 
of r. Our task is the determination of v and X. 
The wave equation (9) reduces for a function V of r 


only, to 
d e’\' dV 
C'S} 
dr e* dr 


with the first integral 


dV A-v 
—=n *exp(— ), 
dr 2 


where 7 is a constant of the dimension of length. 
Consequently, the energy-momentum tensor (74) has 
the diagonal form with components 


(14) 


(15) 


Ti1=4n’r“ exp(A— v), 

T22=49r exp(—)), (16) 
T33=}1/'r sin*O exp(—v), 

Too= }9'r4. 

The components of the Einstein tensor Ru— }guR 
in spherical coordinates are well known. The off- 
diagonal elements vanish, and the diagonal elements 
are, in the same order as in (16) 


—vr— (1—e)r, 
—PeN by" — WN’ + h02 +4 (oN), 
—r sin*e~"[4v" — 4dr! +-40+-4(r’—d)r], 
el —Nr+ (1-2)? ]). 
The expressions in (17) are, in accordance with (10), 
equated with —y times the corresponding expressions 
in (16). It is clear that the second and third equations 
reduce to 


(17) 


v — hy’ + 4hy2+ (v'— Nr = pr (18) 


The first and fourth equations are 
v'+ (1—e*)r-! = Sun’ exp(A—»), 


19 
\’— (1—e*)r-! = dyn’ exp(A— 1). (19) 


By differentiation of the first and elimination of 1—e* 
between the first and fourth equations, we find, as in 
the Schwarzschild theory, that the second and third 
equations follow from the first and fourth. 

We therefore must solve (19) with the conditions 
v—0, 0 as ro. Although this system of nonlinear 
differential equations seems very similar to that which 
arises from the charged-particle problem, whose solution 
is given by (7), the results are much more complicated. 
This is mainly because the relation v’=—)’ which 
holds both in the electromagnetic and Schwarzschild 
case is no longer valid here, unless yu is zero. 
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3. INTEGRATION OF EQS. (19) 
We introduce the variables 
e=y=—gu, e’=5= goo. 

Clearly, we can rewrite (19) as 
(Iny)’— (1—)/r= Ar*y/6, 


21 
(Iné)’+ (1—y)/r= Ary /S, ny 


where 


A =}yr’. (22) 


The solution, found by one of us (R.L.), makes use 
of the new variables p, q defined by 


p= (76)}, 

Equations (21) then become 
(Inp)’— (Ing)’+p/qg=Ar'q%, 
(Inp)’+ (Ing)’— p/qg=Ar'q°. 


By subtraction we find (Ing)’ 
have the relation 


g=1(5/y)!. (23) 


(24) 


q'/q=p/q, so that we 


q =}, (25) 
which allows the elimination of p. Adding Eqs. (24), 
we get 


(Ing’)’ (26) 


We now introduce the new independent variable 


Are. 


u=lnr. (27) 


If differentiation with respect to u is denoted by a dot, 


Eq. (26) becomes 


g-—q=Aqq”’. (28) 


We now try to define s(q) by 
dsdq ds 


q=s(q), 4 =G—, 
dgdu_ dq 


ds 
(2-1) =a 
1 


whose solutions are 


which leads to 


G=0, ds/dg=1+Aq”, (30) 


and after integration g=const or s—So=q—Aq". 
Since, by (25), g=const yields p=q’=0, we consider 
only solutions obtained from s—Sp=q—Aq", that is, 
from 


(31) 


The integration of (31) is strictly elementary. We 
distinguish two main cases (see Table I). Let qi, g2 be 
the two roots of the quadratic g+Soq—A, so that 


s(q)=dq/du= (q-+Su—A)/q. 


(q—q1) (Q—q2) =P + Soq—A. (32) 


Case I is where the roots q;, gz are distinct; Case IT is 
where gi = q2. 


SYMMETRIC 


SCALAR FIELD 


TABLE I. Outline of the various cases considered. 


Number jo 

branches 

Solution*® Type of q(r) 

I, 
4 


L—-h®™, n=1, 2, «+ 


point-sphere 
point 

I,*), w=, 2, °°: sphere 
I, ¢>0, #2n point 
sphere 


point-sphere 


point 


Il, q). q1 


sphere 
* It can be shown that the highest branch is always the correct one 


If g1% qo, define a new variable y by 


g=yqit (1—y)qo, (33) 
so that g(y) maps the line segment from gq: to q; onto 


the real line segment from 0 to 1. In terms of y, we 


rewrite (31) as 
du 1 ( qi *) 
dy gi- qa \y~I y 


which integrates into 
| 
uU— Uy [qi In(y—1) 
qi 2 


(34) 


go Iny |. (35) 


Reintroducing the radial variable r from (27), we get 


| 0, y2l 
exp 
lion, y<l 
(36) 


0, y =9| 


exp| 


i(a—1)x, y<0) 


where a 
then 


gz), o> 0. If o is not an even integer, 


=_— 


so that r is non-negative if and only if y21. On the 
other hand, if o=2n is an even integer, then 


qi/ (qu 


ir, y<0 


r_|y-il’ 
- : exp 
rm ‘ly|e | ix, y<0 


0, Osy | 
lt (38) 
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so that 7 is non-negative if and only if y20. Thus 
there are two subcases, I, where o= 2n for some integer 
n, and I, where 0 2n. 

Choosing g:=4[.Sot+ (S?+4A)*], and g2=4LSo— (Se? 
+4A)*], we find the critical quantity ¢=9:/(qi—q2) 


to be given by 
So 
a i + | 
(Sy?+4A)! 


We assume for physical reasons that qg; and q2 are 
real, so that g\> qo. 

The quantities y, 6, and V can easily be expressed 
in terms of y. The inverse transformation to (23) is 


(39) 


b6=pqr', (40) 


s(q)r'. We find after a brief 


y=rpq"', 


where p=q'(r)=q(u)r 


calculation 
(q—41)(q—q2) 


oN at fo ; ’ 
y 


(q—4q1)(q~42) 


(qi ~q2)* y (qitaa)/(qi~ aa) 
( ) . (41) 
ro y—1 


f) 


r. 


The field variable V can be similarly determined. 


From (15), we have 
dV dV dr du nr 'q''4q n 

dq dr dudg (q—q:)(q—q:) (q—4:)(q~—4q2) 
dV dV n 1 


(gi q2) 


dy dg u-gqgyly-)) 


= re 
m—q\y-1 7 
n 1 
= in(1- ), 
qi~ 2 y 


from which we can calculate 


qi~ 9 
y 1 exp( {V) _ vs) ' (44) 
n 


We now turn to case II, where g,;=q2. From (31) 
and (32) we have 


Hence, on integration, 


V (y) Vo: 


du 1 qi 
dg q-q (q-q)? 


BERGMANN AND R. 


LEIPNIK 


71 
u—uo=\n|q—qi| —{ —— }, 
q- 41 


rT qi 
—=(q—4q) exp(-- ‘). 
To q-q 


We divide case IT into subcases IT,, where gi=0, and 
IIy, where q,:40. 
In case II,, we have the very simple result 


so that 


(47) 


r/to=q, 


while in case II,, we find that r has an essential singu- 
larity at g=q. 

A detailed discussion of the great variety of behavior 
exhibited by y(r), 6(r), and V(r) for different choices of 
gi: and gp would be out of place here. Perhaps it will 
suffice to give a brief summary of the qualitative 
results, mention a few cases of special interest, and write 
down the dominant terms in the asymptotic expansions 
for y(r), 6(r), and V(r) for large and small r. 

Most important is that for each choice of q1, g2Squ, 
there exists one and only one branch of the (in general 
multiple-valued) function g=q(r) on which y(q(r)) 
and 6(q(r)) satisfy the boundary conditions at r= @. 

It is suggestive to distinguish between the “point” 
cases ¢>0 (case I) and g,>0 (case II), the “sphere” 
cases <0 (case I) and g;<0 (case II), and the “point- 
sphere” cases a=0 (case I) and g,=0 (case II). 

In the “point” cases, we can prove that the functions 
v(r), 6(r), and V(r) are finite and real for all finite r 
except the point r=0, where there is a singularity. In 
the “sphere” cases, we can prove that the functions 
y(r), 6(r), and V(r) are finite and real for all finite r 
outside the sphere r=7>0, where # is a function only 
of q; and qo. Specifically, in “sphere” case I, <0, we 
have #=r9\0|?/(1+- ||)", and in “sphere” case II, 
qi<0, we have #=e|q,|, where e=2.71828--- is the 
base of natural logarithms. The “‘point-sphere”’ cases are 
obtainable either as limits of “point’’ cases or ‘“‘sphere” 
cases for #0 and thus are exceptional. 

There are two “point” cases worthy of special 
mention. If g.=0, g:>0, then o=1, ro=q,, and we have 


fo\ 
vi)=(14+=) ’ 
r 


La) 
8(r) =1+—, 
r 


; n ro 
V(r)=Vo~™ In( 1+ ) 
To Tr 


Note the resemblance to the Schwarzschild solution, 
except for the disappearance of the famous finite singu- 
larity. If g2a= —qi, then o=4, ro=2q;, A>0, So=0, and 
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we obtain the y(r) and 6(r) found in the theory of 
Szekeres : 


A vl 
v(r)= (14 :) ' 
r 


5(r) =1, 


n reo ro i 
V(r) =Vo— nf 1+ + (1+ ) | 
1 2" Or 4r° 


As far as we know, the “sphere” cases have not 
arisen in any previous gravitational theory. Their 
existence here helps explain the exceptional behavior 
of the Schwarzschild solution, for it belongs to the 
“point-sphere”’ case. If we choose gi=0, q.<0, then 
a=0, ro=|q2|, and 


(49) 


y(r)= 


5(r) oh ’ 
rT 


n 0 
V (r) =Vot lo( 1- ). 
To Tr 


Now take ro= 2m, where m is the mass of the central 


body, and we see that y(r) and 6(r) supply the Schwarzs- 
child solution, which therefore is the “point-sphere” 
case I (c=0). 

The other “point-sphere” case, obtained by the 
choice g,:=42.=9, yields 


v(r)= ’ 6(r) : 1, V(r) < Vo-n 7, (51) 


which can be described as Newtonian. 

The asymptotic results below are restricted to case I 
(q:1% q2) since in case IT they are either trivial (if g;=0) 
or most complicated by the essential singularity. 

For large 7, it is unnecessary to distinguish between 
the various subcases, since for all we have 


q\ +2 
y(r)~1- . 
r 


71 + q2 
5(r)~1+ ; 


r 


U] 
V(r) ~Vo— 


r 
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Note that if gi+q2.=0, then up to O(1/r*) we have 
the Newtonian solution (51) asymptotically. But 
gitq2=9, g2Sqi implies that we have either g:=q2=0, 
the exact Newtonian case, or g,;>0, o=4, the “point” 
case of Szekeres. If git+q2#0, then the solution is 
asymptotically non-Newtonian to the order of 1/r. 

The asymptotic behavior for small r is obviously 
completely different for the “point” case and the 
“sphere”’ case. 

In the “point” case, we find as r-—0) 


(q1 2) qitad/ a 
y(n)~ 


qv 


r (qitaa/ ai 
sim ) - 
qi q2 
1] qi " q2 
V(r) ~Vo nf ) 
qi r 


Thus y(r)—0 and V(r) has a logarithmic singularity 
as r—(), On the other hand, 


©, gitgq>O 
b(r)—51, gitgq=0 
0, gitqe<0 


In the ‘“‘sphere”’ case, we find, as r—7, 


r 1 
ft 


5(r)~| quge|/7’, 


n 
V(r) ~Vo- 


In| qi/qe!, 
qi~ 42 


up to terms of the order (r/7—1)'. Thus y(r)->@, and 
6(r), V(r) tend to finite limits as r—7. 

If we identify So with the central mass, we see that 
the scalar field does not change the metrical properties 
of space-time in any fundamental way on or outside 
the surface of stars or even planets, since the mass in 
dimension-free units is sufficiently small, compared 
with the radius, for the asymptotic expansion (52) to 
be quite accurate. However, the properties of the 
solutions for small 7, especially in the “sphere” cases, 
may have interesting implications for microscopic 
physics. As to the principle of Mach, we must suspend 
comment until the equations of motion have been 
derived. 
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Use of Field Theory Techniques in Quantum Statistical Mechanics 


D. J. THouLess 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received March 1, 1957) 


It is shown that the normal product in quantum statistical mechanics, as defined by Matsubara, has zero 
expectation value, Another method for the treatment of the Bose particles is given. 


ATSUBARA!' has shown that the formalism of 
quantum field theory can be adapted for the 
calculation of the grand partition function in quantum 
statistical mechanics. It will be shown here that his 
computation rules are exact, and do not neglect terms 
of order 1/N as he supposed. The average of a product 
of boson operators is calculated by a method different 
from Matsubara’s. 
He considers a system of fermions and bosons whose 
interaction can be expressed in terms of the field 
operators 


y* (x) 
v(x) 
y(x) 


V4 > yau* exp(—ik-x+e,/), 
V4 > yay exp(ik-x—e,), 
> w(hws/2V) [by exp(iw-x—hwst) 
+by* exp(—iw-x+hwst) |, 


with 


{dy,d'*} Sune [bw,bw™ | Owes (2) 
where x denotes the position x and a variable ¢ which is 
related to the temperature. Denoting averages over the 
free-particle grand canonical ensemble by (---), he 
shows that it is necessary to evaluate quantities like 
(TT DW) ]) and (PUR(¢)]), where T is Wick’s? 
chronological product, and and ¥§ are functionals of 
the operators ¥*(x)~(x) and ¢(x). 
The fermion operators are rewritten as 
u,*(x)+- (x), 


y* (x) 
v(x) 


u(x) =dou(1—gudary exp(ik- x—e,t), 
> uh nor exp( —ik: x-+ €,l), 


(3 
u;(x)+-2*(x), . 


(4) 


uo(x) 


. fe * 
yay anw , 
(5) 


*. 
& = Aik = Ax. 


The normal product of H(y*y) is defined by making 
the substitution (3) in $, and reordering each term so 
that all the «,* operators come first, followed by u.*, 
4, and %;, with a sign + according to whether the 
permutation is even or odd. A chronological product 
can be reduced to a sum of such normal products in the 


1T. Matsubara, Progr. Theoret. Phys. — 14, 351 (1955) 
*G. C. Wick, Phys. Rev. 80, 268 (1950). 


way demonstrated by Wick,? but with the propagator 
(V Soe gil? 

Xexp[ —ik- (x—x’)+e,(/—1)], >t 
V~ Dix(| gx |?—1) 

Xexpl —ik- (x—x’)+e(t—1/)], t<V’. 


(6) 





To show that the average of a normal product is zero, 
consider one Fourier component of the functional 
DH(Y*y), which will consist of a product of a and a* 
operators. The normal product is obtained by replacing 
these by aj,a2* and a;*,az and reordering. Since the 
occupation numbers of different free-particle states are 
statistically independent, the average of a product of 
operators factorizes into the product of the averages of 
those operators referring to a single state. If such an 
average is nonvanishing, there must be an equal 
number of creation and annihilation operators, and 
two similar operators must not be adjacent. The aver- 
age normal product of two operators is zero if! 


|gu|?=[Lexp(at+fex)+1}", (7) 


and the only nonvanishing normal product of higher 
order is ay*a2x*a2xa1%, and antisymmetry makes its 
coefficient zero in the normal product of ay*ayax*ax. 
Therefore Matsubara’s decomposition of the average 
chronological product of fermion operators is exact. 

A Fourier component of §§(¢) will also vanish in the 
average unless there are an equal number of creation 
and annihilation operators referring to each state. If 
there are equal numbers, it can be shown that 


0 
(be be))=T~Pw)8( Pes —) 


’ 


Op w 
XILA-pe), @) 
where 
pw=exp(—Bhws) (9) 
since Pp», 0/dpw satisfy the same commutation relations 


as by*, by, and since 


d n 
((betbn)*)=(1-Pe)( bo— ) (1— pw) r. (10) 
dpw 





QUANTUM 


In particular this gives for the average normal product 


a" 


STATISTICAL 


MECHANICS 


pair ¢(x)y(x’) by 
> w(hws/2V)N{expliw: (x— x’) —hws(t—t’) ] 


~(1— pw) +exp[ —iw: (x—x’)+hws(t—1’) }}. 


bey" =(1— pw) Pw” 
( )=(1—pw)p ; 


This result shows that the average of a chronological 
product is obtained by contracting the product in all 
possible ways, using the propagator 
D(x—x’) => ~(hws/2V) 
X {(Nw+1) expliw: (x—x’)—Aws|t—t'| ] 
+Nw exp[ —iw- (x—x’)+-Aws|t—?’| }}. 


=nlpy"(1— pw) * 
=n!INy", 


where N, is the average occupation number of the 
state w. It can be seen that the average normal product 
of an even functional #}(¢) is obtained by taking all 
possible pairings of the ¢ factors, and replacing the 


(12) 


This is also in agreement with Matsubara’s rules. 


PHYSICAL REVIEW VOLUME 107, NUMBER 4 AUGUST 15, 1957 


Some Theoretical Consequences of a Particle Having Mass Zero 


Smpngy A. BLupMAn* 
Institute for Advanced Study, Princeton, New Jersey 
(Received April 3, 1957) 


When the mass is zero, the operator ys commutes with the Hamiltonian of a noninteracting spinor field 
This leads to the possibility of a two-component neutrino that has been employed in connection with parity 
nonconserving neutrino reactions. Every representation of the full inhomogeneous Lorentz group describing 
a free particle of arbitrary nonzero spin can be split in the same way when the mass is zero. In particular, 
a reduction of the free electromagnetic field from six components to three, is exhibited in a way exactly 
analogous to the reduction of four-component massless spinors to two components. This illustrates the fact 
that parity nonconservation, when it occurs, cannot be a result of any intrinsic property of a free field, but 
must, instead, be ascribed to particular interactions occurring in nature. 

The possibility of relating the ys degeneracy of the massless spin one-half field to its invariance under 
conformal coordinate transformations is discussed. The two-component free Dirac particle is invariant 
under the conformal point transformations, and also under the reciprocal radius transformations. Some 
different definitions of the conformal group are distinguished. 


I. INTRODUCTION trinos, or whether a corresponding reduction is also 
possible with spins other than one-half when the mass 
is zero. The theory of spin-zero and spin-one particles 
of vanishing mass is developed in Sec. II in a way 
entirely parallel to that for spin one-half. 

In Sec. 1V the ys degeneracy of the massless Dirac 
particle is related to another consequence of having zero 
mass, to invariance under conformal transformations. 
These transformations, which have been discussed in 
more than one way in the literature, are defined in 
Sec. TIT. Only the interaction-free case is considered. 


HE study of strange particles has, for two reasons, 
stimulated interest in processes involving neu- 
trinos. In the first place, the lifetimes of hyperons and 
of K-mesons imply interaction constants corresponding 
remarkably well with those found in the 6 decay of 
nucleons and of muons and in pion decay.’ In the second 
place, its zero mass suggested for the neutrino a special 
role with respect to parity.?? 

When the mass is zero, the operator ys commutes 
with the Hamiltonian of a free Dirac particle, so that 
a free neutrino is describable by a projection 4(1+-s)y 
or }(1—+5)y of the four component y. The present paper 
investigates the question whether this projection, and 
what it implies, is a special property of massless neu- 


* On leave from the University of California Radiation Labora- 


Notation 
d= 0/dx, 0/dy, 0/dz= ip; 
O,= 0/cOL= 104; 


tory, Berkeley, California. 

1S. A. Bludman and M. A. Ruderman, Phys. Rev. 101, 910 
(1956). 

2S. A. Bludman, Phys. Rev. 102, 1420 (1956). 

3T. D. Lee and C. N. Yang, Phys. Rev. 106, 1671 (1957); 
L. Landau, Nuclear Phys. 3, 127 (1957); A. Salam, Nuovo 
cimento 5, 299 (1957). 


a: b= ayb\+ aeb.+ aby; 
a:b=a: b+ agh,. 


Repeated indices are summed, Dummy indices take 
on all values y=1, 2, 3, 4. The asterisk designates the 
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complex conjugate of a c-number or the Hermitian 
adjoint of an operator. 


e+ alternating symbol on 1, 2, 3, 4; 
e'*= alternating symbol on 1, 2, 3; 
Biuo™=P8,8,, etc. h=c=1. 


Il. REDUCED REPRESENTATIONS FOR 
MASS-ZERO FIELDS 


A. Dirac Field 


What will be called the 5 degeneracy of the massless 
spin one-half field reveals itself in the following way. 
In covariant form the Dirac equation is 


(y,O.+m)y =0. (1) 


When transformed to Hamiltonian form, the Hamil- 
tonian, 


H=a: pt+yam 2 
) 
=e pty, 
commutes with ys=vrv7vzv4, if and only if m=0. 
When the mass does vanish, the state vector y decom- 
poses according to the eigenvalues +1 of ys: 


id. =+0- PVs, (3) 


¥,=4(lbyo)y. 


A particle described by Eq. (3) involving y, alone, 
and not y_ or p,*, will be called a Weyl particle. For 
y,, the positive-frequency solutions of Eq. (3) corre- 
spond to @-p/|E|=1 or spin along the direction of 
propagation m,=4; the negative-frequency solutions, 
to @ p/\E 1 or m,=—4. Space reflection must, 
therefore, involve particle-antiparticle conjugation, de 
fined as the interchange of positive and negative fre 
quencies. Indeed, since 


idw,* 


where 


o* py."*, (4) 


the choice‘ 
y,!'(x) =e W,*(—x), (5) 


where eo*e"'=—o, makes y,"' obey the same inter- 
action-free equation as y,. 

Under gauge transformations of the first kind, how- 
ever, ¥* and therefore y," transform oppositely to y,. 
Hence, if a Wey! particle had charge e#0, the operation 
(5) would combine reflection and charge conjugation. 
If, on the other hand, the particle has no coupling to 
the electromagnetic field, a distinction can be drawn 
between (1) particle-antiparticle conjugation, which ts 
involved in space reflection in the Weyl theory, and (2) 
charge conjugation for which the identity operation can 
be trivially chosen.‘ 

Phys. Rev. 106, 821 
(07 (1957). 


(1957); K. M. 


‘J. A. McLennan, fr. 


Case, Phys. Rev. 107, 


SIDNEY A. 


BLUDMAN 


B. Scalar and Vector Fields 


In order to see whether with bosons a development 
parallel to that for spinors is possible, the scalar and 
vector meson equations will be cast in a form like the 
Dirac equation, the Hamiltonian found, and the limit 
m=() taken, and a decomposing operator like 5 sought. 


1. Duffin-Kemmer Formalism and the Mass-Zero Limit 
Bosons are described® by the covariant equation 
(8,0,+M)y=0, (6) 


where the 8, obey the Duffin-Kemmer algebra deter- 
mined by 


BurtBru=BydrrtBrbry, (7) 
special instances of which are 

(1—B,”)8,=BB,’, wrv (8) 

(1—8,’)B,=0. (9) 


Although only four 6’s occur in Eq. (6), these relations 
are also satisfied by a fifth, 


Bs= (1/4!) €¢” "Burp, (10) 


just as in the case of the Dirac algebra. The algebra of 
the 8, is distinguished from that of the y, in that the 
8, have more than one irreducible representation and 
are singular. The representations by 10X10 and by 
55 matrices describe spin-one and spin-zero fields, 
respectively. The vector meson field, for example, is 
described by a ten-component quantity y which, in a 
particular choice of the B,, is given by y= (E,H,A,¢). 


Plane-wave solutions are assured if the second-order equation 
(OQ —M*)y=0 is derivable from the first-order Eq. (6). It can 
be shown generally® that to describe massless particles, M must 
be a singular matrix. Also, for a given irreducible representation, 
M must transform as a scalar under Lorentz transformations. 
The Dirac algebra has only one inequivalent irreducible repre 
sentation, from which M must be a multiple of unity: for M to 
be singular it must be zero. In the Duffin-Kemmer algebra, the 
representation of the Lorentz transformations is reducible, and 
M need not be a multiple of unity. As will be seen in Eq. (15), 
M is indeed nonzero, and if Eq. (6) is to describe massless particles 
then M must be a nonvanishing singular matrix y. In order to 
develop,’ in as parallel a way as possible, the cases of mass m#0 
and of mass zero, we shall proceed from Eq. (6) as far as possible 
with M unspecified. Only in those equations that are different 
for mass m and mass zero will M be replaced by m or y. 


A second-order wave equation can be derived by 
multiplying the first-order equation (6) by 0,8,, on the 


5N. Kemmer, Proc. Roy. Soc. (London) A173, 91 (1939). 

*H. J. Bhabha, Revs. Modern Phys. 21, 451 (1949) 

7The Hamiltonian formulation for nonzero mass has been 
obtained by Kemmer, reference 5, and later authors. Massless 
particles have been treated in the abstract I° formalism by 
Harish-Chandra, Proc. Roy. Soc. (London), A186, 502 (1946). 
A somewhat different treatment has been presented in order to 
develop, in as parallel a way as possible, the cases of finite mass 
and zero mass and to find an actual realization of the zero-mass 
case. 
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left and using the basic relation (7) to obtain 
d,(My) = 0,8 ,.(My). 

Then, upon differentiating, one obtains 
0, (My) = 0 ,85»(My). (12) 


If the particle has mass, M=m#0 can be divided 
-through in Eq. (12). Applying Eq. (6) twice then gives 


(O—m’)jy=0 (13) 


If the particle is massless then Eq. (6), on left multipli- 
cation by (1—y), leads to 


B,Ou(yW) =9, 


(11) 


(mass m#Q). 


(14) 
provided 


(1—y)8,=B,7, (l-—y)vy=0. (15) 
Then, in Eq. (12), 
O (yw) =90 


The first of Eqs. (15) shows that y is not zero; the 
second of Eqs. (15) shows that it must be a singular 
matrix, an idempotent projection operator. 

A Hamiltonian formulation is obtained by choosing 
v=4 in Eq. (11) and writing 


I4(1—B¥?) (My) — 0: B64(My) =0. 
Multiplying Eq. (6) by §, on the left, one obtains 
IBY+ I: BBYt+hMy =0. 


If the particle has mass, then Eq. (17) can be divided 
by M=m and added to Eq. (18) to give 


id = y= (a: p+fham)yp 


(mass zero). (16) 


(17) 


(18) 


(mass m) (19) 


where 


a= i(843—G8,). (20) 


If the particle has no mass, then Eq. (18) can be 
multiplied by M=vy on the left, and conditions (15) 
applied before adding to Eq. (17), to give 


10:(W) =H (W)=a: p(w) 


The Hamiltonian formulation is completed by the 
time-independent equations, 


[G- 087+ (1—87)M W=0, 


obtained from Eq. (6) on multiplication by (1—,’). 
Equation (22) relates the field quantities to the space 
derivatives of the potentials, H=VXA. If the mass is 
nonvanishing, Eq. (22) also relates the potentials to 
the space derivatives of the field quantities. If the mass 
is zero, the projection operator y must be chosen so that 
My=yw = (E,H,0,0). Then 0=9V-E and the potentials 
are nol derivable from the field quantities. This can be 
accomplished by choosing y=’, so that because fs 
satisfies the relations (8) and (9), y satisfies the con- 
ditions (15). 

The second-order wave equation 


(21) 


(mass zero). 


(22) 


(16) and the 
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Hamiltonian equations (21), which read 


VX E+0H/at=0, VXH—dE/a=0, (23) 


are obtained only for the field quantities. For the 
potentials (1—y)y= (0,0,A,@), such equations can be 
obtained only by a special choice of gauge, such as 
imposing 

(24) 


I,(1—y)¥= 9 Bo(l—y)¥, 


in addition to the Eq. (21) derived for yy. 
The equations of motion (6) for finite or zero mass 
are derivable from the Lagrangian density, 


L= 38,09 — ANB )+9My, 
where the adjoint is 
y] v'ns, "4 


From this Lagrangian, a conserved energy-momentum 
tensor and current density are obtained : 


Ov» V(b4»—By» -Byy)My, 
ju=WBW=[0' (Brat afs)¥, VIB). 


Because 34=64 is an indefinite matrix, the particle 
density jo is indefinite in sign. This indefinite particle 
or charge density characterizes bosons as compared 
with fermions. Because of it, an extra factor 84 appears® 
in the definition of expectation values. In particular, 
the energy density is given by 


W =W'8,p=y'My 


The usual expression y'Hy is indefinite in sign in the 
c-number theory and is appropriate only where Fermi 
Dirac quantization is involved. 

The eigenvalues \ of H may be positive or negative 
corresponding to positive- or negative-frequency solu 
tions, or zero corresponding to the static solution. Since 
the total energy, 


E= f W'BsllydV f y'MydV, 


is positive, and 


2B¢—1. 


as. 


E=\N, 
where 


N [vewav 


is the total number of particles (which is conserved in 
the absence of interaction), the positive- and negative- 
frequency solutions correspond to particle and anti 
particle, with the energy positive in any case. 


2. Spin-One Analog of the Weyl Particle 


With Eq. (21), a treatment of the vector field b= y) 
can now be given that is analogous to that given for 
spin one-half at the beginning of this section. Since, 
by Eq. (7), Bs commutes with @ but not with fy, Bs 





1166 SIDNEY A. 
commutes with the Hamiltonian (21) for mass zero but 
not with that (19) for finite mass, In fact, 


ay =f Sy, (25) 


where 


1 
S= bX 
v 


obeys the angular-momentum commutation rules 


[S55] =tesjeSe (27) 


and has the eigenvalues +1, 0, —1 of a spin-one particle. 
When the mass vanishes, @ decomposes according to 
the eigenvalues +1 of fs: 
D,=4(14/5)%, (28) 
id ,=+S- pb,. (29) 
(In the five-dimensional representation 8s=0, and no 
such decomposition takes place for the spin-zero field.) 
For the state ®,, the positive- and negative-frequency 
solutions in Eq. (29) correspond to mg= +1 along the 
direction of propagation. The eigenvalue ms =0 belongs 
to the static solution of Eq. (29) and might be elimi- 
nated by a supplementary condition. In the abbreviated 
theory involving #,, as in the original theory involving 
®, the energy is positive for both signs of the frequency.* 
The abbreviated theory corresponds to the same asso- 
ciation between spin direction and the sign of the 
frequency that was discussed in the Weyl theory. 
The law of transformation under space reflection, 


cl 


$,'!(x) =ng@b,*(—x), (5’) 


involves particle-antiparticle conjugation, as in Eq. (5). 
| Eq. (5’) is especially clear in the representation in which 
y= (E,H,A,o). Here one finds &(x) = (F(x), iF (x), 0, 0), 
where F = E+-iH, and #*°!(x) = (—F*(—x), —iF*(—x), 
(), 0), corresponding to the conventional behavior of E 
and H under space reflections. | 

The particle-antiparticle conjugation involved would 
generate opposite changes in ® and #' under gauge 
transformations of the first kind unless the vector par- 
ticle had e=0 as well as m=0. When the massless vector 
particle is neutral, a charge conjugation operation can 
be defined and is, up to a phase factor, the identity 
operation. This is actually the situation for the electro- 
magnetic field, 

This discussion indicates that when the mass is zero 
and in the absence of interaction, a vector field ®, can 
be constructed that is related to ® as two-component 
spinors ¥, are related to four-component spinors y. 
The free-particle equations are, in both cases, invariant 
under space reflection with a law of transformation 
involving the interchange of positive and negative 
frequencies. The particles involved must then be of zero 

* With this understanding the difficulties of interpretation and 
quantization disappear from the otherwise identical electro 


dynamics discussed by J. KR. Oppenheimer, Phys. Rev. 38, 725 
(1931). 
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charge as well as zero mass if the theory is to be in- 
variant under charge conjugation. 

The free neutrino is not intrinsically parity-noncon- 
serving‘ any more than is the free photon. Indeed, while 
mass and spin are intrinsic properties of free particles, 
parity (like electric charge) is meaningful only relative 
to the fields with which a particle interacts. The differ- 
ence between the neutrino and the photon is in their 
couplings. In §-decay interactions, apparently neu- 
trinos (or antineutrinos) of only one spin polarization 
are emitted, while in electromagnetic interactions, 
photons of both polarizations (called particle and anti- 
particle in the Weyl-like formulation) are emitted and 
absorbed. 

Incidentally, 85 is not the only operator for the spin- 
one field that commutes with H if the mass is zero. A 
second operator is the scalar n5=28,’—1. In fact, the 
decomposition according to 4(1+)=8s=y and 
4(1—ns) =1—6s?=1—7 is precisely the separation of p 
into gauge-independent and gauge-dependent parts 
discussed after Eq. (22) above. In the spin one-half 
case 1—y=0, and in the spin-zero case y=0, and no 
gauge group appears in the zero-mass limit. For mass 
zero, the spin-one field can be decomposed into both 
’, and #_ and into gauge-independent and gauge- 
dependent parts. The spin one-half field decomposes 
into y, and y¥_ parts but not into gauge-independent 
and gauge-dependent parts. The spin-zero field decom- 
poses neither way. 

Considerable detail has been gone into to show that 
the Weyl 2-component spin one-half particle is not 
unique, but that an entirely analogous possibility exists 
theoretically for the massless vector field. The result 
may be stated quite generally for any representation 
y(m,s) of the inhomogeneous Lorentz group. If the 
mass is zero and the quantized spin s#0, each repre- 
sentation ¥(0,s) of the group including space reflections 
splits into two ~,(0,s) that are inequivalent except 
under reflections, These two representations correspond 
to the two spin states, parallel and antiparallel to the 
direction of propagation, that are possible for a massless 
particle of discrete spin. The zero-spin representation 
is exceptional because no such splitting of the one- 
dimensional representation is possible. If the mass is 
not zero, the various states of spin polarization are 
equivalent under proper Lorentz transformations. 


II. CONFORMAL TRANSFORMATIONS ‘ 


The ys degeneracy, or the possibility of a reduced 
representation has been seen to arise, with nonzero spin, 
whenever the mass is zero. It is also known’ that wave 


*J. A. McLennan, Jr., Nuovo cimento 10, 1360 (1956) and 
thesis, Lehigh University, 1952 (unpublished). I am indebted to 
Dr. McLennan for the loan of this thesis. McLennan actually 
proves the conformal invariance of an entire class of homogeneous 
wave equations, including the neutrino, in a very general but 
formal way. The conformal invariance of the massless Dirac wave 
equation was also proven in the somewhat unphysical six-dimen- 
sional formalism by P. A. M. Dirac, Ann. Math. 37, 429 (1936). 





PARTICLE 


equations for zero-mass particles—or at least those, 
including the neutrino and Maxwell equations, that 
can be written so as to be homogeneous in the space- 
time derivatives—are invariant under the conformal 
group. In this section several definitions of the con- 
formal group are distinguished in order to see what 
connection there is, if any, between the conformal 
invariance of the massless Dirac equation and its 7s 
degeneracy. 


A. Reciprocal-Radius Transformations and 
Acceleration Transformations 


The second-order zero-mass wave equation, 


OV=0, (30’) 


is invariant with respect to the transformations by 
reciprocal radii: 


ty =x,/2, (30) 


or r’ =1/r, where r= (x,”)'. In two and three dimensions 
this is well known and is the basis for the treatment of 
certain problems in potential theory. In n dimensions, 
from the form of the Laplacian in spherical coordinates, 
it follows that a law of transformation can be devised 


for V(r), 


V(r) =r") V(r), (31) 


so that with O)(r’)=01’(r), the transformed equation 
0’(r)V’(r)=0 is a consequence of the original equa- 
tion 0 (r) V(r) =0. That such a law of transformation on 
the field variables can be found so that the transformed 
equation holds if the original holds, is the sense in which 
an equation is said to be invariant under a certain point 
transformation. 

The result of two reciprocal-radius transformations, 
the first x,’’=x,/x* about the origin, and the second 
x,’ = (x,/’+a,)/(x+a)? about another point a, [sym- 
bolically 1/x’=(1/x)+a] is the nonlinear trans- 
formation 


ay’ = (xy+a,x*)/(1+2a-x+a*x"), ($2) 


This will be called an “acceleration transformation” 
because it carries a point at rest into uniform accelerated 
motion, just as a Lorentz transformation carries a 
point at rest into motion with uniform velocity. 

Under an acceleration transformation, 

x!? = x2/(1+ 2a: x+-a°x"), 

from which it follows that ‘‘circles” generally, meaning 
hyperspheres, hyperhyperboloids and hyperplanes in 
four dimensions, go into other ‘‘circles” under conforma] 
transformations. Plane waves do not generally go into 
plane waves. 

This kinematic interpretation of the acceleration transformation 


leads simply” to an interesting result in electrodynamics. The 


1S. A. Bludman, Phys. Rev. 95, 654(A) (1954). 
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conformal group is known" to be the widest group of transfor- 
mations leaving Maxwell’s equations invariant. The radiation 
damping force vanishes for a charged particle at rest, and under 
the conformal group transforms as a vector density. Motion with 
uniform acceleration, including motion with uniform velocity, is 
obtained from rest by conformal transformation. Uniformly 
accelerated motion is the entire class of motions of a charged 
particle, for which there is no reaction of radiation on its motion, 
So far as electromagnetic fields are concerned, not only systems 
moving with constant velocity with respect to one another, but 
also systems uniformly accelerated with respect to one another, 
are equivalent.” 


B. The Conformal Group and the Proper 
Conformal Group 
The reciprocal-radius transformations, together with 
the uniform dilatations 
¥, =AX,y, (33) 
and the ten inhomogeneous Lorentz transformations 


Xy! = Ayrtetb,, (34) 


generate the conformal group, C4. Since a reciprocal- 
radius transformation inverts the orientation of the 
three space axes, the elements of Cy consist of the space 
reflections and reciprocal-radius transformations along 


with fifteen continuous transformations: six homo- 
geneous Lorentz transformations, four translations, 
four accelerations, and the dilatation. 

The acceleration transformations introduced in Eq, 
(32) by two reciprocal-radius transformations are proper 
transformations. By omitting the individual reciprocal- 
radius transformations and the reflections, a completely 
continuous fifteen-parameter group, C4,, consisting of 
the proper inhomogeneous Lorentz transformations, 
the accelerations, and the dilatations, is defined.® 

All relativistic equations homogeneous in the space- 
time derivatives admit the similarity group. ‘The second- 
order wave equations (30'), because they admit the 
reciprocal-radius transformations, admit the full con- 
formal group C,. In the next section the invariance of 
the first-order massless Dirac equation will be investi 
gated under both Cy and C4,. 


C. Conformal Transformations on the Metric 


The conformal transformations have to this point 
been considered as point transformations x,—>x,’ with 
the metric ¢,,—¢,, unaltered. Since, under the accelera- 
tion transformation (32), 


(dx,')* r(1 2a: x)*4 4(aX x)? |\(dx,)*, (35) 


and under the dilatation (33), 


(dx,')*=)?(dx,)’, (36) 

"FE. Cunningham, Proc. London Math. Soc. 8, 77 
H. Bateman, Proc. London Math. Soc. 8, 223, 469 (1910) 

This is the basis of the extension of special relativity for 
electromagnetism devised by L. Page, Phys. Rev. 49, 254 (1936) 
See also L. Page and N. I. Adams, Electrodynamics (D. Van 
Nostrand Company, Inc., New York, 1940), and H. P. Robertson, 
Phys. Rev. 49, 755 (1936) 


(1910); 
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the conformal group does not preserve lengths [other 
than the light cone (dx,)?=0]. Instead, ds*= (dx,)? is 
carried into ds’*=a(x)(dx,)*, where o depends on x in 
a definite way prescribed by the parameters a,, > in 
Eqs. (35) and (36). 

An alternative point of view is to regard the conformal 
transformations as ones in which x,—>, but the metric 
is transformed ¢,,—£,4» =o(x)g,». So long as a(x) is 
determined by parameters of the transformation in the 
same way as before, these two points of view are fairly 
equivalent. However, the second point of view can be 
generalized by allowing the g,, to transform arbitrarily 
so long as their ratios are unchanged. This general- 
ization leads to a group of transformations on the 
metric depending on an arbitrary function a(x) rather 
than on arbitrary parameters. This is the conformal 
group considered by Schouten and Haantjes* and 
by Pauli.‘ In the next section the conformal invariance 
of the neutrino wave equation will be considered under 
the first definition, the conformal group as a group of 
point transformations depending on fifteen parameters. 


IV. CONFORMAL INVARIANCE OF THE 
MASSLESS DIRAC EQUATION 


Since the massless Dirac equation 


1.04 =0 


admits the dilatation and the inhomogeneous Lorentz 
transformations, only its invariance under the acceler- 
ation transformations (32) and the reciprocal-radius 
transformations (31) must be shown, in order to prove 
invariance under the proper or improper conformal 
group. 

The acceleration transformation may be regarded 
infinitesimally. Then Eq. (37) implies y,0,'f/=0 pro- 
vided 


(37) 


¥.5(O,W+7,0,6p = 9, (38) 
where 
(39) 


5(0,) = 2[a-x0,+a,x°0—x,a-d |, 


and b~=y/—y is the infinitesimal change in y to be 
found. The form (39) suggests a law of transformation 
in which dy is linear in a, and x, as well as y. Lorentz 
invariance almost completely restricts the form of the 
spinor transformation and 

by = 2[a- x+y, ex W 
is found, together with Eq. (39), to satisfy Eq. (38). 
Koninkl. Ned. 


(40) 


“J. A. Schouten and J. Haantjes, Proc. 
Akad. Wetenschap. 39, 1059 (1936). 


“ W. Pauli, Jr., Helv. Phys. Acta 13, 204 (1940). 
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Under the reciprocal-radius transformation, 


0, = 2x,x-d+270,, (41) 


an even fewer number of Lorentz invariants can be 
formed out of x, and the y’s. The form of Eq. (31) 
suggests the occurrence of some power of x*, and in 
fact one obtains 


V = aya. (42) 


The free-particle Dirac equation with zero mass is thus 
invariant under both C, and C,4,.° 

Projection by 75 as in Eq. (3) gives, for the acceler- 
ation transformations, 


bb, = 2a xt+7pmryr, Wy, 
and for the reciprocal-radius transformation, 
Va! =aty-ab, 
Because «'y,* satisfies the same equation as y_, 
Vy =axy- xe y,* 


satisfies the Weyl equation after the transformation by 
reciprocal radii. This transformation therefore includes 
the same particle-antiparticle conjugation that was 
involved in the reflection transformation (5). By Eqs. 
(43) and (45), the free-particle Wey! equation is invari- 
ant under both C, and C4,. 

The interpretation of an interaction is related basi- 
cally to the presence of an extended gauge group, i.e., a 
group depending on arbitrary functions rather than 
arbitrary parameters. For this reason, it is especially 
interesting that the invariance of the massless spin one 
and spin one-half, but not spin zero, equations extends 
to the extended conformal metric transformations 
defined in Sec. III C.“ Does this suggest a basic role 
for the massless neutrino field along with the massless 
electromagnetic and gravitational fields as the seat of a 
universal, especially primordial, and relatively weak, 
interaction between all matter? The neutrino interac- 
tion is universal, in the sense that the pion or K-meson 
interactions are not, in that possibly all particles,’ 
fermion and boson, interact directly with neutrinos 
with comparable strength. 

I would like to thank Dr. Robert Oppenheimer for 
the hospitality of the Institute for Advanced Study. 
I am indebted to him and to several of my colleagues 
for helpful discussion. 


(43) 


(44) 


(45) 


16 There is no evidence at present that neutrinos appear in the 
decay of hyperons. 
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Magnetic Dipole Moment of the Bhabha System 


Ropert L. Pease,* Research Laboratories, Hughes Aircraft Company, Culver City, California 


AND 


JANE PEAsE,t Box 45876, Los Angeles, California 
(Received March 19, 1957) 


A systematic procedure was recently developed for extracting the intrinsic moments of a system described 
by the general first-order linear field equation (i840,+k)y =0. The procedure is here applied to compute 
the magnetic dipole moments of a dibaric system proposed by Bhabha. 


Hor a quantum-mechanical system described by a 
field function y satisfying the linear first-order 
wave equation 


(i840, +k)y=9, 


it is possible to establish a systematic procedure! for 
extraction of the intrinsic electromagnetic moments up 
to the highest existing multipole order. This procedure 
has been applied to find the magnetic dipole moments 
of a system proposed by Bhabha? which, in the non- 
relativistic limit, decomposes into two states of masses 
hk/c and hk/|X!\c, both with positive charge, exhibiting 
spins of $ and }, respectively. 

For convenience, let two ‘‘magnetons” be defined in 
terms of the masses of their respective states, i.e., as 
wy=e/2k and wy=e|\| /2k, and let a quantity A*>0 be 
defined in terms of Bhabha’s* parameters as 


A?= — (2/3A*) (a2— 4) (as—4). (2) 


0,= 0/dx*, (1) 


Then the magnetic dipole moments of the positive 
*Now at Massachusetts Institute of Technology Lincoln 
Laboratory, B-375, Lexington, Massachusetts 
+t Now at Box 66, Cambridge 38, Massachusetts 
' J. Pease and R. L. Pease, Phys. Rev. 104, 816 (1956) 
?H. J. Bhabha, Phil. Mag. 43, 33 (1952) 


energy rest states are found to be 
(3a) 
(3b) 


My, Spin § state 
(1+4A*(1—{A|~") uy, spin 4 state 


in agreement both with the results of Ulehla®’ and the 


results of two alternative calculations by the authors.*® 
The resulting anomaly in the spin } state is positive if 
the mass of the spin 4 state is less than the mass of the 
spin } state; hence a possible alternative or supple- 
mentary formalism to meson theory has been provided 
for explanation of anomalous moments. 


81. Ulehla, Czech. J. Phys. 4, 267 (1954), used a projection 
operator method together with a special representation of the B*. 

*The projection operator method of Harish-Chandra, Proc 
Roy. Soc. (London) A192, 195 (1947), may be generalized to a 
dibaric system and used to provide an equivalent result. 

*An external electromagnetic field may be inserted, by the 
usual prescription, into the canonical vector-spinor (Rarita 
Schwinger) formalism of K. K. Gupta, Proc. Roy. Soc. (London) 
A222, 118 (1954), and the resulting equations simplified. After 
considerable manipulation, the spin } and spin 4 equations may be 
separated; the latter is the Dirac equation with an added Pauli 
term corresponding to an anomalous moment of 2A(1—A) 
x (d?/a)uy, where A@ —1/) is called \ by Gupta. If the Bhabha 
and Gupta equations are both thrown into spinor form and the 
coefficients identified, this result may be shown to be identical 
with (3b) 
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« Corrections to the Hyperfine Structure of the 1S and 2S States of Hydrogen* 


Marvin H. MiItTLeMANn 
University of California Radiation Laboratory, Livermore, California 
(Received February 18, 1957) 


Recent precision measurements of the hyperfine splitting in the 15 and 25 states in hydrogen would make 
possible the observation of a* corrections. A calculation of these corrections would be difficult because of 
the many processes that can contribute to this order and because of the uncertainty of the nuclear structure 
effects that can contribute in this numerical order. For these reasons only the ratio of the hyperfine structure 
in the 2S state to that in the 15 state is calculated here. It is shown that the formation of the ratio eliminates 
the contribution of most of the a* corrections and totally eliminates the nuclear structure effects. The coef- 


ficient, B 


mental value, (B—A )exyp =3.440.8 


I. INTRODUCTION 


DP peta ipnagn of the corrections to the Fermi 
formula’ for the hyperfine structure (hfs) in S 
states of hydrogen have been done’ to relative order 
, a(Za), ax/M, and (Za).? Recent precision measure- 
ments® of hfs would make possible the observation of 
deviations of order a from these calculated values in 
the 15 and 2S states of hydrogen. The calculation of 
the radiative corrections to hfs to order a is a pro- 
hibitively difficult task because of the many electro 
dynamic processes that can occur in this order and the 
nuclear structure effects that would contribute in the 
same order of magnitude. However, since the radiative 
corrections are basically a high-energy, short-range 
effect, it will be shown (Sec. ITI) that the bulk of these 
processes exhibit dependence upon the state of the 


a 


hydrogen atom only through an over-all scale factor of 
the square of the wave function evaluated at the origin. 
Furthermore it will be shown (Sec. IV) that the effect 
of the distributed nature of the proton will have the 
same state dependence in this order. These facts make 
the calculation of the ratio of hfs in the 2S to that in the 
1.8 state a reasonable task. 

In evaluating this ratio the contributions may be 
divided into two classes, In the first, the relativistic 
properties of the electron are important and the electron 
may be treated as free in its intermediate states. In the 
second, the relativistic effects do not contribute but the 
properties of the electron in a Coulomb field become 


important in the intermediate states. 


* Supported in part by the U. S. Signal Corps while the author 
was at Columbia University, and by the U. S. Atomic Energy 
Commission 

1 E. Fermi, Z. Physik 60, 320 (1930). 

*N. M. Kroll and F. Pollock, Phys. Rev. 84, 594 (1951); and 
Karplus, Klein, and Schwinger, Phys. Rev. 84, 597 (1951) for 
the a and a(Za) corrections. Here a is the fine structure constant 
and Z is the number of elementary charges on the nucleus. Z=1, 
but Z will be retained to indicate the origin of the term. 

+R. Arnowitt, Phys. Rev. 92, 1002 (1953), and W. A. Newcomb 
and E. E. Salpeter, Phys. Rev. 97, 1146 (1955) for the ax/M 
terms. Here « is the electron mass and M the proton mass 

4G. Breit, Phys. Rev. 35, 1447 (1930) for the (Za)* terms 

® Heberle, Reich, and Kusch, Phys. Rev. 101, 612 (1956) for 
the 2S state and J. P. Wittke and R. H. Dicke, Phys. Rev. 96, 
530 (1954) and P. Kusch, Phys. Rev. 100, 1188 (1955) for the 18 
state. 


A, of the a terms in the ratio is calculated as (B —A)=5.28. This compares with the experi 


In Secs. II and III the finite mass of the proton and 
its distributed nature will be neglected. These effects 
will be treated in Sec. IV, where their contribution to 
the ratio will be discussed. 


II. FORMULATION OF THE PROBLEM 


When one neglects the finite mass of the proton and 
its distributed nature, the hfs in the first two S states 
of hydrogen can be written 


3 a 
Av, pi } Za)|(14 —aZlZod b+ Aa), (la) 
2 Qn 


17 a 
Ava, bi za) |(1 }- ~aZo — bo?+ bat), (1b) 
8 


2r 


where the first bracket in each of these arises from the 
Breit‘ relativistic correction to the wave function. Here 


En=—4(¢/2x)(o-p)|¥n0(0) |? (2) 


is the Fermi! energy where |y,°(0)|? is the square of 
the Schrédinger wave function for the S state evalu- 
ated at the origin and a and 6b are numerical constants 
independent of the state.* The ratio of the hfs in the 2S 
state to that in the 1.$ state to order a’ can be written 


Avo, 1 17 3 
: : +( -— ) zay4 (B Aye] (3) 
Av, 8 8 2 


The factor } arises from the ratio of the wave functions 
occurring in the Fermi energy. The major portion of 
this paper will be devoted to the calculation of the 
difference, (B—A). 


Ill. a TERMS 


Radiative corrections of order a can arise in three 
different ways, as a’, a*(Za), and a(Za)*. The a cor- 
rections come from the sixth-order electrodynamic 
corrections to the magnetic ‘moment of the electron. 
These are localized around the origin so that their con- 
tributions to hfs are proportional to the square of the 


*R. Karplus and A. Klein, Phys. Rev. 85, 972 (1952) and the 
first paper cited in reference 2. 
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wave function of the origin. Hence they are state inde- 
pendent’ in the sense that they do not contribute to 
the difference, (B—A). The a*(Za) corrections arise 
from the distributed nature of the fourth-order electro- 
dynamic radiative corrections. These will depend upon 
the first and higher order spatial derivatives of the 
wave functions evaluated at the origin. Each deriv- 
ative will introduce a power of Za so that only the 
first derivative can contribute. However, using the 
Schrédinger equation with an external Coulomb field, 
the derivative of the wave function at the origin is 
easily shown to be proportional to the wave function 
at the origin, y,.” (0) = —xZap,°(0), so that a®(Za) con- 
tributions will not contribute to the difference, (B— A). 
This argument has been substantiated by an explicit 
calculation of some of the a?(Za) terms. The a(Za)? 
terms will contribute and must be evaluated explicitly. 
Kroll and Pollock’* have developed renormalized 
expressions for the energy shift of an electron due to the 
electrodynamic field to first order in a, and all orders 
in Za. Their results will be used here. It should be 
pointed out that renormalization is not necessary in 
this problem® since the high-energy, short-range effects 
will cancel out in the difference, (B— A); however, the 
renormalization facilitates the splitting of relativistic 
and nonrelativistic effects, the importance of which will 
become evident below. 

For reference we list here the definitions of the func- 
tions that are used in the calculation. The electron 
propagators satisfy the equations of motion," 


(ivy po+k)Sp*( po, pr) = fie *( Do -_ Ps)Sr*( Pa, pr )d* py 


2i 
+——-8(po—p:), (4a) 
(2)! 
Sp*(po,pi) (typitk) = [ Ser(pspsdieras Ps— pi)d’ ps 
21 


t 5(p2— pi), 
(2r)* 


(4b) 


where the fourth component of the momentum vectors 
is the energy of the nS state. The wave functions," 


7 Terms that depend upon the state only through a factor of 
the square of the wave function at the origin will be said to be 
state-independent. 

8 In evaluating the a(Za)? terms the notation and definitions of 
Kroll and Pollock, henceforth referred to as K.P., will be followed 
as closely as possible. It should be pointed out that certain errors 
in K.P. Eqs. (29) and (33) have been corrected. These mistakes 
do not affect the result of K.P. but will affect the results of this 
paper. 

® The author wishes to thank Dr. G. Webrettiz for pointing out 
this fact to him. 

1 Units h=c=1 will be used throughout. Four-vectors will be 
denoted by ordinary type while their space parts will be denoted 
in boldface, pk= p-k — pok: 

 Momentum-space Dirac-Coulomb wave functions will be 
denoted by ¢, . The coordinate space wave functions are y, y. 
A superscript 0 will denote the corresponding nonrelativistic 
Schrédinger wave function. 
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$(p2), o(p1), satisfy the homogeneous equations. The 


external field is 
Za /Yo e x: (uxXq) 
( ) + ( ), (5) 
ar \¢ (2r)* q 


where yp is the nuclear magnetic moment operator. The 
free propagator Sp(p) satisfies Eq. (4) with the poten- 
tial term missing. 


1eyA *(q) 


A. Polarization Energy 


K. P., Eq. (21), give for the renormalized polarization 
energy, 


-! “ 2V7(1 Vy? 3) (pe . p.)’ 
AE, (2) | av { (09 
42+ (p>— p,)(1— V2) 


XK ieyA*( pe 2 Pi)d( pidd*pid* po - (2n)* f 6p) 


Kiey5A”(po— pild(pi)d*pid* po. (6) 
Examination of 6A” with the aid of Furry’s theorem" 
shows that the first surviving part of 6A” is proportional 
to a, and three powers of A‘. If one of the A‘ is a mag- 
netic potential and the other two are Coulomb, the 
contribution is of the correct order in a. However, the 
wave functions limit the contributions to the integral to 
regions of momenta of the order of Zax so that the 
momenta in 6A” may be dropped relative to x. The 
remaining momentum integrals can be performed. They 
converge and give a result proportional to |y,°(0) |? 
which does not contribute to the difference,’ (B— A), 
In the first term of Eq. (6) we are interested in extract- 
ing the hfs (terms proportional to #-y) so that either 
the magnetic field occurs explicitly or it is implicitly 
contained in a modification of the wave function. The 
two cases will be designated by subscripts a and b, 
respectively. 

For AE,, the wave functions are solutions of the 
Dirac equation with a Coulomb potential. These may 
be approximated (Appendix A) to the order of accuracy 
required by 


(Pp) ( orn), (7) 
ao: p/2k 


where ¢°(p) is a solution of the Schrédinger equation 


with a Coulomb potential.“ Upon using the wave 


function and averaging over directions in the momentum 


4W. Furry, Phys. Rev. 51, 125 (1937) 

44 This may be stated in another way by noting that 6A”(r) isa 
short-range potential the integral of which over all space con 
verges 

“This approximation neglects terms of relative 
(Za)* |In(Za) which are too small by a factor Za In(Za) 


order 
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integral, it is found that 


ca {o-“" , 
_ ( )f dv 2v*(1— 40”) 
2a 3x 0 


f dn’ (P2) (Po pi)*n"( pi) 
x on 
4x?+- (po— p;)?(1—2*) 


AE». = 


d*pid* py. (8) 


The momenta in the denominator may be neglected 
relative to «*, and with the use of Eq. (2) this becomes 
bn'(p) 


2a 
fo p , 
1 Sak’ ¥7°(0) 


Thefintegral in Eq. (9) is logarithmically divergent at 
the upper end but the divergence is state independent 
so that when the difference, (B—A), is formed the 
result converges.’® The integral is evaluated in Appendix 
B, Eq. (B-2). The contribution to the difference is 


(B—A) p= 1/(108). 


AEpa : E,, (9) 


(10) 


To obtain AE», the potential appearing explicitly is 
taken as Coulomb and one of the wave functions is 
modified by the magnetic field. One such term appears 
for each of the wave functions and these are identical. 
The modification of the wave function due to the action 
of the magnetic potential once can be obtained as 
oM~S SrieyA™. It is tempting to expand the prop- 
agator in a Born approximation series in the Coulomb 
field. However, the contribution from successive terms 
in the series are of the same order of magnitude so that 
all terms of the series contribute. Thus the magnetic 
wave function must be obtained more exactly. Upon 
using the magnetic wave functions from Appendix C 
and transforming back to coordinate space, it is found 


that 
Zoe (1— $2”) d*r 
f dv2v* f 
0 Tr 


" i-/ 
XWnlr)n™ (1) expl —2xr(1 


A I J Pb 


-o*)-1}, (11) 


The small components of the wave functions do not 
contribute to the Z%a* term and the leading term in the 
expansion of the integral in powers of Za is found to be 
state-independent. The contribution to the result is 


4 7/9 
( -21n2), 
15 \2 


B. Fluctuation Energy: Free Intermediate States 


(B A) pp* am (12) 


By using methods similar to that in K. P., after 
renormalization the fluctuation energy can be written as 


AEp=A+B+C+D+E+F+Lp+0, 


© The integral is of course convergent before the approximations 
of dropping p relative to « are made. Convergence factors with a 
cut as have been replaced by 1. The difference, (B —A), is not 
affected by this method in the order of interest. 


(13) 
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where the form of each will be listed as it is dealt with. 
A= daa f 6(p3)ierA*(pe—a)L2(1 — 4x) 
; 1 
+ iygu(8x—1)+iy pox jieyA*(q— pi)o(p1)——— 
KA? (q,p2) 
Xd*pid*pod*qdx, (14) 
where 


*A*(q,p) = —[qxt+p(1—x) P 


=€,?—[qxt+p(i—x)?, (15) 


where e, is the energy of the mS state and the range of 
x is 0 to 1. In evaluating A, it is split into a and 6 parts 
as for AE,. For Aq, two terms arise since either potential 
may be magnetic. Using Eq. (7) and performing 
manipulations of the Dirac algebra to extract the hfs, 
we find 
Zoe $°( pz)" (pi) 
Ag= (ow) f —_——— 
(2n)8 (p2— q)*(pi— q)*x*A*(q,p2) 
x { —«(8x—1)[2(q—p:)?+4q: pi— 2p? 
— 4: (pit pz) ]—4x*(p2— pi)? (2q— pi— p2) 
-[(1—422) (pit ps) —xp2]}d°pid*pod*g dx. (16) 


In terms which do not contain q? in the numerator, let 
x’A*— >? and perform the q integral using 


Pit po 
f ) (17) 


) 
Then 


d*q(1,q) nr ( 
a 1, 
| P2— pil 


(q— pi)?(q— p2)? 


va 


Zab Ap 
A a= Ea f 6480) , n’(pi)d*pid* po 
16x iWn(O) |? 


2/ Za’e 
3\ (2r)8 


on°(p) 2x(8x—1) 
xf ( > aaa (18) 
(p—q)*\e,.?—[qx+p(1—x) P 
where Ap= p.— p;. Upon carrying out the g integral in 
the second term and taking the real part, it is found that 
Re f - - 
(q—p)*Len’—(qxt+p(1—x))*]=0 if p<eq. 19) 


But ¢, is of the order of x, in which region ¢,°(p) is 
state-independent so that the second term does not 
contribute to the difference, (B—A). The first term is 
divergent but gives a convergent result in the same way 
as AEp,. Using Eq. (B-3), the contribution to the dif- 


d*q =— n/xp if p> én 
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ference is 


1 
(B—A)ag=—(In2—}). (20) 
2 


Tv 


In evaluating A», the contributions from the small 
components of the wave functions are too small, and 
again x*A*— +x’, Upon transforming back to coordinate 
space, it is found that 


D 


20  Z08 
Ay=— ( Jeo-w f dry (r)u°(r). (21) 
3 K 0 


Because of the singularity in u(r) around r=0 arising 
from the singular behavior of the magnetic potential at 
r=(), this integral diverges; however, the divergence is 
state-independent so that the contribution to the dif- 
ference is finite. Upon using Eq. (C-7), the result is 


10 
(}—In2). (22) 
3m 


(B—A) ap 
The second term of Eq. (13) is 


B=- dna f $(p2\Lier (po— qo)ieyA (qe— qu) 


Ep d* pod*qid*qodx 
x ieyA (qi— ps) |h( pi) ’ 
K°A?(q1,q2) 


Because of the explicit appearance of three potentials 
this term is immediately of the order required. To get 
its contribution, set p)=p~2=0 and €,=« in the square 
bracket. The term is then proportional to |y,°(0)|? and 
contains no additional state dependence. If the remain- 
ing q integrals converge, there is then no contribution 
to the difference. The integrals converge so that 


(B—A)p Q. (24) 


The third term in Eq. (13) contains the radiative cor- 
rection to the magnetic moment of the electron. It can 
be written'® 


C=- dn'ax f 6p) (p2— P1) OA y( po— Pi)o( pi) 
1 1—A? 
y4 ( $ Jerr, dx. (25) 
Kw KA? 


The first and second terms in the bracket are treated 
separately as C; and C2, respectively. Cy presents no 
complications, It is handled similarly to A. The result is 


(B—A)c2 (26) 
(B—A)c»=0. (27) 


~ 1/(87), 


For Cy, the exact Dirac wave functions, Eqs. (A-1), 
(A-2) must be used. After transforming to coordinate 


16 The spin matrix is defined as oy,= —}ilyy,7v J. 
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OF H 
space and extracting the hfs, it is found that 


ae ou ; ; 
( fle ¥(r) |?+4{n(r) |? J6(r) 
4n\ k 


1 
In(r) |? }d*r. (28) 
3nré 


( la 


Each of the terms in Eq. (28) is divergent because of 
the r~? singularity in the magnetic potential. This could 
be avoided by postulating a distribution for the proton 
magnetic moment. However, this is not necessary since 
the divergence occurs at small r where the wave func- 
tions are state-independent so that the contribution to 
the difference is finite. 


(B—A)cya= (1/4) (1—1n2), (29) 


Cy» is evaluated in a straightforward way. After trans 
forming to coordinate space, it is found that 


Ci= — 620° E,, 


dr 


. (30) 
|w,°(O) |? 


x f [Wn(r)un'(r) + yn?(r)un"(r) | 
0 


Here the small components contribute but only in the 
nonrelativistic form, The integral in Eq. (30) is diver- 


gent, but again the contribution to the result is finite. 
(B—A)ew=— (1/2x)[ — (17/4) +4 In? J. (31) 


The fourth term in Eq. (13) is 


D trie { 6(pdievA ( pid( pr) 
(€n’—K") 
x (—2+5x 
KA? 


4x*)d* pd pode. (32) 


This is proportional to the binding energy, ~(Za)’. 
The denominator is simplified by «*A*—>«? and the 
evaluation is straightforward. The result is 


(B—A) pq (33) 


(B—A)p» 


5/(1679), 
/ (4a). (34) 


The fifth term in Eq. (13), 


tna f Po)teyA (po pi) Pi Poh (pr) 


t+ 5x— 42? 
x( )e pupa, 
42 


presents no difficulty. Its contribution is 
(B—A)s,=0, 


(B—A)m (5/3) (%—1n2). 





1174 MARVIN 


The sixth term in Eq. (13) is 
. [ 2xiyg+x«(1— 2x) | 
I ora f pojieyA (po q) 
Kn — x(q’ +K°") 
xX 1eyvyA(q— pi pi pid* pid pod®qdx. (38) 


The evaluation of the contribution introduces no new 
problems. After extracting the hfs it is found that 
F,=0, (39) 
and F, is a multiple of A». Its contribution is 
(B 


A) ry= (3/mr)(4—I1n2). 


The last two terms of Eq. (13) are 


2 Pm 
Lop bia f $0) ( 
kh? —2kpo\k* 


K1eyvyA (peo 


Pm 


Py ) 
2kpe k? 2kpi 
d‘k 


pild( pr) A p\d* po, (41 ) 
+? 


and 
©) adn) f 602) 4,!(QnPsk) 


k+-q1) Qu(qi,Pi,k)b( pi) 


d‘k 
x dp \d* pod*qid*q2, (42) 
K+)? 


xX Se*(po—k— qa, pr 


where 
2i(p 


Qu tryuyk 
@,'(q,p,k) 


k?—2k(p—q) 
| 2ipy 
k?—2kp 


1eyA ‘| 


iyuyk 


ieyA(q), (43) 


| ivky, 
ieyA(q) 


Zip, 
(t,(q,p,k) | " 
kp 


ieyA(q), (44) 


| 2i(p+q)u—tvkyy 


k®?—2k(p+q) 


and A is a fictitious photon mass introduced to control 
the infrared divergence in Ly and Q which are sepa- 
rately divergent. The combination Lp+Q is, however, 
finite in the limit A-0." 

The term Q contains the full relativistic propagator 
for the electron in the presence of a Coulomb potential. 
It will be shown that it may be replaced by either the 
free function or a nonrelativistic approximation. With 
this in mind, Q is arbitrarily divided into three terms 
according to how many powers of & in the numerator 
come from @,’ and @,. The terms with two powers of 


17K. P., Eq. (35) 
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k are called R. The presence of two powers of k in the 
numerator emphasizes the contribution from the 
relativistic region in the intermediate state so that it 
may be expected that the effect of the Coulomb field 
in the propagator will be unimportant up to the order 
of Za needed. In order to substantiate this conjecture 
the propagator, Sp‘, is expanded in successive Born 
approximations and the contributions are examined. 
The term of Sp* linear in A, contributes a term in R 
containing three potentials explicitly. Setting p:= pz=0 
and ¢e,=x« in all but the wave functions, it is found that 
the remaining integrals converge. Thus the contribution 
is proportional to |y,’(0)|* and of order of a’. Hence the 
contribution to the difference is zero. It is therefore 
possible to replace Sr* by Sr in R, and drop 2? since 
there is no infrared divergence in R. 


R (n)'a f 6(00)] 


yvkieyA (ps 


k?—2kpro 


~ieyA (pr— q)yuvk 
k?—2kg 


q) ieyA(q— pi) VY 
Sr(q _ k) 
kh? _ 2kpy 


yky,ievyA(q— pi) d‘k 
Jo pi)—d* pd* pod*g. (45) 
k? 


k? —2kq 


R, is evaluated by first performing the & integration by 
the standard method of combining denominators by 
parametric integration and then the hfs is extracted. 
It is found that the resultant denominators containing 
the momenta and the integration parameters can be 
simplified by dropping all momenta compared to x. 
Use is then made of Eq. (17) to reduce the contribution 
to a simpler form. The calculation will not be repro- 


duced here since the contribution is zero. 
(B—A)r,=0. (46) 


In R, the contributions of the small components of the 
wave functions are too small and the momenta pj, pz, 
q each contribute a power of Za, so that they may be 
dropped. Upon transforming back to coordinate space 
and eliminating the Dirac matrices, it is found that 


21Z7aé ss 
R, ( : Jew vf Vn (r un (r)dr 
Tr 0 


d‘k 4hy 
<f r 
k? (k?+-2Rox) 


After performing the & integration, this becomes 


2k). 


x 


elaine f Arb n° (r)tUn°(1)/\Wno(O) |?, 
0 
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a multiple of A». The contribution to the difference is 


(B—A) rp . (49) 


— (3/r)($—In2). 


The contribution from @ and @’ linear in k is called S. 
This arises as two terms owing to the possibility of the 
k coming from @ or @’. These are complex conjugates 
of each other so twice one is taken as S. This can be 
treated in the same way as R and it is again found that 
the substitution Sp*—>Sp does not change the difference 
to the order of interest. Then 


a —1eyA (po— q)yuvk 
= ta(2n)*f 603) _ 
k?—2kq 


yuvkieyA (p2— q) 
k? = 2k» 


s; ( naa k) 


Yu Pip 
«|= - 
k’—2kq kh’ — kp 


ieyA (q— pi)b( pi) 


d‘k 
x -d' p 2 pod*q. (50) 
K 


Manipulations similar to those described for R yield 


bn’ (po) Apdn(pr) ’ 
' d*pd* po, 
lw ,°(0) 12 


Li? 


-E, J 


which is a multiple of Ay. The contribution to the dif- 


Se (51) 


8x 


ference is 


(B— A) sa= (1/m) (In2—§). (52) 


It is found that the various contributions to S, cancel 
so that 
(53) 


(B—A)s,=0. 


C. Fluctuation Energy, Bound 
Intermediate States 


The remaining part of Q, with no powers of & in the 
numerator arising from @’ and @, is called T. 


= , Y% Pm 
4(27)‘a [ s) 
B—2kq, Be —2kps 


X1eyA (po— qo)Sr*(qa—k, gi— k)ievA (qi— pi) 


z 
ke? 


The magnetic part of the potential can enter explicitly 


Pu d'‘k 
Jorn) 
k?—2kpy kX 


XK FB pid pod*qid*qz. 


Yu 
— 2kq1 


(54) 


or implicitly through the wave functions or the prop- 
agator. The propagator can be expanded in powers of 
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the magnetic potential by 


Sr*(q2 k, qi -k) = Sr°(q2 k, qi -k) 


(27) 
t f secs k, lo—k)ieyA M (1, . 1,) 
¥ 
Zt 
(55) 


K Sr*(li—k, qi ~k)d*1,\d'ln4-+ ++, 


where S,p° satisfies Eq. (4) with the external potential 
purely Coulomb. The contribution from the first term 
of Eq. (55) is called 7, from the second, U. 

An estimate of the order of the contribution of U to 
the difference can be obtained by replacing the bound 
propagators by the free ones. Then p,; and pz: are set 
equal to zero and ¢e,=x everywhere but the wave 
functions and the hfs is extracted. The remaining 
integrals converge'® and are state-independent so that 
U does not contribute to the difference. 


In 7 use is made of the following identity 


[Sr*(qs k) —S(q2,q1; ko) J 


+.S(q2,41; ko), (56) 
where 


a Qe I+7o _ 
ture =) 
2k ’ ” 


XG(qo,q1 j ko), 


Sr°(q2—k, ik) ki 


(57) 


with the function G taken to be the nonrelativistix 
propagator satisfying 


q.’ 6,7 
t ko t . 


fevasa : ko) 
2K aK 
21 
6(q»e (58) 
(27)* 


fowa: IG(1qu ; ko) 4 a). 


Here, V (q) = (Za/2n’*)(1/q’) is the Coulomb potential 
and 6 ,”/2k is the binding energy of the state in question. 
The momentum space representation that will be used 
in this calculation is 

) O/ Ud (™ / 
1k > ;'(q Jb; (4) 


Gko(q’,q) x. (59) 
] 


r 7 Bye+Qkoe—B? 
It should be pointed out that S was chosen to approxi- 
mate the low-momentum behavior of Sp* to order v/c 
so that the contribution from the bracket of Eq. (56) 
in T should be zero since forming the difference, B—A, 
emphasizes the low-momentum contribution. Indeed, 
substitution of Eq. (56) into T and expansion of the 
bracket in a Born approximation series shows that the 
first two terms give no contribution so that the con- 
tribution of the bracket vanishes in the order required. 
Therefore the full contribution of 7 can be obtained 
by replacing Sr* by S. 

1* There still remains an infrared divergence in this terin but it 
is state independent to order Z%a*, The lowest order contribution 
of U to the difference is of order Z%a4 In(Za) or smaller. 
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T,, is evaluated by using the wave function, Eq. (7), 
and picking out the hfs: 


4 é d°(p2)h"( pi) 
Lid (Gow f . 
" 2k (po— q2)*(pi— qu)’ 


; qm Pm 
—2kg H—2kp, 
x( 
k? 


T, 


p Ip 
k?—qkp, 
d‘k 


X——d* pd prdqid"q2. (60) 
: k?+-)? 


Yip 


cw. q2)*+(pi— qu)? ] 
2kq) 


In the last square bracket, terms of momentum 
raised to the fourth power have been dropped since 
their contribution to the difference is smaller than those 
retained by a factor of at least (Za)* In(Za). In addi- 
tion, the two terms in the last bracket contribute 
identically so twice the first is retained. From the 
equation of motion, Eq. (58), 


feces ko) f(q1) — (pr) JV (qi pio" (pi)d*pid*q, 


bs { Gas s ko) Lf(pi) — f(p) Jb"(pi)d* pi 


) 


a 


f [f(q2)—f(p)], (61) 
(2r)* 


where / is any nonmatrix function. Substitution into T 


results in 


E. 
T., 16na( ) forwa( 
\v.0(0) |? 
K’ 


ky 
xb" ( pr) A'kd* pd" pod*q 
Pe 


, , Gp Pu 
Jaw for) se awe-o 
K—2kg kp 


Pu d‘k 
x( )oca) d'pd*g, (62) 
k?—2kq =k’ —2kp h?-+-d? 


where p,= (000, iE,) and kp= —koE,. The first term, 
called 7,, contains no infrared difficulties while the 
second, £,, still contains a Ind dependence and will be 
combined with Lp. In T, use is now made of Eq. (59) 
to substitute for G and the & integration is then per- 
formed. The result is then expanded in powers of 
momentum, retaining only the quadratic terms as in R. 
Terms proportional to p;-p2: may be dropped on sym- 


Yu Pm ) 
2kg =k—2kpy 


Pw Pu 
; Jo Pi; Ro) 


2kp, k’—2kp 
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metry considerations. Transforming to coordinate space 
it is found that 


4 fa k* 13 A; 
r=—(~) 2. x In( -)+ = +0(-)] 
3m Xx? i A; 12 x 


¥n(r) 
x f ere ory w4ie) V0 ' 


polr 


(63) 


where j runs over all P states and A;=,’—f/. Terms 
of order A/x* contribute in relative order (Za)? times 
an integral which diverges for the high momentum- 
free intermediate states. However, the divergency is 
state-independent so that the contribution to the 
difference is finite and too small. Thus only the first 
two terms of Eq. (63) contribute to the difference. The 
sum over states is now broken into a sum over bound P 
states and an integral over free P states. Use is made 
of the completeness relation, 


Liv (ry (1) =5(r—r’), 


to extract the In(Za) contribution from the first term 
of Eq. (63), with the result 


Zé (2 13 
7.23 ( In(Za) — VE. 
nr \3 36 
4a ; 1 
+——E,, E In( ) tal 
3-9 im 6 


nj 
dl 1 
+f Hil n( )} (65) 
(2r)8 61 
1 1 1 
8b nj ( — ), 6 ( 
n BP n? 


Hin™ fevsceywvin(0), 


(64) 


where 


N= f d'v8(2) ¥yi(r), 
lima = [arb \Wa(/10), 


ee f dng (1) Walt)/Wr(0). 


Here n represents the principal quantum numbers of 
the nS state, 7 the principal quantum number and m 
the magnetic quantum number of the bound inter- 
mediate P state, and | the momentum vector charac- 
terizing the free P state. The difference between states 
has already been formed in the first term of Eq. (65). 
The integrals J jm, and H;,, are easily carried out using 
an integral representation” for the wave functions jm. 


LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1949), p. 85. 
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The difference, B—A, is then formed, resulting in a 
complicated infinite series. The summation has been 
carried out with the aid of computing machines.” The 
integrals H,; and J;, can be evaluated by using an 
integral representation of the wave function® y,. The 
remaining integral over | is divergent for large 1. The 
divergency, however, is state-independent and disap- 
pears when the difference B—A is formed. The resulting 
numerical integral has been evaluated with the aid of 
computing machines.” The contribution to the differ- 
ence is 


3/2 13 
(B—A)r.= ( InZa - ) 
r\3 36 


32 16 
(0.040) 
3m 


(3.063), (67) 


3x? 


where the first term has been evaluated analytically, 
the second results from the sum over bound states, and 
the third results from the integral over free states. 

T, is evaluated by substituting a magnetic wave 
function, Eqs. (C5, 6), for one of the ¢’s. This results in 
two terms which contribute identically. Twice one is 
taken and the hfs is extracted, the contribution from 
the small components of the wave functions being 

2 


neglected. The result is 
sate - 
T,=32Z2'aea: u fomoa( ) 
. k?—2kq. =k? —2kpo 
Pu ) 
—2kp; 


Vip 
XG(qo,q1; bo (- 
d'k 


k? = 2k 
dp d* pod®qyd*qo 
( ) (68) 
kn? 
as - Po 
T,.=- otntezato-y { J “(De) ) 
kh 2k pe 

Pus Pu 


(pi~ qi)*(p2— qe)? 
XG(q,Pi; bo ( " Jorn 
R—2kp, k—2kp 


dp d*pod%q / ko 81 
x bei ( aves Leica vf "(9 
rT’ 


(po—q)? \F? 
( Pu P% )( Pim 
- . a 
H—2kp, 2kp./ \k—2kp, 


k? 
x ¢"(pi) 


Use is made of Eq. (61) to give 


Yu 
2kq k* 


Pu ) 
k?—2kp 
d‘k 


) (69) 
k?-+-)? 


k? 


x ¢"( pr) 


d* p\d* po ( 
(pi- po)? 


” The author wishes to thank M. Ferris of the Livermore com 
puting group for evaluating the numerical sum and integrals 
resulting from Eq. (65). 

21N. F. Mott and H. S. W. Massey, The Theory of Atomic Col 
lisions (Oxford University Press, London, 1949), pp. 48-50. 
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The first term, 7, contains no infrared difficulties 
while the second, £», still contains a Ind dependence 
and will be combined with Lp and &,. In 7» use is made 
of Eq. (59) to substitute for G and the same & integra- 
tion as occurs in 7, is performed and expanded in 
powers of the momenta. As in Eq. (63) the term of 
order A/x? does not contribute. The expression is 
transformed to coordinate space and the completeness 
relation, Eq. (64), is again used to extract the major 
contribution with the result 
-2 Inga) Ey 


Adis & 13 
(s ina) ( { 
1 3 12 


4 Za? ' 
E, Z Jial tae in( ) 
ym 8a; 


wv K 
d' 1 
+f Jatin n( )| (70) 
(2r)' 6, 


where the /’s have been defined in Eq. (66) and 
1\ 4,°(r) 
fon 
r7W,"(O) 
1\ u,"(r) 
Jin fare( ) V(r), 
r7W,°(0) 


and 6 was defined in connection with Eq. (65). The dif 
ference between states has already been formed in the 
first term of Eq. (70). The integrals J jm, can be evalu 
ated in a manner similar to that used for J jmn. The 
result is an extremely complex infinite series. The sum- 
mation has been carried out with the aid of computing 
machines,” and its contribution was found to be neg- 
ligible. The integral J;, can be evaluated with the aid 
of an integral representation” of the P state of y,. The 
result can be expressed in terms of hypergeometric 
functions of complex arguments. In extracting the real 
part of the result, it has been found necessary to use an 
integral representation of the functions, The remaining 
integral over | diverges at the upper limit but the 
remarks applied to the third term of Eq. (65) also apply 
here. The contribution of the third term of Eq. (70) to 
the difference is then expressed as a double integral 
which has been evaluated with the aid of computing 
machines.”™ The result is 


1 8 13 
(s - in2)( { 2 inZa ) 
sa 3 12 


128 32 
} (—0.003) 4 (0.934), (72) 
3ar . 


T, 


] 


“mn 


a (7), 


(B—A)ry, 


Sar 


“ The author wishes to thank R. Moore and R. Shafer of the 
Livermore computing group for evaluating the numerical sum 
resulting from Eq. (70) 

% Reference 21, pp. 50-53 

* The author wishes to thank Dr. H. Reich and the Watson 
Computing Laboratory of International Business Machines Cor 
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where the first term has been evaluated analytically, 
the second results from the sum over bound states, and 
the third from the integral over free states. 


D. Infrared Divergent Part 


The infrared divergent part of T just cancels!” that 
from Lp. A check must be made for any finite con- 
tributions after the cancellation. This check could be 
made by adding the parts Lp, £., L», and U and ex- 
plicitly evaluating them; however, a simpler method 
presents itself. The A dependence in T comes entirely 
from 7,, Ty, and U. In the five terms arising from 
these,” use is made of 


f seat f(q2)— f(p2) lieyA*(po— q2)Sr° 


X (qa—kh, g—k)d* pod*qo 


Jeon {(po)— f(p) livkSr*(po—k, g—k) dp’ 
ae 

(4) f(q) 
(2mr)* 


f(p)], (73) 


which is just the relativistic analogy of Eq. (61). The 
first term in the right-hand side of Eq. (73) contributes 
terms that are not \-dependent and are dropped. The 
remainder is the entire \ dependence resulting from 7. 


At this point the parts resulting from 7, are exactly 


what is called £,, those from 7’, are £». In this form 
the cancellation against Lp is obvious. Hence there is 
no contribution to the B—A difference from the terms 
Lp + £L.4 Ln. 


IV. PROTON-STRUCTURE AND FINITE- 
PROTON-MASS EFFECTS 
In Sec. TI] the nucleus was considered to be an 
infinitely heavy point proton. These restrictions will be 
relaxed here. 
(a) Proton structure.-The effect of proton size may 
be accounted for roughly by modifying the external 
potential. Equation (5) then becomes 


—(* )( r,? ) 
ar’ \ q’ q+? 
e y uxq I’, 
CN). 
(Qxr)8 q q +r 


poration for evaluating the integral leading to this result. The 
integrals and sums arising from Eqs. (65) and (70) were thought 
to be too lengthy to include here, The author would be happy to 
furnish copies ol the se to those who express that desire 1 hese 


ey A*(q) 


integrals and sums have been deposited as Document number 5226 
with the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy may 
be secured by citing the Document number and by remitting 
$1.25 for photoprints, or $1.25 for 35 mm. microfilm. Advance 
payment is required. Make checks or money orders payable to 
Chief, Photoduplication Service, Library of Congress 

* Even though it has been shown that the infrared divergent 
terms of U do not contribute to the oe correction, it proves simpler 
to include them in the demonstration of the over-all cancellation. 


MITTLEMAN 


where I’, and I, are of the order of either the proton or 
the r-meson mass. In either case I’ >>x>xaZ. This modi- 
fication can enter in one of two ways, either explicitly in 
the expressions for AZ or implicitly in the wave func- 
tions. In the first case this has the effect of making the 
potentials effectively constant in the integrals, de- 
creasing their contributions to B—A by at least a 
factor of (Zax/T)* which would make them much too 
small. In the second case the wave functions are 
modified by the short-range potential of the nucleus 
and the difference B—A is insensitive to this short- 
range modification. It is found that the first contribu- 
tion to B—A from this effect is again of order (Zax/T)?. 

(b) Finite proton mass.—The effects of the finite 
proton mass on the radiative corrections to the hfs 
have been calculated*® to order Zax/M and have been 
shown to be proportional to |y,°(0)|?. This is to be 
expected since these are short-range effects due to the 
motion of the proton. Effects of order (Za)’x/M are of 
interest here. These arise from higher derivatives of the 
wave function at the origin and may be state dependent. 
These should be investigated further. 


V. COMPARISON WITH EXPERIMENT 


As was pointed out in Sec. IV, the calculated dif- 
ference, B—A, should completely describe the ratio 
Avy,/Av;, in order a, Using® Avo,=177 556.864-0.05 
ke/sec, and Kusch’s® value Av,,=1 420 405.732-0.05 
kc/sec, one obtains 


’ 


(B—A)exp= 3.40.8. (75) 


Or, using the results of Wittke and Dicke,’® 


Av;,=1 420 405.80+0.05 kc/sec, 


one obtains 


(B—A)oxp= 3.30.8. (76) 
‘These are to be compared with the value calculated in 
Sec. ITI, 
(B—A)n=5.28. (77) 
This discrepancy cannot be explained by finite- 
proton-size effects, as was pointed out in Sec. IV. The 
explanation of the difference may lie in the x/M effects, 
but it would be surprising if they are large enough. 
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t Note added in proof.—A \ow-energy calculation of part of this 


effect has been made by Dr. C. Schwartz. The contribution to the 
difference is small ~0.2 (private communication). 
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APPENDIX A 
The Dirac wave functions for the 1S and 2S states 
of hydrogen can be written in the usual representation 


4 ¥n(r) 
¥,(r) ( ), 
(io-r/r)nn(r) 


V(r) =Che Pir(Bir)*, 


(A-1) 


where 


where 
AY [1 —_ (Za)? |}—1 ; foe KaZ, Bo 


r={1—[2(s+2) ]'}/(3+2s), 


—4 2s+3 )( +-[2(s+-2) }} 

2r \T(2s+3) [2(s+2) ]8 

The small components, n, are 6/« smaller than the large 
components, y. In the nonrelativistic limit s<1, 


C? 


Yi'(O)eFr:  Wo"(r) =W2"(O)e "(1 — Bur) ; 


bBiK i? (O)e**" ; 


yi'(r) 


mi'(r) (A-3) 


no(r) = 4Box W,"(O)e Bar(] - 4Br), 


where B,—>}xZa. The nonrelativistic momentum wave 


( gn'(p) ) 
ip-r 
(o- p/2k)xn’(p) 


-( ~—.) 
r\ (p?-+6,2)? i 


2B P -B? 
(22 
qr (p + B?*)? 


function is defined by 


: d®r 
?,,°( Pp) -f Vn" re 
(29) 


Using (A-3) in (A-4) 


gi" (p)=x1"(p) 


2° (p) =x2"(P) 
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APPENDIX B 


The difference of two divergent integrals, as in Eq. 
(9), is defined by 


282 


| dp p'| — 
« Tv 


~’ (Pp) 
af pp 
y(0) 


(p? } B,7)8 


By 1 
( I (B-1) 
r: (p* + B,*)* 


This is finite, since 28,=f,. The result is 


p'(p) 
afore 
. y"(0) 


(B-2) 


The values of the other differences of integrals which 


occur are 


dp dp» 8 
af (po) Apdo’ (pi) B,(in2 
(0) |? T 
and 


. d'pid' po Po° Pid( pi) py 
A | (pr) ; 
J |W (0) |? Ap bir 


APPENDIX C 


The magnetic wave function can be obtained from 
the Dirac equation by treating the magnetic potential 
as a perturbation, The action of the magnetic potential 
on the Coulomb S state will introduce some D state 
which cannot contribute to the results of this paper. 
Therefore only the S state part of y™ will be dealt with, 


ou t,(r) 
y,™ (r) é ‘ 
(lo-r/r)o-w,(7) 


Only the nonrelativistic limit of u(r) and v(r) is 


required, These are completely determined by 


2xZa 
V’—£,/+ uti 
r 


AW (O)6(4) +4 | Wn°(O) Wal), (C 


fust(Qyn(nir (0), | lutn'(r)|*dr< 0, (C 


The differential equation, (C-2), is solved subject to 


the condition, Eq. (C-4) and substituted back into 
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The integrals involving u and » that are required are 


dr 
WO )| |? 


Eq. (C-3) to get: For the ground state, 


1 
Vi" (O)e "| 
On 


(1/r) + 2p In(26yr) 
+6i(2y—5)+26/r ], 
(3/r) +-28; In(26,r) 


u,;"(r) 


1 
——(}—In2), 
Or 


(C-7) 
(C-5a) 


¢ bf — 


+-8;(2y—7)+26,*r | 


v,"(r) 


] 
yi0(0)- 
2k 


On 


A fs LV e() +P) 
dr Za 
x — = 

|y(0) |? 


— 5b) 
and for the excited state (In2—17/16) 


3x 


(C-8) 
| 
v2! (O)e "| — (1/7) +48: In( 26) 


Or 
+B2(4y 


U(r) 


dr 1 
3) —46,"r In2Ber (C-9) 


af V(1)0'(1)- = 
0 2 
+67 (13—4y7) — 26,'r" |, 0 (0) | 


By 
e *4| — (6/1) +882 In(2By) si a’ d 
2k af #on(r- + wn 
' dr? d 
+ Bo(By 12) . 46.’r In2Ber ’ ny od 


+B (17—47) — 28257’ |, 


SexZa 
] 
(0) 


«Za 
= ———(;%—In2). 
Or 


dr 


. . x . 
where + - is Euler’s constant. |\y(0) |? 
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A formulation of Schrédinger perturbation theory is developed that gives a unified treatment of non 
degenerate and degenerate cases, is unique, and has a nonzero radius of convergence under very general 
conditions. Two alternative procedures are given for finding perturbed eigenvectors, one of which is simpler 
for the nondegenerate case or for small finite degeneracy, the other simpler for infinite or large finite 
degeneracy. The low-order terms in the perturbation expansions of quantities used in applications are given. 
lhe perturbation theory formulated in this paper has the following advantages over the conventional 
Schrédinger and Brillouin-Wigner perturbation theories: (i) When the convergence criterion is satisfied, 
hounds on the error made in replacing an appropriate infinite perturbation series by its first m terms can be 
obtained. (ii) For the case of degeneracy, the conventional Schrédinger perturbation theory can break 
down under conditions to which the convergence of the perturbation theory developed in this paper are 
insensitive. (iii) There is no implicit dependence on the eigenvalue, such as appears in the Brillouin-Wigner 
perturbation theory. (iv) For the case of degeneracy, statistical information about the distribution 
of certain eigenvalues can be obtained without finding the individual eigenvalues. (v) The theory is 
applicable to a wider class of problems than the conventional Schrédinger and Brillouin-Wigner perturbation 


theories 


I. INTRODUCTION Hermitean operator Hy possesses a complete ortho- 
normal set of eigenvectors fo, &1, ---, &n, with 
eigenvalues Eo, E;, ---, En, ---, respectively. We fix 
our attention on the eigenvalue Eo, and require that, 
if E,~ Eo, then in fact |Z, 

5. In other words, Eo is an isolated point in the spectrum 
of Ho. 


HE conventional Schrédinger perturbation theory 

is concerned with finding the eigenvectors and 
eigenvalues in a Hilbert space of a Hermitean operator 
of the form Ho+«V as a power series in the real param- 
eter «.' We want to go into this theory in some detail to 
point out the relation between it and the theory de- 


veloped in this paper. The advantages of the latter will 
be pointed out as we go along. To avoid difficulties of a 
purely mathematical nature, we will assume that the 


! E. Schrédinger, Ann. Physik 80, 437 (1926) 


Let P be the projection operator onto the closed linear 
manifold Mego of all solutions yo of the equation 
Hwo= Ew. Then PE, =&, for E,= Eo, and P~,=0 for 

t,o, and thus HoP§,= EoP§,= E,PE,.= PHoén, so 
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that, since the &,’s form a complete set, 


H,P= PH)= EP. 


We define the operator (1—P)/(Ho— Zo) as follows: 


1—P (E,—Es)"t, for En Eo, 
——t,= 
H,— Eo 0 for E,, = FE. 
Note that 
1—P 1 
= (1—P)=(1—P) 
H,— Eo H,— Eo Ho— Eo 


lim(1—P) 5 
ae Hy— Eo—2z 


(1—P) 
1 


where z is a complex number, and that 


1—P 
(& ts) <6 .. 
| Hy — Fo 


Although 1/(Ho— Zo) is a singular operator, (1—P)/ 
(Ho— Ho) is not. 

We proceed as follows: In the eigenvector equation 
(Ho+eV)y= Ey we let E=Eyt+eA and p=A (Woy), 
where Pyo=yo, Pyi=0, and A is a normalization 
constant. Note that we are requiring that Ep as 
«0. The eigenvector equation can then be split into 
two component equations as follows: 


PVPYo+PVyi1= Ayo, (i) 
[Hy— Ey-+«(1—P)V(1—P) —eA Wi= — e(1—P) Wyn. (ii) 


Consider the case in which the zeroth order eigenvalue 
Ey is nondegenerate, i.e., Z, ~ Eo for n #0. By a suitable 
choice of the normalization constant A, we can choose 
yo= £o. Then PVPYo= (£0,VEo) Eo, and PVy, = (£o,VW1) fo. 


Equation (i) then reduces to 
(&0,VEo) + (£0, Vy) =A. 
Substituting (iii) into (ii) we get 


(Ho— En)yi= ef. (£0, VEo)~i— (1— P) V(1— Py, 
+ (£0,Vyi)~i— (1— P)VEo }. 


Equations (iii) and (iv) are equivalent to (i) and (ii) 
or to (ii) and (iii). The perturbation theory we will 
develop in this paper reduces to Eqs. (iii) and (iv) 
when Fp is nondegenerate. More specifically, Eqs. (14), 
(42), and (46) reduce to (iii), while Eq. (11) reduces to 
(iv). Substituting a power series expansion for y, into 
(iv) leads to a recursion relation for the coefficients in 
the power series which is a specialization of Eq. (34) for 
nondegenerate Ko. 

The conclusion we must come to for nondegenerate 
Ey is that, as far as obtaining the coefficients of the 
power series of y and E are concerned, the methods of 
this paper, as exmplified by Eqs. (iii) and (iv), are 
about equivalent to direct substitution into Eqs. (ii) 


(iii) 


(iv) 
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and (iii), as far as simplicity in computing y and E toa 
given order are concerned. Of course, both methods 
lead to the same coefficients. However, the perturbation 
theory we will develop will be proven to be convergent 
under very general conditions, from which it follows 
that the conventional nondegenerate Schrédinger per- 
turbation theory is convergent under these conditions. 
Furthermore, when the convergence criterion is satis- 
fied, we can obtain bounds on the error which is made 
when y or £ is replaced by its mth order perturbation 
approximation. Such bounds are very useful in the 
physical problems to which Schrédinger perturbation 
theory are applied. The remarks of the last two sen- 
tences apply equally well to the case of degenerate Ko, 
for the perturbation theory developed in this paper. 

Before proceeding to the case of degenerate zeroth- 
order eigenvalue Ho, we give an alternative procedure 
for developing the nondegenerate Schrédinger per- 
turbation theory. This procedure employs the methods 
used in the Brillouin-Wigner perturbation theory.’ 
Multiplying (ii) by 


(1—P)-[Ho— Lo +e(1—P)V(1—P) 


, 1-P " 1-P 
a »| WV | “e 
Hy Ko Hy Eo 


eA |! 


net) 


and noting that we can choose ~o= fo, we get 


a 1—P » | 
V1 E (=a (V )| V-e"t'Ey. (v) 


- Ko H, Ko 


not) 


Substitution of (v) into (iii) gives 


A= (o,VEo) + 5 (—1)"# 


nwt) 


1—P 1—} 
(%| (V A) Vio) er (vi) 
Hy — Ko Hy Eo 


If we substitute a power series expansion for A into 
(vi), we can obtain a recursion relation for the coef- 
ficients in the power series. Substitution of this power 
series for A into (v) will give a power series for yy. 
However, because of the complicated implicit de- 
pendence of Eqs. (v) and (vi) on A, the procedure 
outlined above will be a much more complicated one 
for obtaining the coefficients in the power series for y 
and £ than direct substitution into either Eqs. (ii) and 
(iii) or Eqs. (iii) and (iv).* Since the coefficients will be 
the same by any method, Eqs. (v) and (vi) are not the 
best starting points for the nondegenerate Schrédinger 
perturbation theory. The reason we consider (v) and (vi) 


*L. Brillouin, J. phys. radium 3, 373 (1932); E. P. Wigner, 
Math. u. naturw. Anz. ungar. Akad. Wiss. 50, 475 (1935). 

* Of course, if we want to express /y as a perturbation expansion 
in terms of Z, just the converse is true. However, we are con 
sidering problems in which Zo is given and E is to be found 
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at all, is that they are readily generalized for the case of 
degenerate Ho, whereas we shall see that direct sub- 
stitution of power series for y and A in (i) and (ii) can 
break down under conditions to which the convergence 
of both the theory developed in this paper and the 
theory based on generalizations of (v) and (vi) are 
insensitive. 

We now turn to the case in which the zeroth-order 
eigenvalue Ko is degenerate. Equations (iii) and (iv) 
are still valid if we substitute Wo for &, but they provide 
no means for determining Yo. The perturbation theory 
to be developed in this paper provides generalizations 
of Eqs. (iii) and (iv) from which Wo, y: and E can be 
determined. Furthermore, we will now show that the 
method of direct substitution of power series for y and 
A in (i) and (ii) can break down under conditions to 
which the convergence of the theory developed in this 
paper are insensitive. We take as an example the case 
in which E, = Eo, but 2, 4 Eo for n> 2. Then the linear 
manifold Mo is spanned by the orthonormal vectors 
f) and £,. These vectors can be chosen such that 
(£,,V&)=0, and we so choose them. We shall assume 
that (£,Vé:) # (£0,Véo). By applying the methods given 
in Sec. VI, we obtain the following expression for the 
perturbed energy levels E+: 
-€(c+d)+é(f+g) 
—b)*—2e(a—b)(c—d) 
-b)(f—g)+4w*w} 

+0(¢) }}, 


2Eo+ (a+b) 
+O) +f (a 
+€{ (c—d)*+2(a 


2E4 


(vii) 


where w is complex, a, b, c, d, f, g are real, and they are 
given by 


a (£),VE1), b (€0,VEo), 
> 


1-P 1? 
(«, V ver), d (& \ Ver), 
Hy - Ko H,- Eo 
i-P iP 
(sv V ve) (£1,VE1) 
Hy Ko Hy - Ko 
(“ao 
° g ; . 
“"@i-2 
) = V ) VE) 
y 0, ] ko ” (£o, fo 
. (tv, Hy » Ho Eo 
1-P 
r (& V Vie), 
(Ho— Eo)? 
-P 
Ve), 
~ Eo 


] - 
(09 
H, 


where 


1—P | 1—P 
(Ho— E>)? LHo— Eo) 
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By neglecting terms of order ¢‘ in (vii), we make an 
error whose size depends on the rapidity of convergence 
of the perturbation theory developed in this paper. The 
more rapid the convergence, the smaller the error. 
However, this error is insensitive to small changes in 
(£1,VE1) — (€0,VEo), when (£1,VE1)+(£0,Véo) and all 
matrix elements of V except (£,Vé) and (£,Vé:) are 
held fixed. On the other hand, if we attempt to expand 
E* or E~ in a power series in ¢, the expansion will break 
down for small enough but nonzero values of (£:,V&;) 
— (£,V&), for values of ¢ for which the expansions used 
in (vii) are rapidly convergent, Specifically 


E+ = Eyt+-ea— &c+ | f+w*w/(a—b) ]+0(e&), 
E~ = Eo+ b— ed+ él g—w*w/(a—b) ]+0(e). 


Note that w is independent of the matrix elements 
(£1,Vé1) and (£o,Vé), so that the term w*w/(a—d) will, 
in general, cause trouble when a—b is small enough. 

In general, when Ep is degenerate to any finite order 
V, the method of direct substitution of power series for 
y and A into (i) and (ii) will have poor convergence 
properties relative to that of the perturbation theory 
developed in this paper whenever a pair of eigenvalues 
of PVP within the linear manifold Mx are close to 
each other in value, yet are unequal. The difficulties 
will generally affect both the y’s and A’s corresponding 
to closely spaced eigenvalues. Similar remarks hold for 
the case of infinite degeneracy. 

An alternative to direct substitution of power series 
for y and A in (i) and (ii) is to use the methods of the 
Brillouin-Wigner perturbation theory’ to obtain equa- 
tions analogous to (v) and (vi). Multiplying (ii) by 


(1—P) -[Ho— Ey+e(1—P)V(1— : —~ea}? 


[= Wea 
Ho— Eo 


"1-P 
= | V 
H.— Fy 


-e™ Wo. 


qos, 
Hy) — Eo 
we get 

g i-—P 
w= E(-1| —_v 
nod Ho— Fo 


Substituting (viii) into (i), we get 


H’ (A, eo = Apo, 


(vill) 


H’(A,)=PVP+ +E (—yeHPy| ——a)] 


= iD 0 
1-—P 


x bien 
Hy = Eo 


VPe"*'. (ix) 


Equations (vili) and (ix) provide a means of finding y 
and A for cases in which expansion of these quantities 
in power series in ¢ is not a valid procedure. In this sense 
it competes with the methods developed in this paper. 
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However, we already saw in the case of nondegenerate 
Eo that development of the Schrédinger perturbation 
theory via the Brillouin-Wigner perturbation theory is 
a much more complicated procedure than using the 
methods developed in this paper. Let us now examine 
the relative merits of these two methods for the case of 
degenerate Ey. Before attempting to answer this 
question, we should consider the following: by appro- 
priate formal manipulations, it is possible to transform 
the Brillouin-Wigner perturbation theory into the per- 
turbation theory of this paper, and conversely. How- 
ever, the spirit of the Brillouin-Wigner perturbation 
theory is to keep the operator expressions involved as 
simple as possible at the expense of an implicit de- 
pendence on the unknown eigenvalue A. On the other 
hand, the spirit of the perturbation theory developed 
in this paper is to avoid any implicit dependence on the 
eigenvalue at the expense of more complicated operators 
than appear in the Brillouin-Wigner perturbation theory. 
What we want to compare are the relative efficiencies 
of these two approaches to perturbation theory. 

We first consider the case of finite degeneracy. In 
labeling our complete set of orthonormal eigenvectors 
of Ho, &,, we count the basis vectors with Z,= Zp first. 
Thus £,= Eo for N—1>n2>0, and E,# Eo for n> N, 
where JN is the order of the degeneracy of Eo. 

In considering the relative merits of Eq. (ix) of the 
Brillouin-Wigner theory and Eq. (42) or (46) of the 
theory developed in this paper, we observe that the 
operator H’(A,e) of (ix) has a simpler perturbation ex- 
pansion than either of the corresponding operators of 
(42) and (46), provided A is a known real constant. The 
fact that A is not known counterbalances this initial 
advantage of the Brillouin-Wigner perturbation theory 
in the following way: once the operator appearing on 
the left-hand side of Eq. (42) or (46) has been deter- 
mined to a given order in e, determining the N eigen- 
vectors and eigenvalues of (42) or (46) is just a standard 
eigenvector-eigenvalue problem in an N-dimensional 
linear vector space. In particular, the eigenvalues are 
given by the roots of the standard secular equation. 
Equation (ix) is more difficult to solve in that, instead 
of the standard secular equation, we have the equation 


H’ «;= (&:,H' (A, &;) 


for N—1>i, j>0. 


det{ H’;;—Ad,;} =0, 


Because the H’;;’s have an implicit dependence on A, 
the above equation is a more difficult one to solve for 
A than is the standard secular equation, if we wish to 
be accurate in E=(Ko+eA) to a given order in e 
beyond the third order. In general, if we wish to be 
accurate to an order r, r>4, the above equation will be 
a polynomial equation of degree N’~*. The N real roots 
of smallest absolute value will be the eigenvalues we 
seek, if € is small enough. Assuming this to be the case, 
when one of these eigenvalues is substituted into Eq. 
fix), this equation can be solved for the corresponding 


— PERTURBATION THEORY 1183 
eigenvector or eigenvectors just as in the standard 
eigenvector-eigenvalue problem. 

From the considerations of the preceding paragraph, 
we see that neither the Brillouin-Wigner perturbation 
theory nor the perturbation theory of this paper is 
clearly superior to the other for solving the eigenvector- 
eigenvalue problem. The situation is further complicated 
by the fact that the methods outlined in the previous 
paragraph are often replaced by more specialized pro- 
cedures, but the qualitative features remain the same. 
It seems reasonable to assume that, for some eigen- 
vector-eigenvalue problems, the methods developed in 
this paper will be more efficient, when carried out to 
some order in ¢. Only experience can determine what the 
conditions are for this to be true. 

We now consider some respects in which the pertur- 
bation theory developed in this paper is clearly superior 
to both the conventional Schrédinger perturbation 
theory and the Brillouin-Wigner perturbation theory. 
Suppose we want to compute the average eigenvalue 
of the perturbed eigenvectors, using either of the latter 
theories. What we would have to do is find the N eigen- 
values A, Ao, -, Aw and compute Aw= N=! 301% Ag. 
The average eigenvalue is then given by Lo+eAw. 
Using the perturbation theory developed in this paper, 
we need only compute the trace of PVP+PV(1—P)KP 
and divide by N to obtain Aw. We do not have to find 
the individual eigenvalues. In general 


(A’) w= N-! 51% (Ag)? 

= Tr{LPVP+PV(1—P)KP}}, r=1, 2, ---. 
It is clear that it is much easier, for reasonable values 
of r, to compute (A’), to a given order in € by using the 
trace formula, than it is to compute (A’), by obtaining 
each of the N eigenvalues A,, to the same order in e, 
and computing N~'>°,%(A,)". In other words, the 
theory developed in this paper permits us to obtain 
some statistical information about the distribution of 
certain eigenvalues, with little effort compared to the 
work required te obtain this information by solving the 
appropriate eigenvalue problem. 

Let us turn now to the case of infinite degeneracy. 
Many of the points discussed in connection with finite 
degeneracy are applicable to the case of infinite de- 
generacy, with perhaps some modifications or restric- 
tions. We will not discuss such points here. When the 
zeroth-order eigenvalue Zo is infinitely degenerate, we 
may not be particularly interested in solving the eigen- 
vector-eigenvalue problem, but rather in eliminating 
from Ho+eV the coupling between states in the closed 
linear manifold Mo and states outside M #. This we 
we accomplish by means of a unitary transformation, 
and, in particular, we can use the unitary operator S 
defined in (7). In the latter case we obtain the Her- 
mitean operator © of Eqs. (9) and (16). The operator 
PHP of Eq. (14) then represents the effect within M go 
of Ho+eV in the complete Hilbert space. An example 
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of a case in which P4P is of direct interest arises in 
connection with the nonrelativistic limit of the Dirac 
equation for an electron in a time-independent electro- 
magnetic field. We start with the Dirac Hamiltonian 
operator 


mo{ B+ (me)~ D0 ad pi— (¢/c)Ad(x,y,2) J 
+ (¢/me*)p(x,y,2)}, 


where m is the electron mass, e the electron charge, 
c the velocity of light, $, @,, a,, a, are Dirac matrices, 
x, y, 2 coordinate operators, p,, Py, Pz, the momentum 
operators, and (x,y,z), Ai(x,y,z) the electromagnetic 
potentials at positition (x,y,z). We set Ho= 6, «= (mc)~ 
and V= >> aif py— (e/c) Ai(x, y,2)} + (e/c)b(x,y,z). Since 
§’=1, Ho has eigenvalues +1; we choose Eyo=1. Then 
we easily obtain the following: 


P=4(1+6), 1-—P 

ted i. | --(-p-a-9 

(Ho—Ex)" LHo—Eo ; 
PVP = (e/2c)(14-6)-(x,y,z), 

(1—P)V(1—P) = (e/2¢)(1 

PV(1—P) =4(14+-6)di anf pi— (/c) Ai(x,y,2)}, 

(1—P)VP=}(1—8))0; ai pi— (e/c)Ai(x,y,2)). 


4(1—$), 


6) “p( X,y,2), 


When the above formulas are substituted into Eq. (54), 
mc’P&P will represent the equivalent nonrelativistic 
Hamiltonian operator for the electron, plus the higher 
order correction terms proportional to (mc)~* and 
(mc), among states for which § has the eigenvalue 
plus one, 

It is worth noting that, in practice, if the Hermitean 
operator Ho has a continuous spectrum, the physical 
problem can be modified in a trivial manner, e.g., by 
box normalization in quantum mechanics, so as to give 
H, a purely discrete spectrum. Then Hp will possess a 
complete orthonormal set of eigenvectors f, 1, ---, 
f,, «»+, a8 we have been assuming. Furthermore, the 
modifications that have to be made for the case of a 
finite dimensional Hilbert space, in results obtained on 
the assumption that &, &, -+-, &s, -*: formed an 
infinite set, are obvious. 

The remainder of this paper is organized as follows: 
in Sec. II we consider some concepts related to Hilbert 
space operators which will be of use later on. In Sec. III 
we state all the assumptions necessary to prove the 
perturbation theory has a nonzero radius of convergence. 
We also give a less restrictive form of Schrédinger per- 
turbation theory, which differs from the conventional 
form. However, since the two forms do have a lot in 
common, we see no point in burdening the reader by 
introducing a new terminology to distinguish between 
them. This less restrictive form is developed in Sec. IV 
into one simple operator equation which is the starting 
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point for the power series solutions considered in Sec. V. 
Section V contains the sufficient conditions for con- 
vergence of these power series. In Sec. VI the results of 
Secs. IV and V are applied to the eigenvector problem. 
In Sec. VII we discuss how the general theory de- 
veloped in Secs. III, IV, V, and VI can be used in 
applications. Finally, in Sec. VIII we give the low- 
order terms in the power series expansions of quantities 
used in applications. 


Il. SOME CONCEPTS RELATED TO HILBERT 
SPACE OPERATORS 


We wish to consider here the concepts of the norm of 
a Hilbert space operator and of a resolution of the 
identity. The results that follow will be used implicitly 
in the remainder of this paper. 

The norm of an operator A, |/Al|, is defined as the 
supremum or least upper bound of [ (Ay,Ay)/(y,) ]}! 
for all nonzero vectors y in the Hilbert space. |{Aj| is 
also equal to the supremum of | (x,Aw)| /L(x,x) (vw) }! 
for all nonzero vectors y and x in the Hilbert space. If 
A is Hermitean, then |/A|| is equal to the supremum of 
| (W,Aw) | /(W,).4 It follows from the above results that,® 
for any operator A, ||A||>0, with ||A\|=0 if and only 
if A=0; ||At||=|/Al]; and ||AtA||=|/All*. If c is any 
complex number, then |\cA||=|c| -{|A||. Also, for any 
operators A and B, |/A+B\|<|/Aj/+||B\| and ||AB|| 
< ||Al] -|| BI. 


A family of projection operators E(A) of the real 
variable \ is called a resolution of the identity if and 
only if it has the following properties : 


lim E()=0, lim E(A)=1, lim E(A)=E(A)), 
\-> -@ A+ A-*hot+ 


E(\”")>E(\’) for” >d’. 
A resolution of the identity E(A) belongs to a Her- 
mitean operator H if and only if* 


a 


H -f MdE(A). 


—« 


The following relations exist between any Hermitean 
operator and possible resolutions of the identity 
belonging to it: 


(i) There exists a unique resolution of the identity 
belonging to each Hermitean operator of finite norm.’ 

(ii) There exists none or exactly one resolution of the 
identity belonging to a given Hermitean operator of 
infinite norm.* 


‘J. von Neumann, Mathematical Foundations of Quantum 
Mechanics (Princeton University Press, Princeton, 1955), p. 99. 
The constant C of theorem 18 is chosen to be |{A)). 

5 We use the notation Af to denote the adjoint or Hermitian 
conjugate of an operator A. 

* Reference 4, pp. 118, 119. 

7 Reference 4, pp. 150, 99. 

® Reference 4, p. 154. We include the maximal property in our 
definition of a Hermitean operator. 
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If H is Hermitean and there exists a resolution of the 
identity E(A), belonging to it, then this resolution is 
unique. If f(x) is a real function of the real variable x, 
we can define 


y() f f(x)dE(d), 


whenever the right-hand integral exists. If /;(x) 
=fi(x)+fo(x), then /;(H)=fi(H)+f.(H). If fs(x) 
=fi(x)-fo(x), then f3(H)=/,(H) -f2(H). Thus we can 
manipulate such functions of H as if H were a real 
variable.’ 

The reader may wonder why we introduce the 
concept of a resolution of the identity belonging to a 
given Hermitean operator, instead of the more familiar 
concept of a complete set of eigenvectors. The reason 
for this is that we want to use the result on the existence 
of a unique resolution of the identity belonging to any 
Hermitean operator of finite norm. This result is used 
to obtain Eq. (7) under more general conditions than 
would otherwise be possible. 


Ill. FUNDAMENTAL ASSUMPTIONS 
We make the following assumptions: 


Ho and V are Hermitean operators in a 
Hilbert space; there exists a resolution of the 
identity belonging to Ho; Zo is an isolated 
eigenvalue of Ho; HypA# ol; and « is a real 
parameter. 


(1) 


Let E(A) be a resolution of the identity belonging to 
Ho. Then E(A) is unique and 


wo 


Ho -f AdE(A). 


® 


What we mean by Ey being an isolated eigenvalue of 
Hy is that we can find a 6>0 such that dE(\)/d\=0 for 
0< |A— Eo| <6. Ho ¥ Lol implies that 

E(£o+6)— E(£o—6) 41. 
Note that we are only requiring that the one eigenvalue 
Ko be isolated. 

Let P be the projection operator onto the closed 
linear manifold M £» of all solutions Yo of Hao= Evo. 
Let A be the superemum or least upper bound of all 
possible 6’s of the previous paragraph. Then 0<A<@, 
and 


Hy = E,)P+ AdE(A). 


|A—Ee|> A 
We can thus define 
1-P 
(Ho— Eo)! | i} Ea|> 4 
® Reference 4, pp. 141-145 


(r ~ Eo) MWE(X), 


m PERT 


1—P f 
a h-—F 


the right-hand integrals being absolutely convergent. 
Then 
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and 


(A 


>A 


Eo) 'dE(A), 


1—P 


(Ho— Fo)! 


Some further properties are®: 


Ex*=Eo, P¥0, P¥1, Pt=P, P*=P, 
HP PH, FoP. 


In addition, we assume that 


1—P | 
PVP|| <<, V 
(Hyo— Fo)! (Ho 


! 1-—P 
PV 
(Ho— Eo)! 


P 
ky)§ 


Note that ||V\|< is a sufficient condition for (4) to 
be satisfied, but not a necessary one if ||Ho||= «. 

Let us see what form the assumptions we have made 
take for the case in which Hy possesses a complete 
orthonormal set of eigenvectors £0, £1, «++, En, «+> with 
eigenvalues /o, Fi, = iia , respectively, The 
assumptions that Ho and V are Hermitean reduce to 
the assumptions that /, is real for all n, and (£m,Vé,) 

(En,VE»)* for all m and n, respectively. The assump 
tion of the existence of a resolution of the identity 
belonging to Ho is satisfied by the following unique 
choice of E(A): 

En for £n<A 


Q for E,>d. 


E(A)En 


The assumptions that / is an isolated eigenvalue of 
Ho, and that Ho# ol reduce to the following: If 
E,A ko, then |E, 
there exists an L, # Ko, respectively. 

The definitions of the operators P and 


(1 P)/( Hy 


-ky| >6>0 for some fixed 6; and, 


Eo) 


reduce to the definitions given in section I. The defi 
nition of (1—P)/(Ho— £o)! reduces to the following: 


(E,—Eo), for En#K Eo 


for a Eo. 


Equations (2) and (3) follows easily from these defi 
nitions, and the operators appearing in Iq. (4) are just 
products of operators already defined. 

In Sec. I we have already noted differences between 
the perturbation theory developed in this paper and the 
conventional Schrédinger perturbation theory, for the 
case of degenerate zeroth order eigenvalue Ho, However, 
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the differences are not really marked enough to justify 
the introduction of a new terminology to distinguish 
between them. Instead, we use the descriptive phrase 
“Schrédinger perturbation theory in its least restrictive 
form” to describe the perturbation problem with which 
Secs. IV and V will be concerned, and which is described 
below. 

Schrédinger perturbation theory in its least re- 
strictive form is concerned with the problem of finding 
a unitary operator U(e) such that 


(1—P)U'(Ho+eV) UP= PU! (H,)+V)U(1—P) =, 


and such that U(e) and U'(Ho+e«V)U possess deriva- 
tives with respect to ¢ of all orders at e=0. Questions 
as to the convergence of the power series expansions for 
U(e) and U'(Ho+eV)U, and as to the equality of these 
operators to their power series expansions, are left 
unanswered. Furthermore, we cannot speak of the 
Schrédinger perturbation theory because U(e) is not 
unique. If T(e) is any unitary operator that commutes 
with P, then UT is unitary and 


(1—P)(UT)'(Ho+ eV) UTP 
= T'(1—P)U1(Hy+eV)UPT=0. 
Similarly 
P(UT)'(Ho+&V)UTU—P) =9. 
Thus U(e)T(e) leads to a Schrédinger perturbation 
theory if T(e) possesses derivatives with respect to ¢ 
of all orders at e=0. 

The assumptions contained in (1) and (4), however, 
are sufficient to enable us to exhibit a unitary operator 
S(«) for « in some finite region about the origin, such 
that (1—P)S'(Ho+eV)SP= PS'(Hy+«V)S(1—P) =0, 
and such that S(e) and S'(Ho+V)S are equal to power 
series in e with nonzero radii of convergence. 


IV. DEVELOPMENT OF THE THEORY 


Consider any operator K such that 


|(1—P)KP || < . (S) 
Then 
(PK (1—P)KP| = |[(1—P)KP}\(1—P)KP| 

= ||I-P)KP|?< 


S'S {14+PKt(1—P))+ 
(14+PKt(1—P)KP}! 
P 


[1+PK‘(1 


[a+a—mke) 
P 


SSt={1+(1—P)KP) 


1+PK'(1—P)KP 


+ {1—PKt(1—P)} 


(1+ (1—P)KPKt(1—P)}! 


P)KP |! 


—{1+PKt(1—P)} 


GERALD SPEISMAN 


Thus there exists a unique resolution of the identity 
E(A) belonging to PK'(1—P)KP, i.e., 


os 


PK'(1— p)KP= f AdE(A). 


sf 


But for any vector y in the Hilbert space, 

O< (y, PK'(1—P)KPy)< | (1— P) KP |)’(y,). 
This implies E(A)=0 for 4<O and E(A)=1 for 
A> || (1—P)KP|/?, so that 


(1—P)KP}|?+ 


PK'(1—P)KP= f \dE(n). 


0- 


We can thus define the operators 


\}(1 —P)KP}/|?+ 
1/[14+PK'(1—P)KP} f (14+2)-4dE(a), 


O 
and 


a 
L1+PK'(1—P)KP }}: J 


Oo 


P)KP| |? + 
(1+d)'dE(A). 


Similarly we can define the operators 
1/[1+ (1—P)KPK'(1—P) }! 
and 
(1+ (1—P)KPK'(1—P) }}. 
Thus the operators 
1/[14+PK'(1—P)KP}!, [1+ PK'(1—P)KP }}, 
1/(1+ (1—P)KPK'(1—P) }, 
[1+ (1—P)KPK'(1—P) }! 
exist. We can therefore define the operator S in terms 


of (1—P)KP as follows: 
S=[1+ (1—P)KP } 


(6) 


» 


(1+-PK'(1—P)KP}! 


(1—P) 
+{1—PK'(1—P)}— 
(1+ (1—P)KPK'(1—P)}! 


Then 


(1—P) 


(1—(1—P)KP} 
(1—P) 


PK'(1—P)} - | 
[1+ (1—P)KPKt(1—P) }! 


+ 


(1—P) 


é {1—(1—P)KP}; 
1+ (1—P)KPK*(1—P) 


[14+PK'(1—P)—(1—P)KP](SS'— 1] =[P{1+PK'(1—P)} + (1—P){1— (1—P) KP) J[SS!— 1] =0. 
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Let y be any vector in the Hilbert space, and let 
x=[SS'—1]y. Then 
0=((1+PK'(1—P)— (1—P)KP }y, 
<[1+PK'(1—P)—(1—P)KP }y) 
= (x, [1+PK'(1—P)KP+ (1—P)KPK'(1—P) }x) 
= (Xx): 


Thus x=0 for arbitrary y, so that we must have 
SSt=1. Thus S is unitary, i.e., 
St=§-!, (8) 


We now let (1—P)KP, and thus S, be functions of e. 


We define the Hermitean operator $(¢) as follows: 


(9) 


(6) =St()[Ho+eV]S(6). 


Substituting (7) in (9) we get 


(1—P) 

(1—P)®P 

{1+(1—P)KPK'(1—P)}! 

<[1—(1—P)KP)}-[Ho+eV] 

P 
«(1+ (1—P)KP} 
{14+-PK'(1—P)KP}! 

PSHP = PSPHP POP =PLHo+eV 


(1-+-PK'(1—P)KP}}! 


It then follows that 
By similar reasoning 


(1—P)S@(1—P) = (1—P)S(1— 


EoP + e{1+PK'(1 


1 
P)HP 


{1+ (1—P)KPKt*(1 


=[H)(1—P)+e«(1—P)V(1 
Thus 


(1—P)@(1—P) = (1 


P) +e one 
(1-+(1—P)KPK(1—P)}} 


Combining (12), (14), and (15), we get 


= Ho+«{ (14+ PK'(1— P)KP}'(PVP+PV(1—P)KP | 


P)KP}![PVP-+PV(1 
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which simplifies to 


1 
(1—P)®P 
{1+ (1—P)KPK'(1—P)}! 
x | (Hy ky) (1—P)KP e{ (1 ‘ P)KPVP 
(1—P)V(1—P)KP+(1—P)KPV(1—P)KP 
1 
(1—P)VP} } . (10) 
{1+-PK'(1—P)KP}! 
Combining (10) with the relation 
PH(1—P)=((1—P)OP J}, 
we obtain the following: 
A sufficient condition for the relations (l—P)®P 


= P§(1—P)=0 to hold is that 
(Ho— Zo) (1—P)KP= ef (1—P)KPVP 
—(1—P)V(1—P)KP+-(1—P)KPV(1—P)KP 
—(1—P)VP}. 
In Sec. V we will find a solution of (11) as a power 
series in e with a nonzero radius of convergence. For the 
present we will assume we have an operator (I—P)K(e)P 
satisfying (11) and evaluate }(€). We immediately have 


(1—P)®P=P(1—P)=0. (12) 
Multiplying (9) on the left with S and using (8), we get 
S$ =[Hy+-eV JS. (13) 


Combining (7), (12), and (13), we get 


(11) 


SP 
i 


= [ EoP-+«PVP+«PV(1—P) KP} 
(1+-PKt(1—P)KP}! 


1 
P)KP | ; (14) 
{14+-PK'(1—P)KP}} 
(1—P)@(1—P) = (1—P) [0+ eV |S(1—P) 
P)}! 
1 
~P)—«(1—P)VPK'(1—P)]. 


(1-+-(1—P)KPK'(1—P)}* 


((1—P)V(1—P)—(1—P) PVK'(1—P)) 
1 

x- . (15) 

(1+ (1—P)KPK'(1—P)}! 
1 
{1+PK'(1—P)KP}! 

1 

(1—P)VPKt(1—P) }— (16) 


+{1+(1—P)KPK?'(1—P)}*f(1—P)V(1—P) — 


{1+(1—P)KPK'(1—P)}4) 
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V. POWER SERIES SOLUTION AND CONVERGENCE 

We will now find a solution of (11) of the form 

1—P 
(1—P)KP=—— RP, |Ri<x. 
(Ho— Ey) 
Equations (2) and (17) imply that 
_ i 1? 
| (1—P)KP\j = || RP. 
1] (Ho— Ey)* | 
| 1-P 
</| 8 

| (Ho— Eo)* | 
Thus (17) implies (5). Substitution of (17) into (11) 
leads to the following: 


A sufficient condition for (11) to be satisfied is for the 
operator § to satisfy the equation 


1—P 1-P 1—P 

Vy RI 
1, 7 Eo (Hy Ey)! (Hy = Ey)! 
1—P 1-P 1—P 


7 RPV KP — ve] (18) 
Hy ko (Hy - Fy) (Hyo— Fo) 


R=e 


We seek a solution of (18) of the form 


ook. Re". (19) 
n=l 


The condition || §t||< © will be guaranteed if we require 
that 


Ll Mall Jel<oe. (20) 


nel 


By substituting (19) into (18) and equating coefficients 
of like powers of ¢ on both sides of the resulting equation 
we obtain 


1—P 
- VP, 
(Hy - Eo)! 


iP dP 
—— V /& iP 
(Hy _ Eo)! (Hy - 


» 


RK, ke iP 


} » i" RI 
V 
(Hy = Ey) 


k=! Hyo— Eo 


forn>2. (21) 
If the expressions for R,, given by (21) satisfy (20), 
then (19) is a solution of (18), which implies 


> 


(1— a -K(e)P 
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is a solution of (11). We will now obtain a sufficient 
condition for this to be the case. 
We first note that, for any y in the Hilbert space, 


( 1—P ve vPy 
At og ) 
(Ho— Eo)! (Hy— KE) 


1—P vp 1—P | vev) 
-( = v (Hy— Es)! | 


1—P \] ~F | 
vP| | ——| vP| 
(Ho— Eo)! |} L(Ho—o)'J 


Si 1—P | 
= ||/Pv———|]. 
(Hy— Ey)!!! 


so that 


(2) and (4) enable us to define 


|| 
a=A~\|PVP|| + ||—— -|\, 
| (Ho Zi (Ho— E,)41 


| i-? ff 
b= -1||PV— |. 


(Hy—E ro) 


Applying (22), (23), and some results of Sec. II to (21) 
we get 
‘|| Kil] =A42, 


| R,.|| <a! R 1) ||+-bA ‘I || Ry! - | Rn k || 


k=l 


form>2. (24) 


We next define a function G(z) of the complex vari- 
able z as follows: 


G(z) = (A4/2bz)[1—az—{ (1—az)?—4b’2"}4]. (25) 
It is easy to show that G(z) has the following properties: 
G(z)=2{aG(2)-+bA-9G*(z) +A), (26) 


G(z) is analytic in z for |z| <1/(a+26) and continuous 
in z for |z| <1/(a+2b). 
We can define M, as follows: 


M,=n!"[d"G(z)/dz" |,~0. (27) 


It can then be shown that 


(28) 


G(z)=>> M,2" for |z| <1/(a+26). 
n=l 


Substituting (28) in (26) and equating coefficients of 
like powers of z on both sides of the resulting equation, 
we get 


M {= Add, 


n-2 
M,=aM,;:+bA 4 ym MiM n+ 1 


k=l 


forn>2. (29) 
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Note the similarity in form of (24) and (29). A simple 


induction suffices to prove that” 


|Rni<M, for n>1. (30) 


Using (28) and (30) we get for | «| <1/(a+2b6) that 


| 8! - | 


n=| 


"<5 Mal el"=G(lel) 
n=] 


<G(1/[a+2b]) =Ai< w. 


Thus (20) is satisfied. We can now state the following: 


Re.) =F Rae” (31) 


n=] 
is a solution of (18) for | «| <1/(a+2b), 


|R(e)||<G(le]|)<A* for |e] <1/(a+2b). (32) 


Let us define 
' 1-P 


n=— sans RP 
(Ho— Eo)! 


forn>1. (33) 


Then, from (17)-(21), (23), and (30)-(33), we get 


1—P 
——————VP, 
Hyo— Fo 


1—P I 
K,,PVP— 


= - V(1—P)K,,_,P 
Ho— Eo Hyo— Eo 


n—2 1—P 
+ p — : K,.PV(1—P)K,,_._:P for n> 2. 


k=l Hy— Ko 


IK, ||<A-§M, for n>1. 


(1—P)K(e)P= 3° Kye" 


n=l 
is a solution of (11) for | «| <1/(a+2b). 


| (1—P)K(e)P|| <A-4G(| |) <1 
for |e|<1/(a+2b). (37) 
Since || 8;||=Atb=M,, (30) is true for n=1. Assume (30) 
is true for N>n>1. Then, from (30) with N>n>1, (24) and 
(29) we get 


N-1 
|| Rv +1|| Sal] Kw] +04 '2 || Rs)! - | Rv —-2|| Say 
~1 


N-1 
+bA~* J M,Mn a= My $1- 
=! 
This imples that (30) is true for n=N+1. By mathematical 
induction, (30) is thus true for all n>1. 
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Because of (37) we can use the expansions 


y (—1)"(2n)! 
(1+A)!=1+ > 
n= (-+-1)2?"+!(m!)? 
1 o (—1)"(2n)! 


—= 5 
(1+4-A)t =o 2"(n!)? 


Ant. All < :. 


A", |Al| <1, 


with" 


A=PKt(1—P)KP and A=(1—P)KPK'(1—P), 


for || <1/(a+2b). 
(38) may be used to express S(e) and @(e) as power 


series in ¢, using (7), (16), (34), and (36), which will be 
convergent for | «| <1/(a+ 2b), i.e., 


S(e)=1+ S nt "Ld"S(6)/de* }.0° &" 
n=} 


for |e| <<1/(a+2b), (39) 


$(€)=Ho+- y n!"'[ d"§(€)/de” |,.0° €" 


for |e! <<1/(a+2b). (40) 


This completes the proof of the statements made in the 
last paragraph of Sec. III. 


VI. APPLICATION TO THE EIGENVECTOR 
PROBLEM 
We want to apply the results of Secs. [TV and V to 
the eigenvector problem 


(Hot+eV)y= Ly. 


Suppose we have a vector xo in the closed linear mani- 
fold M gy of all solutions Wo of the equation Hwo= Ewo 
such that 


(41) 


(PHP)x0= Exo. 


Then, using (12) and the definition of P, we see that 
xo also satisfies the equations 


Hx0= Exo, 
and, using (13), (42) and (43), we get 
(Ho+ eV)SP x0 mad SHxo - ESP xo, 


(42) 


Pxo= x0, (43) 


(44) 


i.e. Y=SPxo is a solution of (41). Thus, we have 
reduced the problem of finding certain eigenvectors of 
the Hermitean operator Ho+-V in the full Hilbert space 
to that of finding the eigenvectors of the Hermitean 
operator P&P in M go, and then operating on the latter 
eigenvectors with SP. The eigenvectors we obtain by 


4 | PK'(1— P)KP\| = || (1— P)K PK'(1— P)|| = || (1— P)KP||?<1. 
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this method are namely those satisfying the relation: 


SPSty=y. (45) 
Unfortunately, the perturbation expansions of the 
operators P&P and SP are more complex than that of 
(1—P)KP. If we are willing to find the eigenvectors of 
a non-Hermitian operator in Mx, then we can find 
operators corresponding to PP and SP which are so 
simply related to (1—P)KP, that their perturbation 
expansions can be written down by inspection from the 
perturbation expansion of (I—P)KP. We proceed as 
follows: suppose we have a vector Q in Mz» such that 

e PVP+-PV(1—P)KP }Q 


(E— Eo) Q%. (46) 


PQ= Qo, 


(47) 
and using (7), (12), (13), (14), (46), and (47), we get 


l 
| E—Eo| <\\el PVP+PV 
(H 


Thus |E—E£o|/A4<1. A stronger result, applicable 
under quite general circumstances, but not in all cases, 
is the following: 


|E—Eo|/A<4 for |e|<1/(a+2b). (49) 
A sufficient condition for (49) to be true is that 
| I—P 1—P | 


| Vy 
(Hy Fy)! (Hy Fy)! 


l>a I PVP|!. (50) 


VII. DISCUSSION 


Although all the results that are necessary in applying 
the general theory presented in Secs. III, IV, V, and 
VI are contained in these sections, they are presented 
in logical order rather than in a way most convenient 
for applications. The purpose of the remarks that 
follow is to show how the general theory can be used in 
applications. 

The formal expressions for the coefficients of e” in the 
perturbation expansions of (I—P)KP, S and © do not 
depend on whether or not our convergence criteria are 
satisfied, or even on whether the perturbation expan- 
sions converge, but only on whether the operator 
products that appear in the coefficients exist. The formal 
expressions for these coefficients are given directly or 
can be derived from the following equations: (7), (16), 
(34), (36), and (38). 

We have developed two alternative procedures for 
finding solutions of Eq. (41) which also satisfy (45). 


1—P | 
| ap] <| \PVP|-+5)/Pv— 
a Fy)! | 


[ 
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(Ho+eV)[1+ (1—P)KP ]Q% 
= (Hy+eV)SP(1+PKt(1—P)KP }!2) 
= SPSPC1+PK't(1—P)KP ji) 
= SP(1+PKt(1—P)KP }! 
* {Lot PVP+PV(1—P)KP }} 2 
= ESP[1+PKt(1—P)KP }!2% 
= F{1+(1—P)KP]; 
that is, 
y=(1+ (1—P)KP ]% 
is a solution of (41). The relation between (42) and 
(46) is as follows: From any Q% we can obtain a xo by 
multiplication by [1+PKt(1—P)KP}!; conversely, 
from any xo we can obtain an {% by multiplication by 
1/[1+PKt(1—P)KP}!. ({PVP+PV(1—P)KP] and 
[1+ (1—P)KP}] are the counterparts of POP and SP, 
respectively, and possess the properties we anticipated. 
If | «| <1/(a+2b), what can we say about the possible 
range of £? Utilizing (17), (23), (32), and (46), we get 
1—P 


/ 
i (Hyo— Eo)*| 


: | i-P  § i-? 
aig ti Re aT 
| (Hy— Eo)! (Ho— Eo)*! 


(48) 


1-P 


| 
a Py——— 
(Hy— FE»)! 


| 


One method involves simpler expressions for the coef- 
ficients of e* in the perturbation expansions of the 
relevant operators, but involves finding eigenvectors of 
a non-Hermitean operator in the closed linear manifold 
M ky of all solutions Wo of the equation Hwo= Ewfo. The 
equations needed for applying this method are (34), 
(36), (46) and (48). The other method involves more 
complex expressions for the coefficients of e", but in- 
volves finding eigenvectors of a Hermitean operator in 
Mk». The equations needed for applying this method 
are (7), (14), (34), (36), (38), (42), and (44). The 
former method is simpler when the dimensionality of 
M kp is a small finite number, and certainly when M £ 
is one dimensional, i.e., Zo is nondegenerate. The latter 
method is simpler when the dimensionality of Mz is 
infinite or finite but large; the reason for this is that 
the operator in Mg) whose eigenvectors we are seeking 
is Hermitean, so that we can, for example, write it in 
the form Ho’+-V’ and apply the methods of this paper 
to it, whereas we could not do this with a non-Hermitean 
operator. 

Let us now consider the sufficient conditions for 
convergence that have been developed. If we only 
desire convergence for ¢ small enough but not zero, then 
the criteria we are interested in are given in Eqs. (1) 
and (4). If we want to use the general theory to prove 
convergence for a particular value of «, then we must 
have | «| <1/(a+2b) for the expansion of the operator 
(1—P)KP, or |e| <1/(a+26) for the expansion of the 
operator S or 4, where a and b are defined in Eq. (23). 
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In practice we can always find A exactly and can often 
find 


PVP) and ||PV | 
\| (Ho— Eo)4|| 


exactly, but usually can only find bounds on 


y 


| 1-P 1—P 
|(Ho— Es)? (Ho— Eo)4|| 


In cases where |\A\| cannot be found exactly, the 
definition of ||A|| as the supremum or least upper bound 
of [(Ay,Ay)/(y,y) }' for all nonzero vectors y in the 
Hilbert space provides a natural and convenient varia- 
tional principle for obtaining a good approximation to 
\|A|| from below. The smaller the value of | €| (a+2b) <1, 
the smaller, approximately, is the upper bound provided 
by the general theory to the error in neglecting all 
terms in the perturbation expansion of the operator 
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(1—P)KP, S or © beyond a certain order. We have 
not studied these bounds, but they can be derived, 
using Eqs. (25), (28), (29), (35), and (36)." This 
suggests that, if we have a choice of Ho out of a group 
of possibilities, we should choose that Ho which mini- 
mizes | €| (a-+-2b). 

It is often the case that a good estimate of the eigen- 
value # for an eigenvector we are interested in can be 
obtained either theoretically or experimentally. If 
| E—Eo|/A>4, then we know from Eqs. (49) and (50) 
that | «| >1/(a+4-2b) under quite general circumstances, 
so that we cannot use the general theory to establish 
convergence of the perturbation expansion of (J— P)KP, 
S or §. For example, if we wish to treat the electron- 
electron repulsion in the neutral helium atom as a 
perturbation in computing the ground state energy, 
then, since |L—Eo|/A~11/15>4, we know that 
almost certainly | ¢|>1/(a+ 20). 

For additional applications and a more detailed 
discussion see Sec. I. 


VIII. LOW-ORDER PERTURBATION TERMS 


From (34) we obtain the following expressions for K,, Ky, and Ks: 


1—P 1-P 1-P 1—P 
_ P, V \ 
H,— H, = Eo Ho— Eo 
1-—P 1-—P 1—P 1—P 


K;= PVP + 
(Hy - Ky)? Hy- Eo Hy ~ Ko (Hy — Ko)? 


( 


( H, - Ey)? 


VPVP+ 


VPVP, 


1 
Hy Ko 


) l -P 
VPVPVP 
H, - ko)* H, 


VPV 
(Hy Ie)? 
Pp 
VP. 
Ko 


V 
Ko Hy 


V 
i Hy, 


(51) 


For the case in which M £p is one-dimensional, i.e. Zo is nondegenerate, let £ be a normal basis vector in M ko. 


Then, substituting (51) in (46), we get" 


1—P l 
iD = Eo + ( 0, VEo) e(& V vee) + (| («, V 
7 H,— Ey H, 


| g Sey bt 
ef (nved-| (0 V 
; (Hy—E,)? Hy—E 


For the more general case, we get 


 PVP+PV(1—P)KP]= «PVP 


P 


| 
fu, V Vin) (GoVed (to V 
' (H 


1-—P . 
[a 
(Hy - Eo)? ’ 


0 Eo)* 


ePV 


1—P 1—P 
+ df PV V 
(Hy Eo)* H, ko 


l 
VPVP+PV 
H, 
> 
PV 
( H, Ey)? 


12 | (J — P)(K(e)P— p> Kne"||< A 1 G(\e!) 
n=l 


- Ky H, -f 


1—P ] 
Ve) +( oe 
“0 H, Eo (Ho 


] 
VP+e | PV 
/ Hy 


“0 


» ’ P 


Eo (Ho 


VPVPVP 


1—P 
Vy 


l 
Veo) (to, VEo): (« V 
> (Hy 
P 
Vi) 


Eo)? 
P i1-P 1 
V V 
Ko H, Ko H, 


» 
V 
Ko Hy, 


VPVP 
Ko)* 





\ 
Ko (Hy 


V VPVP+PV 


Ko)? 


VP 


I 
VPV 
2 Fo 


Eo) H, 
P i-P 

V VP 
Ko H, Ko 


1-P 1 
PV 


V +O(e!), 
H, - Eo H, 


(53) 


2 M,\e|"], for example. 


43 This formula is equivalent to the formula obtained by K. F. Niessen, Phys. Rev. 34, 263 (1929). 
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The expression for PP obtained by substituting (51 
1—P 


ePV-———_VP+¢ 


Ey 


POP = LoP+ePVP [Py 


1—P 
PV V 
(Hy _ Eo)? Ho- Eo 
= ee 
PV V-- 
H, - Eo (H»o— Eo)? 
1—P 1—P 


PV VPV 
(Hy os Eo)* 


‘| 


VPVP+PVPV— 
2\ 1 


o— 


VPVP+PVPV— 


» 


VP+PV 
Hy = Eo 





Hy— Eo 
+PVPVPV 


The expression for SP obtained by substituting (51) 
1—P 1-P Ii1-P 

P—« V 

H, ~ Eo 


1—P P 
| (| VPV 
(Hy Eo)* Ho- Eo 
P 
VPVPVP- 
Ko)* 


SP ve +e| 


-P 


i-P 
P+ V 


P 1-P_ 1-P 
V — 
Hy— ko Ho— Eo Ho— Eo 


]|— 


0 


| l—P 
t \pv - 
2 (Hyo—E 


_p 
VP+ 
Ko 


V 
Hy— Eo 


-pP 


V 
0)” H, 


1 


2 


“ 


1-P 
V 
Ho— Eo Ho— Fo 


—-¥Y 
(H,— Ey)? H,— Ey 


VPV 
P 


(Hy— E,)* 


Vv /P- 
H,- Eo Ho- Eo (Ho— Ey)? 


Hy— Eo (Hyo- Eo)? 


( H o™ E)* 
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) in (14) and using (38) is 


7 i—P 1-P 
vp—-| PV-———VPVP-+ PVPV-——— 
21  (Ho—E,)? Hy— Ev)? 


1—P | 


ve | 


V 
Eo (Hy ei: Eo)* 


1—P 
ve| 


_ 1 | 1—P 
VP | ~~] Py—————VPVPVP 
(Ho— Fo)? 2|  (Hy— Fy)? 
= oe a 
ms cia, ae 


V _e 
Hyo— Eo Hy— Eo Hy— Ey 


" 


——VPV———VP 
H,)— Ey 


1—P 
V — 
(Hy— Ey)? 


ve | +0(e) (54) 


in (7) and using (38) is 


DY 


a, mulled 
(Ho— FE)? 


vP+— 
(Ho— Es)? 


1 1—P 
4+-———V 
2 Hy— Eo 


P 
ve} 


[PV - VPVP+PVPV—— 
(Ho— £o)* (H 


P 
- ve} | -ove. (55) 


es 


For the reader who is unfamiliar with functions of Thus, Eqs. (51)-(55) are just algebraic combinations 


operators, it should be pointed out that 
P r 

| , r=il 
Eo 


1- 
Hy 


Oe 


’ ’ 


1—P | 
(Hy Fo)" 


of operators discussed in Sec. I, so that the reader should 
be able to write these equations in matrix form when 
H_ possesses a complete orthonormal set of eigenvectors 
£, £1, ---, En, -*:. For other cases the reader should 


note the next to last paragraph of Sec. I. 
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Modulation of Light Reflected from Ger- 
manium by Injected Current Carriers 


IGNacy FILINsKI 
University of Warsaw, Warsaw, Poland 
(Received May 24, 1957) 


T has been found that it is possible to modulate the 
light reflected from germanium by injecting current 
carriers. 

A beam of light from a tungsten lamp was focused 
on the surface of a germanium monocrystal diode. The 
reflected light was analyzed by a spectrophotometer 
with a cathode-ray tube. A PbS photoconductive cell 
connected to a 1000-cps narrow-band amplifier was used 
as a detector. When a sine-wave voltage was applied to 
the diode a modulated component in the reflected light 
appeared, the degree of modulation depending on the 
size of the alternating current flowing through the diode 
and on the wavelength of the light. A modulation depth 
of up to 0.5% was observed. 

Samples of n-type germanium of resistivity 6-20 ohm 
cm and intrinsic Ge of resistivity 60 ohm cm were used. 

The current carriers were injected either by metal 
point contacts or by a p-n junction produced by a 
diffusion method. 

The Ge surface, upon which the effect was observed, 
was obtained by cleavage, etching, and polishing. 


R 
ABSORPTION EDGE 
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Fic. 1. Spectra] distributions of the fractiona! 
change in reflection coefficient in germanium. 
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‘Two essentially different types of spectral distribu- 
tions were found; these correspond to curves A and B 


The occurrence of modulation of strong 


of Fig. 1. 
absorption in the short-wavelength region in germanium 
is characteristic of type A. Type B modulation occurs 
only beyond the absorption edge of germanium. ‘Type 
A occurs for point-contact diodes illuminated near the 
contact. The type B spectral distribution occurs for 
junction diodes when the reflecting germanium surface 
is opposite to the indium-doped region, Spectral 
distributions of a type intermediate to A and B were 
also observed, 

Special care was taken to ensure that the observed 
effects were not the result of the additional absorption 
of light due to injected carriers. This was done by 
eliminating the possibility of reflection from the rear 
surface of the crystal. By placing a germanium filter 
(0.3 mm thick) between the light source and the 
reflecting surface one can eliminate the generation of 
hole-electron pairs by the incident radiation. Under 
these conditions the modulation in the long-wavelength 
region was essentially unaffected. 

A full account of this work will be published in the 
Acta Physica Polonica. 


Contribution of Current Carriers in the Re- 
flection of Light from Semiconductors 


LEONARD SOSNOWSKI 


University of Warsaw, Warsaw, Poland 
(Received May 24, 1957) 


NEW electro-optical phenomenon has been found 
by Filifiski,' namely a modulation of the reflection 
of light from germanium by the injected current 
carriers. In the present note an attempt is made to 
interpret this effect. 
The reflection coefficient R at 
connected with the complex index of refraction n,=n—ik 
by the well-known formula: 


R=[ (n—1)?+# |/[ (n+-1)?+ R J. 


On the other hand, m, may be expressed by the micro- 
scopic polarizability a,: 


normal incidence is 


n?—1 49 é fiex 
a,=—— >> ‘ (1) 
nZf+2 3 3am kK (ven? —v")+iVeKV 
The summation (or integration) is taken over all 
occupied states represented by the wave vector k. Terms 
of the sum with K#0 correspond to interband transi- 
tions, whereas terms with K=0 correspond to transi- 
tions within one band (contribution of free carriers). 
For further semiquantitative discussion we shall 
represent the polarizability of the medium by a one- 
term expression. The crystal will be represented by N 
oscillators per unit volume. We assume that their 
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frequency equals vo, that f is the oscillator strength, 
and that 7 is the damping constant. Formula (1) may, 
with these assumptions, be reduced to 


nf-1 Nf 
( ). (2) 
ni+2 3arm\(vi—v’)+iyv 


Any change in the number of holes or electrons will 
correspond to an equivalent change in NV, Thus n and k, 
and consequently R will be functions of N. Assuming 
small variations of N and restricting the calculation to 
the region of small absorption (k&n) one obtains for 
the change of the refractive index and _ reflection 


coefficient : 


(n-+-2)* fé 4 
An=- ( — - Jaw; — =——-An. 
18m \3rm(v)—Yv’*) n?—1 


With a reasonable estimate of the numerical values 
involved, {~1, vj’ —v’-~10" sec’, ng.=4, one obtains 
An™~3X10-"AN ; AR/R™10-™ AN. 

To explain the magnitude of the effect observed by 
Filifiski (AR/R up to 1%), one has to permit AN 
to be as large as 10'* cm~*. A change of volume con- 
centration of this order of magnitude due to injection of 
minority carriers is out of the question. The presence of 
a surface layer, however, changes the situation. The 
difference in concentration of electrons (or holes) 
between a thin surface barrier region of p type, for 
instance, and the bulk of the Ge crystal of n type, 
might well be of this order of magnitude. Under the 
influence of a voltage applied to the diode, the barrier 
may be almost completely leveled. ‘Thus the applied 
field might change the surface concentration by an 
amount sufficient to explain the Filifiski effect. 

The spectral distribution corresponding to the curve 
A of Filifiski’s paper is thus considered to be due to a 
primary effect. The occurrence of modulation of 
reflection in the region of strong absorption in germa- 
nium directly establishes the surface character of the 
effect. 

It remains to explain the type B spectral distribution, 
The lack of modulation beyond the absorption edge of 
germanium suggests that in this case the reflected light 
has to pass through some layer of germanium. In fact 
one can obtain a curve of type B from A if a germanium 
filter is placed somewhere in the light path, One is thus 
led to the conclusion that in this case the modulated 
light is reflected by some surface lying deep within the 
germanium. Actually in some cases the overlapping of 
both types was observed. 

The additional reflection due to a sharp jump An of 
the refractive index over some plane parallel to the 
crystal surface is given by AR/R=4(An)*/(n?—1)? in 
the case of negligible absorption. To obtain a value 
for AR/R of one percent, one has to assume a corre- 
sponding AN of the order of 10 cm~*. Such a value 
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seems to be permissible for the p-n junctions formed in 
indium-doped germanium crystals for which the type 
B effect was observed. 

Thus the hypothesis that the Filifiski effect is due to 
the influence of the current carriers on the refractive 
index and that the modulation takes place in the region 
of either surface or internal p-n junctions seems to 
explain its main features. The quantitative theory and 
an explanation of the spectral distribution require 
knowledge of the oscillator strength and damping 
constants over the entire range of the absorption spec- 
trum. The effect should not be restricted, of course, to 
germanium, and the investigation of other substances is 
under way. 


'T. Filifiski, preceding Letter [Phys. Rev. 107, 1193 (1957) ]. 


Detection of Submillimeter Solar 
Radiation* 


H. A. Gepsret 


Department of Astrophysics, Johns Hopkins University, 
Baltimore, Maryland, and Institute d’A strophysique, 
University of Liege, Liege, Belgium 
(Received June 24, 1957) 


RELIMINARY results are given here of experi- 

ments aimed at finding regions in the submillimeter 

wavelength range at which solar radiation is appreciably 
transmitted by the earth’s atmosphere. 

Figure 1 shows a spectrum of the sun observed at the 
Jungfraujoch, Switzerland (altitude 3450 meters). In 
the wavelength range shown (1 mm to 300u) there are 
several maxima which indicate regions of transmission 
and which extend the observed wavelength range of 
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JUNGFRAUJOCH, 13 March 1957 - Temp. #2°C, Pressure 503 mm 
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Fic. 1. Submillimeter spectrum of solar radiation showing 
regions of atmospheric transmission and absorption. The calcu 
lated positions and intensities of pure rotation lines of HyO are 
given. The numbers in parentheses are calculated half-widths for 
selected lines. 
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solar radiation beyond the limit of about 1 mm pre- 
viously reported.'? 

The principal regions of high absorption correspond 
to the calculated positions’ of pure rotation lines of 
H,0"* as indicated on the spectrum. There is also 
correlation with the calculated intensities and _half- 
widths® of these lines. The negative intensities in these 
regions of high absorption are attributed to emission 
from water vapor which is at a lower effective tempera- 
ture than the receiver. There are also other reproducible 
absorption features which remain to be positively 
identified, but of these, some are tentatively ascribed to 
ozone. 

The observations were made with a two-beam inter- 
ferometer* of 30-cm aperture and a Golay-type thermal 
detector. Spectra were obtained from the interferograms 
by digital computation.® For the present purpose, the 
spectral intensity has been calculated only at equally 
spaced points 0.2 cm™ apart, this interval being chosen 
to equal the spectral resolution of the system. 

The author would like to thank Dr. J. Strong, 
Dr. von Muralt, and Dr. M. Migeotte for the use of 
equipment and facilities, and Dr. W. S. Benedict for 
the privilege of using his theoretical data for H,O" 
prior to publication. 
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Hopkins University and Geophysics Research Directorate, Air 
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University of Liege and G.R.D., A.F.C.R.C. through the European 
Office, Air Research and Development Command. 
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Proposal for a Nuclear Quadrupole Maser 


R. BRAUNSTEIN 


RCA Laboratories, Princeton, New Jersey 
(Received July 3, 1957) 


HE amplification of microwave power by means of 
stimulated emission by the power saturation of 
one transition in a multiple energy level system has been 
discussed by Basov and Prokhorov.' The application of 
this technique to paramagnetic soilds has been con- 
sidered by Bloembergen? and such a system is reported 
to have been successfully operated by Scovil, Feher, and 
Seidel. In this note, attention is called to another 
broad class of substances, namely, those exhibiting 
pure quadrupole transitions, that have the requisite 
properties for the production of stimulated emission 
and hence possible amplification. 
The feasibility of these schemes depends upon the 
existence of suitable energy levels and matrix elements 
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of the magnetic moment operator between the various 
levels. If in a system of at least three energy levels, 
transitions are allowed between the lowest and the 
highest level, the power saturation of this transition can 
result in a net emission of radiation between the inter 
mediate level and either of the two saturated levels. The 
theory of a three-level “maser” has been given by 
Bloembergen’? and applied to a nuclear quadrupole 
system. A nucleus of spin J>§ or />2 possessing an 
electric quadrupole moment, when present in a crystal 
line electric field of lower than cubic symmetry, yields at 
least three unequally spaced energy levels. In general, 
transitions between adjacent levels with selection rule 
A|M|=1 obtain in purely axially symmetric fields. 
However, if the crystalline field has large deviations 
from axial symmetry, the “forbidden” transitions 
A|M|=2 acquire observable intensities. The power 
saturation of a A|M|=2 transition will allow the ob 
servation of stimulated emission of a A| M|=1 transi 
tion and if such emission is great enough to overcome all 
losses of radiation, the system can be used as an 
amplifier, or oscillator. 

The basic difference between the use of a 
magnetic substance and one exhibiting pure quadrupole 
resonance is that in the former the energy level separa 
tions are determined to first order by the strength of an 
applied magnetic field, while in the latter the level 
separations are fixed by the crystalline electric field 
gradient. Another important difference is that in the 
quadrupole case the transition probabilities are ~10°° 
as great as in the paramagnetic case since the coupling 
to the radiation field is through the magnetic dipole 
moment of the nucleus rather than the magnetic 
moment of the electron. However, crystalline substances 
such as I, and its compounds are not lossy and by the 
use of a large filling factor, it may be possible to provide 
the conditions for amplification at low temperatures. 


para- 


The successful operation of a three-level ‘‘maser”’ 
depends upon crystals with favorable relaxation times, 
and consequently the consideration of substances that 
exhibit pure quadrupole spectra is of interest. An 
attribute of a pure quadrupole system is that the built-in 
crystalline field determines the frequency and no 
external magnetic field is necessary. This feature, to 
first order, obviates tunability ; however, in the case of 
single crystals, the Zeeman splitting of the levels can 
provide some tunability. 

Although most pure quadrupole spectra have been 
observed at submicrowave frequencies, nuclei with 
atomic numbers above 50, especially the rare earths, 
may have solid-state quadrupole interactions sufficiently 
large to be observed in the microwave region. With 
nuclei of spin J>§ or [>3 one can have four-level 
systems with obvious extensions of the “maser” 
principle. In systems where sufficient intensity cannot 
be obtained to yield amplification, the observation of 
the induced emission of the allowed A|M|=1 transi- 
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tions can be a convenient means of detecting the 
“forbidden” 4|M | =2 transitions. 

''N. G, Basov and A. M, Prokhorov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 28, 249 (1955) [translation : Soviet Phys. JETP 1, 184 
(1955) ]. 

2N. Bloembergen, Phys. Rev. 104, 324 (1956). 

* Scovil, Feher, and Seidel, Phys. Rev. 105, 762 (1957) 

4M. H. Cohen, Phys. Rev. 96, 1278 (1954). 


Observation of Nuclear Magnetic Reso- 
nance in Antiferromagnetic Mn(F"), 


V. Jaccarino anv R. G. SHuLMAN 


Bel Tdephone Laboratories, Murray Hill, New Jersey 
(Received June 27, 1957) 


FE have observed F’ nuclear magnetic resonances 

in antiferromagnetic MnF» at frequencies in the 
range of 152-168 Mc/sec, external magnetic fields 
between 300 and 3000 oersteds, and temperatures be- 
tween 1.3°K and 20.4°K. The resonances were observ- 
able at these high frequencies and low fields because of 
the large internal magnetic fields at the F'® sites. These 
internal fields were previously’ inferred to exist from the 
large temperature- and field-dependent displacements 
of the F nuclear magnetic resonance in the paramag- 
nelic state and were attributed to electron transfer or 
covalent bonding between the predominantly diamag- 
netic F~ ion and the paramagnetic Mn** ion. By 
postulating?~*® a spin-dependent tensor hyperfine inter- 
action of the form I-A(S), the resonance frequency in 
the paramagnetic state was shown to be displaced, for 
Ho\\[001 | or z direction, by an amount 


by= (1) 


1 
(2A P, +A,!")(S), 
h 


where A,' and A,'' are the relevant principal values 
of the hyperfine interaction resulting from electron 
transfer from a given F~ site to the three nearest Mn** 
neighbors (two of the latter being equivalent) and where 
(S) is the time-averaged spin polarization per ion. The 
abrupt disappearance of F nuclear magnetic resonance 
at the antiferromagnetic transition temperature, 7,, 
was explained by the sudden rise in (S) displacing the 
resonance beyond the range of the conventional nuclear 
magnetic resonance spectrometer. 

Since below 7, the Mn** spins are antiferromagneti- 
cally ordered with the spins, + 5h, respectively parallel 
and antiparallel to [001], the frequency for resonance 
was expected, with H9!|[001 ], to be at 


1 M(T) y'® 
(2A,'—A,")($—a) } 
h M(O) 2x 


0 


"Hy 
= vo(T)+——. 
2x 


(2) 
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Here a represents the expected departure® of the anti- 
ferromagnetic ground state from the state of complete 
antiparallel alignment and the Zeeman term reflects 
the removal of the spatial degeneracy by the application 
of an external field parallel to a given sublattice mag- 
netization. Assuming a=0, Bleaney* predicted vo(0°K) 
to be 179 Mc/sec from Tinkham’s paramagnetic 
resonance data on Mn** in ZnF». On the same assump- 
tion we expected’ the essentially identical value of 
177 Mc/sec from the nuclear magnetic resonance 
studies of paramagnetic MnF». 

The resonances corresponding to the two branches of 
Eq. (2) have been observed in an annealed single 
crystal prepared by E. F. Dearborn and J. W. Nielsen. 
The crystal (~1 cc in volume) was placed in a Dewar 
which fitted into a re-entrant transmission cavity used in 
a bolometer single detection scheme. The magnetic field 
was modulated at 500 cps and phase-sensitive detection 
was employed following a narrow-band amplifier 
centered at 1000 cps. Detecting the second harmonic of 
the modulation frequency minimized spurious effects of 
amplitude modulation of the carrier and reproduced 
essentially the second derivative of the absorption. 
Two recorded traces of the absorption at 1.4°K are 
shown in Fig. 1. Saturation effects are illustrated by the 
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Fic, 1, Reproduction of the recorder trace of the high-frequency 
line with output time constant of 1 second. At lower rf fields, in 
the absence of saturation, the pattern is symmetrical. The 
asymmetry reflects saturation effects. 


dependence of the asymmetry upon the sweep direction. 
From the known rf field in the cavity and behavior of 
the resonance, we estimate that 7; is ~ 20 seconds at 
4.2°K and several times longer at 1.3°K. More exact 
measurements of 7, are in progress including an in- 
vestigation of the predicted angular dependence.* 

When not saturated, the resonances were Gaussian in 
shape with widths of ~14 oe which are comparable to 
the calculated nuclear-nuclear dipole widths of 10 oe. 
It has not been determined, however, that the lines are 
homogeneously broadened. 
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TABLE I. The temperature dependence of yo extrapolated from 
the observations of the two branches of Eq. (2). Temperatures 
were measured by vapor pressures and calibrated carbon resistors. 


T°’K 


vo Mc/sec 
1.3 +0.1 159 985+-10 
4.22+0.05 159 975+10 
10.2 +0.1 159 640+ 50 
13.95+0.1 158 810+80 
16.0 +0.3 158 280+-80 
17.0 +0.3 158 040+ 80 


20.4 +0.05 156 100+ 20 


The extrapolated value of vo for several temperatures 
are listed in Table I. The narrow resonances (which 
were quite remarkable considering the indirect origin 
of the internal fields) made it possible to measure vo 
with considerable precision. We have then a measure 
of a quantity proportional to the sublattice magneti- 
zation accurate to one part in 10*. In the region TT), 
spin-wave theory predicts’ a 7* departure of the sub- 
lattice magnetization, while near 7, the molecular 
field approximation predicts a modified Brillouin- 
function dependence. The observed low-temperature 
behavior suggests a 7° law. 

The field for resonance at a fixed frequency was 
measured as a function of the angle in the allowed plane 
of rotation. These results are shown in Fig. 2 where 
the geometrical relation expected between angle and Ho 
is plotted as a dashed curve. 

The values of the hyperfine interaction terms deter- 
mined by these results depend upon the value of a@ in 
Eq. (2). Assuming the extreme case of a=0, we find 
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ANGLE IN DEGREES BETWEEN Ho AND [001] 


Fic. 2. External field required for resonance of the high 
frequency line at 4.2°K. The dashed curve plots the external field 
necessary for a constant resultant field at these particular F™ sites. 
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A,}=(15.4+0.2)K10* cm™ and A,!!=(16.2+0.2) 
10~* cm™, where these values represent the hyperfine 
interaction alone, dipole fields having been eliminated 
by the use of Keffer’s’ calculations of the dipole sum. 
Implications of these results as well as a more detailed 
account of the experiments will be presented shortly. 

We are indebted to Mr. J. L. Davis for experimental 
assistance; to Mr. E. F. Dearborn and Dr. J. W. 
Nielsen for the MnF, crystal which made these experi- 
ments possible and to Dr. P. W. Anderson, Dr. 5S. 
Geschwind, Dr. G. Feher, Dr. A. L. Schawlow, Professor 
J. W. Stout, and Professor F. Keffer for helpful 
discussions, 

'R. G. Shulman and V. Jaccarino, Phys, Rev, 103, 1126 (1956) 

2M. Tinkham, Proc. Roy, Soc. (London) A236, 535 (1956). 

5B. Bleaney, Phys. Rev. 104, 1190 (1956). 

‘T. Moriya, Progr. Theoret. Phys. (Japan) 16, 641 (1956). 

§ Jaccarino, Shulman, and Stout, Phys. Rev. 106, 602 (1957). 

* Nagamiya, Yosida, and Kubo, in Advances in Physics, edited 
by N. F. Mott (Taylor and Francis, Ltd., London, 1955), Vol. 4, 
p. 1. More exactly, spin-wave theory predicts a 7? departure in the 
region 7'4”<7<«T,, and an exponential dependence for 7<T ax, 
where Tag = yeh(2H aH »)4/k13°K. 

7R. G. Shulman and V, Jaccarino (to be published), 

§T. Moriya, Progr. Theoret. Phys. (Japan) 16, 23 (1956). 

°F. Keffer (private communication). 





Propagation of Strong Shock Waves in 
Pulsed Longitudinal Magnetic Fields* 


ALAN C. KOLB 


U.S. Naval Research Laboratory, Washington, D. ( 
(Received May 20, 1957) 


| EUTERIUM plasma with ion energies > 100 

ev/ion in the ordered motion at densities > 5X 10'® 
ions/em*® have been produced behind strong shock 
waves generated by high current discharges in a trans- 
verse magnetic field.’~* After the initial acceleration by 
the electromagnetic driving forces, the shock velocity 
and thermal energy decay rapidly a few centimeters 
from the discharge due to heat conduction to the tube 
walls. The term shock wave is used here advisedly to 
describe the high-velocity luminous fronts observed in 
these experiments. 

A rising longitudinal magnetic field along the ex 
pansion chamber has been used to insulate the plasma 
from the walls of the shock tube and to further accelerate 
the shock wave by compressing the plasma behind the 
shock front. The shock wave is produced initially by a 
discharge between two electrodes (50-100 kv, 0.66 ufd, 
500 ke/sec) at one end of a T-shaped, 3-cm diameter 
quartz tube. The return lead to one of the electrodes is 
placed at the base of the ““T’’ and parallel to the dis- 
charge current.'* The current through this lead gen 
erates a magnetic field which drives the plasma into 
the expansion chamber. The longitudinal field was 
generated by a four-turn coil with each turn connected 
in parallel to a condenser bank (10-40 kv, 5 yufd, 
120 kc/sec). The coil array was 7 cm long with a volume 
of 50 cm’. 
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Fic. 1. Smear-camera photographs of a magnetically accelerated 
deuterium plasma as discussed in the text. Peak field: 7,= 20 000 
gauss. Tube diameter: 30 mm i.d. Primary discharge: 50 kv, 
0.66 pl, 500 kc/sec 


The acceleration of a shock-heated deuterium plasma 
by the rising longitudinal magnetic field has been 
observed in smear-camera photographs. Photographs 
of the propagation of shock waves, with and without a 
pulsed magnetic field, are presented in Fig. 1. There is 
a marked increase in the velocity of the luminous front 
if the longitudinal field is switched on when the plasma 
passes the first turn of the coil (labeled “H, no delay” 
in Fig. 1). The periodic luminosity at ~4-ysec intervals 
is due to the oscillations of the longitudinal field. 

Smear-camera photographs with the camera slit 
imaged normal to the direction of the field show that 
the plasma detaches itself from the tube walls and is 
compressed into the center of the tube at each half-cycle 
of the field oscillation as shown in Fig. 2. This radial 
compression brings about an increase in the internal 
energy of the gas behind the front leading to a corre- 
sponding increase in the longitudinal shock velocity. 

‘The measured shock velocities 9 cm from the primary 
discharge (at the last coil) are given in Table I for two 
different ambient pressures. ‘Temperatures estimated 
from the conventional Rankine-Hugoniot relations are 
also given in Table I. No direct measurement of the 
plasma temperature has yet been made so that the 
“temperature” should not be taken too seriously with- 
out further studies of relaxation phenomena which 


Fic. 2. Smear-camera” photographs of the plasma behind a 
shock front with and without a pulsed longitudinal field. The field 
compresses the plasma into the center of the tube. 
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TaBLe I. Shock velocities in deuterium 9 cm 
from the electrodes. (See Fig. 1.) 


Rankine- 

Hugoniot 

Shock velocity temperature 
(°K) 


Identification in Fig. 1 (cm /psec) 


70 000 
240 000 
200 000 
700 000 


H,.=0 (700 microns) 6.7+0.5 
H, no delay (700 microns) 11 +1 
H, delayed 2 usec (150 microns) 10 +1 
H, no delay (150 microns) 18 +1 


determine the structure of the luminous fronts and the 
degree of contamination by impurities from the tube 
alls. 

By connecting the coils in parallel, the high-conduc- 
tivity shock-heated plasma successively reduces the 
inductance and increases the current in each turn as the 
front moves down the tube. Circular currents are then 
induced in the plasma which cause the magnetic en- 
ergy density at the surface of the plasma behind the 
advancing front to be large compared to the magnetic 
energy density ahead of the shock wave. It is suggested 
that this mechanism is responsible for the compression 
and acceleration of the shock-heated plasma. With 
these techniques it is possible to eliminate the experi- 
mental difficulties encountered if each coil is connected 
to a separate condenser bank and then switched on just 
after the shock passes. 

*This work was jointly supported by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

‘A. C. Kolb, Lockheed Symposium on Magnetohydrodynamics, 
1956 (Stanford University Press, Stanford, to be published). 


2A. C. Kolb, Bull. Am. Phys. Soc. Ser. I, 2, 47 (1957). 
4A. C. Kolb, Phys. Rev. 107, 345 (1957). 


Photoproduction of K* Mesons 
in Hydrogen* 


P. L. Donowo anp R. L. WALKER 


California Institute of Technology, Pasadena, California 
(Received July 1, 1957) 


HE K+ mesons produced in a liquid hydrogen 
target by the 1100-Mev bremsstrahlung of the 
California Institute of Technology synchrotron have 
been observed at several laboratory energies and angles. 
The K mesons are identified by means of momentum 
selection, a time-of-flight velocity measurement, and 
ionization in three scintillation counters. The 
apparatus used is shown schematically in Fig. 1. 
Positively charged particles produced in the target are 
focused at counter Cy by the magnetic spectrometer. 
Particles of momentum as high as 600 Mev/c may be 
focused. The momentum interval accepted, as deter- 
mined by the width of C2, is Ap/po=0.100. The solid 
angle of the magnet aperature is 0.0075 sterad. 
Particles whose time of flight between Cy and C; is 
correct for a K meson having the right momentum are 
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Fic. 1. Schematic diagram of the apparatus. 


selected by requiring a coincidence between a suitably 
delayed pulse from Cy and a pulse from C,. These 
coincidences are detected by a circuit having a resolving 
time of approximately 4 mysec. Since the difference in 
time of flight between K mesons and pions is only 
4 musec at the highest momentum observed, not all 
pions could be eliminated by this means alone, and a 
further selection is made based on the pulse-height 
measurements described below. Protons of the same 
momentum as the K mesons being counted are stopped 
by absorbers A» and Aj. It is possible, however, that 
protons of higher momentum scatter from the magnet 
and reach C, with sufficient energy and the correct time 
of flight to be counted, and these scattered protons 
must also be eliminated by the pulse-height measure- 
ments. In addition, since the counting rate in Co is very 
high, owing to the proximity of the target, the acci- 
dental rate is not negligible, although it is reduced some- 
what by absorber A,, which prevents very low-energy 
particles from flooding Co. 

When a fast time-of-flight coincidence occurs in 
“slow” (0.1 usec) coincidence with counters C,; and C3, 
the pulses in C,, C2, and Cy are photographically” re- 
corded. The time-of-flight requirement results in one 
K particle out of 10 to 20 photographed scope traces. 
Most of the traces are clearly caused by‘pions, which‘are 
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Fic. 2. Correlations in the pulse heights from counters Cz and C; 
showing the pion peak and the cluster of points caused by K 
mesons. These data are for a momentum p= 520 Mev/c and a lab 
angle 25°, corresponding to K mesons produced by 1060-Mev 
photons. The data on the left, taken with a synchrotron energy 
E,= 1000 Mev, represent the background. 
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useful in giving calibrations for minimum-ionizing 
particles. (Without the time-of-flight requirement, and 
without absorbers Az and A; to stop protons, the ratios 
of Kt to r+ to protons is approximately 1: 500; 2000.) 
Since the K 
minimum, the long tail of the pion pulse-height dis- 
tribution makes it impossible to identify AK mesons 
using only the pulses from a single counter. When the 
pulses from two of three counters are correlated, how- 
ever, a fairly clear separation of K mesons from pions 
and protons results. Figure 2 shows counts at @j)= 25° 
and p=520 Mev/ce plotted according to the pulse 
heights in C, and C;. There is definite grouping centered 
at the right K-meson position, as determined from the 
pion mean. There are some pulses of higher ionization 


mesons are as little as 1.5 to 2 times 


loss probably representing scattered protons, 

If the reaction y+p->K*t+-A° is assumed, then the 
proton energy interval contributing to the AK-meson 
counting rate is only 40 Mev. Background is measured 
by reducing the synchrotron energy to a point just 


TABLE TI. Yields and cross sections in the center-of-mass system 
for K* particles produced in the reaction y+p--A'+A 
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below this interval. If the above reaction is the one 
taking place, no K mesons should be counted, whereas 
little change in the background of protons and pions 
would be expected. The background counting rate as 
measured in this way is 5 to 25% of the normal K-meson 
counting rate and can be attributed to K-meson 
production in the Mylar target wall, and to pions 
giving large pulses in all three counters. This low 
background counting rate confirms the associated 
photoproduction of strange particles by showing that 
the reaction y+p-—-Kt-+n contributes less than 10% 
to the K* photoproduction. K* the 
reaction y+ p->K*+2° have not been observed in this 
experiment the energy of the 
synchrotron is not high enough as yet. 

Because of the long distance between the target and 
the focus of the spectrometer, the decay in flight of the 
K mesons causes a reduction in counting rate of 65% to 
80%, depending on the momentum being observed. A 
further reduction in the counting rate occurs because the 
time-of-flight coincidence circuit is only 60% efficient. 


mesons from 


because maximum 
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This efficiency has been measured by comparing the 
counting rates for both pions and protons obtained 
using this circuit with those obtained using another 
circuit which simply requires a slow coincidence of C,, 
C2, and C, and which is presumably 100% efficient. The 
efficiency thus measured is 60% for both pions and 
protons and thus, by interpolation, for K mesons. 

The results obtained to date are presented in Table I. 
In addition to the indicated statistical errors, there is a 
systematic error of perhaps 20 to 50% because of 
uncertainties in the incident photon intensity. A calibra- 
tion of the beam monitor has not yet been made, and, 
probably more important, the bremsstrahlung spectrum 
is not accurately known near the cutoff energy, Eo, 
where most of the measurements were made. Both these 
calibrations will be made in the near future. Complete 
results of this experiment will be presented at a later 
date. 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 


Photoproduction of Kt Mesons from 
Polyethylene* 


\. B. Ciecc, M. P. Erxnstrene, anv A. V. ToLLestrup 


California Institute of Technology, Pasadena, California 
(Received July 1, 1957) 


He photoproduction of positive K mesons from 

polyethylene by the 1.1-Bev bremsstrahlung 
beam of the Caltech synchrotron has been studied by 
using a telescope of four scintillation counters. A value 
for the yield of K mesons at 37.5 degrees in the labora- 
tory has been obtained and also we have been able to 
distinguish the tau-decay mode from the rest of the main 
decay modes and find that within our experimental 
error it is in the same proportion to K, decays as is 
found for K mesons produced in other reactions. 

The K* mesons in this experiment were identified by 
means of their range, rate of energy loss, mean lifetime, 
and the energy loss produced by the decay particle in 
the counter in which they stop. A telescope consisting 
of four scintillation counters selected particles according 
to their range and rate of energy loss. Events were 
observed in which charged particles pass through the 
first two counters and stop in the third; the fourth 
counter was used to veto particles which passed 
through counter 3. Pulse-height windows were set on 
counters 1 and 2 corresponding to the“proper energy 
loss for K* mesons, but which excluded pions and 
protons stopping in counter 3, Two such counters were 
used to improve the rejection of pions; if only one were 
used a proportion of the pions would not be rejected 
because of the larger pulses produced_by the Landau 
effect. Fast pulses from counter 3 corresponding to a 
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proper coincidence were displayed on an oscilloscope 
and photographed ; the width of the pulses was 8 milli- 
microseconds. The film was scanned for double pulses, 
the first being the incoming K+ meson and the second 
the outgoing decay particle. Approximately seventy of 
these events were found. There was a small con- 
tamination of pion decays, but we were able to confirm 
our observation of K+ mesons by selecting events in 
which either the primary pulse was too large to be a 
stopping pion or the secondary pulse was too large to be 
the 4-Mev muon from pion decay. Secondary pulses 
corresponding to energy losses of up to 50 Mev in the 
counter were seen. We were able to select 21 events in 
which the secondary was definitely too large to be due to 
pion decay, and we found that the separations between 
the initial pulse and second pulse of this uncontami- 
nated sample were completely consistent with a single 
lifetime. We believe these events definitely to be 
K* mesons. The mean life observed for these photopro- 
duced K+ mesons is 13.943.1 millimicroseconds. 

In detail, we observed to types of events: 


(1) Ky, decays with a small decay pulse; 
(2) 7 decays with a large decay pulse. 


We can calculate the efficiency for seeing the former 
quite well and so can determine the yield. The efficiency 
for detection of decay pulses was computed by a Monte 
Carlo calculation. This calculation gave the distribution 
of the ranges in the counter of secondaries of K mesons 
stopping in the counter, This could then be converted 
into a pulse-height spectrum of secondaries assuming 
K+ mesons to be 57% K,2 and 28% Ky2. (The de- 
pendence of our yield on these ratios is not critical; it 
depends only on the assumption that most K* mesons 
decay producing one lightly ionizing secondary.) The 
observed spectrum, within the limitation of poor 
statistics, compared well with that calculated. We 
choose to express the yield as a cross section for the 
reaction y+ p-+K*+-A°, assuming all the protons in the 
polyethylene are free. We get a cross section of (3.0+1.0) 
X10-" cm? steradian™ for the production of 140-Mev 
K+ mesons at a laboratory angle of 37.5° and a brems- 
straklung end point of 1.1 Bev. For the above reaction 
from free protons this corresponds to a photon energy of 
1.06 Bev and a center-of-mass angle of 95°. We have not 
accurately calculated our efficiency for seeing 7 decays, 
but from an estimate we can say the ratio of r to Kz 
decays is 1:14 to an accuracy of a factor of two. This is 
the same as is observed for K* mesons produced by 
charged particle bombardment. We found the mean life 
for r decay to be 12.2+:3.7 millimicroseconds. 

A check on our method of measuring lifetimes was 
obtained from our pion calibration runs where we 
observed the mean life for r+ mesons to be 25.4+1.9 
millimicroseconds. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 
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Continuously Sensitive Bubble Chamber* 


Rosert H. Goop 
Radiation Laboratory, University of California, 
Berkeley, California 
(Received June 21, 1957) 


CONTINUOUSLY sensitive bubble chamber 
operating at atmospheric pressure has been con- 
structed and found to be sensitive to fast-neutron 
irradiation. It is easy to build and to operate and may 
with further development have applications in research 
involving cosmic rays or projected high-energy ac- 
celerators, where ordinary bubble chambers are re- 
stricted by counter-control requirements.' It employs a 
solution of a gas, carbon dioxide, in a liquid, isoamyl 
acetate ;*> methanol, ethanol, acetone, and tributyrin 
with carbon dioxide produce similar results. The 
chamber (see Fig. 1) consists of a beaker (600 ml) 
containing the liquid, a watch-glass cover, and a 
heating coil (nichrome V, five feet wound in a flat spiral ; 
No. 18 wire requires approximately 10 amperes) which 
is immersed near the upper surface of the liquid. The 
liquid is saturated with the gas at dry ice temperature ; 
the bottom of the beaker is then placed in a dry-ice- 
methanol bath, while the top is heated to the boiling 
point of the liquid. The solubility of the gas decreases 
considerably upon heating,’ so that, if there are no 
liquid-air surfaces or particles of dirt on which the gas 
can escape, large internal gas pressures build up within 
the liquid, resulting in radiation sensitivity. When a 
neutron source such as polonium-beryllium, giving 
about 10° neutrons per second, is brought close to the 
chamber, bubbles form in a narrow sensitive layer and 
rise to the surface of the liquid. Sensitivity to gamma 
irradiation has not been observed. Bubble growth is 
much slower than that found in ordinary bubble 
chambers because the rate of growth is limited by 
diffusion of the dissolved gas through the liquid, a slow 
process ; it should be possible to vary the rate of growth 
by altering the amount of gas dissolved in the liquid. 
The chamber as here described will not remain 
radiation-sensitive for more than a few hours, even if 
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provision is made for continuous solution of gas at the 
bottom of the chamber, because gas is removed from 
the sensitive region and above faster than it can be 
supplied by diffusion from below ; however, it would be 
possible to add saturated liquid continuously at the 
bottom of the chamber, removing depleted liquid at the 
top, thus maintaining radiation sensitivity indefinitely, 
It is conceivable that addition of suitable glass-enclosed 
heaters for regulation of the thermal gradient might 
result in continuous radiation sensitivity over large 
volumes. 

No special precautions have been taken to avoid dirt 
in the chamber or scratches in the walls. 

The support, encouragement, and advice of Dr. 


Wilson M. Powell is gratefully acknowledged. 

* This work was done under the auspices of the U. S, Atomic 
Energy Commission 

' Brown, Dodd, Glaser, Perl, and Rahm, Proceedings of the 
CERN Symposium on High-Energy Accelerators and Pion Physics, 
Geneva, 1956 (CERN European Organization for Nuclear Re 
search, Geneva, 1956), Vol. 2, p. 3; Bertanza, Franzini, Martelli, 
and Tallini, Proceedings of the CERN Symposium on High-Energy 
Accelerators and Pion Physics, Geneva, 1956 (CERN European 
Organization for Nuclear Research, Geneva, 1956), Vol. 2, p. 29; 
Nuovo cimento 2, 1334 (1955) 

2See P. E. Argan and A, Gigli, Nuovo cimento 3, 1171 (1956) 
for discussion of the properties of another type of gas bubble 
chamber. 

*The solubility of CO, in amyl acetate may be estimated 
roughly on the basis of Raoult’s law. See J. H. Hildebrand and 
R.S. Scott, The Solubility of Nonelectrolytes (Reinhold Publishing 
Corporation, New York, 1950), third edition, p. 241 





Collective Effects in O'’t 


B. JAMES Raz 


Argonne National Laboratory, Lemont, Illinois 
(Received July 1, 1957) 


HE very short lifetime of the first excited state of 

O" at 0.872 Mev! can be easily accounted for by 
the introduction of small collective effects? If the 
assumption is made that the parameters of the theory 
are the same for all levels of a given nucleus, the life 
time of the first excited state determines theoretically 
the quadrupole moment of the ground state. ‘This 
prediction of the value of the quadrupole moment was 
much larger than the experimentally measured value’ 
of O= —0,005K10™ cm*. Recently this quantity has 
been remeasured‘ and the new experimental value is in 
excellent agreement with the prediction based on the 
lifetime! of the first excited state. 


r= (2.5+1)XK10~™ sec, (1) 


(theory) = (—0.0304-0.006) K10™“ cm*, (2) 


O(experiment) = (—0.0264-0.009) K10™ em’. (3) 


This relationship between 7 and Q is calculated by using 
perturbation theory, since the collective effects are 
small. If the assumption is made that (fw)? is much 
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greater than 1 Mev, then only one parameter remains in 
the solutions. This parameter is (| k(r)|)/C, where k(r) 
is the radial function that determines the effective 
coupling and C is the surface deformation parameter.® 
The value of this parameter, determined from Eq. (1) 
and used in Eq. (2), is 0.214-0.04 (Ro is set equal to 
1.41A'K10~" cm). 

Thus, in O" the straightforward application of the 
weak-coupling collective model® gives consistent results. 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

! J. Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953). 

7A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953); J. P. Elliott and B. H. 
Flowers, Proc. Roy. Soc. (London) A229, 526 (1955); F. C. 
Barker, Phil. Mag. 1, 329 (1956); see also B. J. Raz, thesis, 
University of Rochester, 1955 (unpublished). 

* Geschwind, Gunther-Mohr, and Silvey, Phys. Rev. 85, 474 
(1952), 

*M. J. Stevenson, Bull. Am. Phys. Soc. Ser. II, 2, 31 (1957); 
and private communication; M. J. Stevenson and C. H. Townes, 
Phys. Rev. 107, 635 (1957). 

® See Bohr and Mottelson, reference 2. 


Magnetic Moment of Ne”'t 
J. T. LaTourretre,* W. E 


Lyman Laboratory of Physics, Harvard University, 
Cambridge, Massachusetts 


(Received July 2, 1957) 


QuInN, AND N. F., Ramsey 


[yy BON-20 is the lightest stable isotope whose 
1 magnetic moment has not yet been measured. 
Furthermore, this isotope is of considerable interest 
since it is one of the few isotopes whose spin is not 
correctly predicted by the extreme single-particle model 
of the nucleus. The nucleons outside of closed shells 
presumably consist of two dy protons and three dy 
neutrons, but the spin of Ne” has been shown'? to be 
4 instead of the § which would result from the extreme 
single-particle model. Various conflicting theories*" 
have developed as to the structure of Ne* and the 
closely related Na”. 

The ratio of g-values of Ne” and deuterium has been 
measured in a molecular-beam magnetic resonance 
apparatus” employing the separated oscillatory field 
method.” The result of several determinations without 
shielding corrections is: 


g(Ne®)/g(D») = —0.5142744-0.000004. 

A thin-walled strainless steel trap inserted in the neck 
of a liquid helium Dewar was used to clean up the 
recirculating gas. 

The sign of the moment was determined to be nega- 
tive from the interference pattern obtained between one 
region of horizontally oscillating rf field and another 
region of vertically oscillating rf field. The previously 
measured’ spin of } is consistent with various deflection 
and optimum oscillatory field measurements in the 


THE EDITOR 


present experiment. Further details of the measure- 
ments will be included in a later paper. Both the sign 
and the spin agree with the previous results':? of Koch 
and Rasmussen? and Hubbs and Grosof.' 

These data result in the following value, including 
shielding corrections,” for the magnetic moment of Ne”: 


u( Ne”) = —0.6617584-0.000005 nuclear magneton. 


This result is in excellent agreement with the calculation 
of Umezawa’* but in disagreement with the value quoted 
by Mayer and Jensen.° 

We wish to thank Professor K. Clusius for supplying 
the generous sample of neon enriched to 20.5% in Ne™ 
which was used in this experiment. We also wish to 
thank Mr. F. W. Terman for suggesting the experiment. 


t This research was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* National Science Foundation Predoctoral Fellow. 
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3M. Umezawa, Progr. Theoret. Phys. Japan 8, 509 (1952). 

4A. L. Schawlow and C. H. Townes, Phys. Rev. 82, 268 (1951). 

5 A. Bohr and B. Mottleson, Kgl. Danske Videnskab. Selskab, 
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®M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 

7B. H. Flowers, Phil. Mag. 43, 1330 (1952). 

*T. A, Vaisman, J. Exptl. Theoret. Phys. (U.S.S.R.) 26, 754 
(1954). 

*J. Filiminov, J. 
(1954), 

oP, L. Sagalyn, Phys. Rev. 94, 885 (1954). 

"S. Sengupta, Phys. Rev. 96, 235 (1954). 

"2 Quinn, Baker, LaTourrette, and Ramsey (to be published). 

'N. F. Ramsey, Molecular Beams (Clarendon Press, Oxford, 
1956). 


Exptl. Theoret. Phys. (U.S.S.R.) 28, 753 


6-y Circular Polarization Correlation 
in a J-J Transition* 


F. Bornm anp A. H. Wapstrat 


California Institute of Technology, Pasadena, California 
(Received June 26, 1957) 


HE study of 8-y circular polarization correlation 

in 8 transitions without spin change provides 
valuable information about f-decay coupling con- 
stants.’? In particular, the experimental result will 
depend on the presence or absence of S,T and V,A 
interference terms.’? Recent experiments on aligned Co** 
nuclei seemed to indicate the absence of such inter- 
ference terms.*~* In order to study this problem with a 
different experimental approach and using a different 
8 emitter, we have measured Sc by the method 
described in reference 1. 

Sc samples obtained from the Oak Ridge National 
Laboratories were used to prepare sources of about 50 
microcuries strength. The activity was deposited on 
0.8-mg/cm? Mylar foils. The pulse height discriminators 
were adjusted to accept the electron spectrum above 
170 kev and the y spectrum above 260 kev. Single 
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counts and coincidence counts were recorded for 20- 
minute periods with alternating directions of the 
magnetic field in the analyzer. Averages were taken over 
runs of about 10 hours. The results of about 20 runs are 
statistically consistent. The relative difference in coin- 
cidence counting rates for opposite magnetic field 
directions is found to be (0.73+0.09)%,. The efficiency 
of our analyzer given in reference 1 has recently been 
checked over a wide energy region using bremsstrahlung 
of P* electrons. If the polarization of these electrons is 
v/c, as indicated by other experiments,® the calculated 
efficiencies are correct within about 5%. The observed 
coincidence difference corresponds to a value of 
+0.33+0.04 for the asymmetry parameter A defined in 
reference 1. 

The Sc decay scheme is accepted as being 
4*(8-)4*(y)2+(y)O* on the basis of precise y-y’ and 
6-y* angular correlation measurements and ff values.” 
The parameter A can then only have values between 0 
and 0.08, if there is no interference term as in the case of 
a pure V,7 and a pure S,A interaction. This cannot be 
reconciled with our large experimental value. Specifi- 
cally,’ our experiment shows that 


Re(C sCr’*+-Cs'Cr* —CyCa'*—Cy'Ca*) 
\Cr|?+|Cr’|?+|Cal?-+|Cu’|? 
aZ Im(C sC4'*+Cs'Ca*—CyCr'* —Cy'Cr*) 
p — Crl*+ | Cr’ [2+ 1 Cal?+1 Ca’? 
aZ/p~.14. 


| >0,5, 
' 


The present result therefore indicates that the f inter- 
action contains at least a combination of S and 7, or of 
V and A interactions. 

The present experiment together with the longitudinal 
electron polarization measurement on this isotope by 
Frauenfelder et al. can be explained by the two- 
component neutrino theory, assuming a mixture of T 
with comparable amounts of S and V interaction, or by 
assuming that in Fermi interactions C’~0/ 

We thank Professor R. Feynman and Professor M. 
Gell-Mann, and particularly Dr. K. Alder, Dr. B. Stech, 
and Dr. A. Winther for many illuminating discussions, 
and Professor J. W. M. DuMond for his interest in this 
work, 

* Supported by the U. S. Atomic Energy Commission 

t On leave of absence from the Institute for Nuclear Research, 
Amsterdam, and the Technical University, Delft 

1 F. Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957). 

* Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957) report, 
University of Illinois (unpublished). 

4’ Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 
106, 1361 (1957). 

‘Postma, Huiskamp, Miedema, 
Gorter, Physica 13, 259 (1957). 

5D). F. Griffing and J. C. Wheatly, Phys. Rev. 104, 389 (1956). 

*H. Frauenfelder et al. (private communication); H. de Waard 
et al. (private communication). 

7 Nuclear Level Schemes and Nuclear Data Cards, National 
Research Council, Washington, D. C. 
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*T. B. Novey (private communication). 

9 It may be added that a spin 5 for the Sc** ground state would 
give a negative value of A,’ as in the case of Co™,! 

 Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, Phys. Rev. 107, 910 (1957) 


Parity in Nuclear Reactions* 
Neit TANNER 
Kellogg Radiation Laboratory, California Institute of Technology, 
Pasadena, California 


(Received June 26, 1957) 


HE failure of parity conservation recently ob 
served in 8 decay has raised the question of how 
accurately parity is conserved in nuclear reactions. A 
quite sensitive test is to be found in certain (p,q) 
reactions which are rigorously forbidden by angular 
momentum and parity conservation. ‘The particular 
case that has been studied is the 340-kev resonance of 
F(p,a)O'® which proceeds through a J=1, even 
parity state! of Ne”. Normally the state decays by 
the a; group to the 6.14-Mev level of O', but a parity 
“impurity” in the wave functions of either the Ne” 
excited state or O'* or He* ground states would allow a 
resonant a group to the ground state of O'*, This group 
would appear in the cross-section curve as a resonance 
superimposed on the nonresonant yield?" from broad 
states of Ne”. In principle the resonant cross section 
can have a term proportional to the amplitude of the 
wave function impurity, due to interference between 
resonant and nonresonant processes. However, this 
term is zero if the spin of the proton or I’ nucleus is not 
aligned parallel to the proton momentum. The leading 
term is then proportional to the square of the impurity 
(Tao Dai)Ga1, 
where ogo and oq, are resonant cross sections for the 
(pao) and (p,a;) reactions, and I'yo and I'q; are the 
partial widths for ao and a, decay of the compound 
state of Ne”. Both resonant reactions are isotropic as 
the state of Ne” is formed by s-wave protons. 
Measurements have been made of the yield of 
F*(p,ao)O"* in the region of the 340-kev resonance, 
using Alf’; targets of thickness comparable with the 
resonance width of 3 kev. Counts were taken at both 0° 
and 90° with a CsI scintillation counter subtending a 
solid angle of 0.1 of a sphere. Scattered protons and 
short range a particles were excluded by absorbing foils. 
Figure 1 shows a typical yield curve of F'(p,ao)O", 
corrected for s-wave barrier penetrability, together with 
the yield of y radiation from F'(p,ayy)O". This curve 
indicates an upper limit of 2% for a{F!(p,ay)O" 
resonance relative to the nonresonant yield. A slightly 
better limit was obtained by a series of counts at the 
(pavy) resonance energy and 6 kev above and below. 
The mean of the counts either side of the resonance 
agreed within the statistical error of 1% with the counts 
taken at the resonant energy. After correcting for target 


amplitude and can be written as oo 
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Fic. 1, Yield curve of F(p,a,)O"*, corrected for s-wave barrier 
penetrability, together with the yield of y radiation from 
FP (pny \O'*, 


thickness and the angular distribution of the non- 
resonant yield,’ a limit of 2% could be placed on the 
ratio of resonant to nonresonant cross sections. The 
latter was measured as 2+1 ywb at 340 kev, which 
appears to agree with the work of Streib, Fowler, and 
Lauritsen.? Thus the resonant (p,ao) reaction has a 
cross section 0.05410 wb. This is related to the 
(p,avy) cross section by 40/¢a;=T'a0/T'a1, and putting 
Fa;= 10° wb,' and [',;=3 kev‘ gives lao 1.2K 10~ kev. 
Extracting an energy dependence of the form 2kR/ 
(F*4-G*), as used by Baranger,® gives a reduced width 
of $1.5X10~7 kev. 

Reduced a-particle widths for nine nearby states of 
Ne” have been tabulated by Baranger® and approximate 
values for other states can be obtained from the 


experimental widths given by Barnes® and others.':?-4 
Several of the states, viz., F%+ p resonances at 669, 780, 
840, and 1092 kev, have remarkably small reduced 
widths which suggest isotopic spin T=1.* Neglecting 
these supposed T=1 states, (the large a, width® of the 
340-kev F%+ resonant state appears to label it as 
T=0), there remain forty values for reduced widths 
with a mean of about 40 kev and with a distribution 
such that about 80% of the reduced widths are greater 
than 4 kev. While there is no guarantee that the dis- 
tribution is even approximately representative of the 
a-particle reduced widths of states of Ne”, it is the only 
information available. 

If a “probable” reduced a-particle width is taken as 
24 kev, then the parity selection rule inhibits the 
ao decay of the Ne” state, corresponding to the 340-kev 
F+-p resonance, by a factor <4X10~*. This suggests 
that the wave functions of the Ne” excited state and O" 
and a-particle ground states have no odd-parity compo- 
nent greater than 2X 10~ of the even-parity component, 
and therefore that the nuclear interaction conserves 
parity at least to within 2 parts in 10*. 

I am indebted to R. E. Pixley for assistance with the 
experimental measurements. 

” oe eg in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
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